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1 Introduction: space group and point group

A space group SG of a crystalographic lattice are the group of operations that leave the lattice invariant (in physics
language, the symmetry group of the lattice). There are in total 230 of space groups for the 230 three-dimensional
crystallographic lattices. For any spatial dimensions, one can define the concept of crystallographic lattice and its corre-
sponding space group. The number of space groups for dimension d is

Spatial dimension d 2 3 4
Number of space groups | 17 230 4894

For any space group, there is a natural definition of translation group which is a subgroup of a space group. In d-spatial
dimensions, the translation group is isomorphic to Z¢ = Z x --- x Z. In fact, the translation group is always a normal
————
d copies of Z
subgroup of the space group (for a proof in three-dimensions, see e.g. Dresselhaus, Group Theory: Application to the
Physics of Condensed Matter).

Suppose G is a group and N < H. It is a general fact that the quotient group H/N need not be isomorphic to any
subgroup of G. However, in the case of G being a space group SG and N being the translation group, it is true that the
quotient group SG/Z? is always isomorphic to a subgroup of SG, which we call PG, the point group of SG. We have
PG = SG/7Z%, or

0—2Z*— SG — PG — 1.



Obviously, SG has infinite order and the point group has finite order. In three-dimensions, there are 32 different point
groups in the crystallographic sense, which belong to 18 different abstract groups (different point groups may be isomorphic
and thus correspond to the same abstract group; however they are different crystallographically because the physical
operations are diferent). It is worth noticing the following points:

1. Tt is true that SG/Z? is always isomorphic to a subgroup of SG. However, it is wrong to think of SG/Z% as defined
by the subset of SG of which the translation part of each element is set to zero. In fact this can be ill-defined, since
there may exist elements of SG for which “setting their translation part to zero” would result in an lattice operation
outside SG. And this is precisely the case when there are elements of SG who is a fraction of a translation (best
illstrated in the space group example in next section, in group relation S?T3 = 1). The space group can then be
roughly divided into two cases, corresponding to this definition is well-defined or ill-defined: the symmorphic space
group and the non-symmorphic space group.

2. The symmorphic space groups are the space groups SG satisfying SG = 74 x SG/Z?, i.e. SG is the semi-direct
product of the translation group and the space group. Note that there is no way to obtain a space group by taking
direct proeuct of translation and point group, since rotation/mirror/glide operators can by no means commute with
all the translations. Equivalently, symmorphic space groups are those space groups that contain an isomorphic copy
of the point group PG (note that PG by definition is the quotient group PG := SG/Z?). In this case, the space
group contains an isomorphic copy of the point group. The opposite is also true: if the space group is nonsymmorphic
(i.e. not symmorphic), then it does not contain an isomorphic copy of the point group. (Semidirect product group
G = H % Q contains an isomorphic copy of Q@ = G/H.)

3. The non-symmorphic space group is when SG is not semi-direct product of the translation group and the space
group.

4. In point 2. and 3. symmorphic and non-symmorphic space groups are defined in the mathematical sense. A proof
should exist in matching these definitions with physical definition 1.

Below we will proceed to calculate the second group cohomology of a non-symmorphic space group.

2 The No. 227 space group

Here, the symmetry group SG in consideration is the No.227 space group F' d3m (No. 227 out of the 230 3d space g groups),
minimally generated by {T1,T», T3, Cs, S}, where Ty, Ty, T3 are the generators of the translation group Z3, and Cg and S
are the generators of the cubic group OhE| I.e. we have the structure

0—7%— SG — 0, — 1.

One can check (using the relations below) that the Oy, action on Z? by conjugation is not trivial. The set of relations can
be chosen as

LT Tyt 1, (1a)
LTy, ' Ty = 1, (1b)
TN = 1, (1c)
Co = 1, (1d)

syt o= 1, (1e)
CeTiCy Ty = 1, (1f)
CeTnCy ' T3 = 1, (1g)
CeTsCy ' Ty = 1, (1h)
STS™'Tyi = 1, (1)
S8\, = 1, (1j)
ST3S~ 't = 1, (1k)
(CeS)* = 1, (11)
(Cos)? = 1. (1m)

IThe cubic group Oy, can be written abstractly as Oy, ~ S4 X Za, where Sy is the symmetry group of four elements {1,2,3, 4}, and we regard
Zs as the symmetry group of two elements {4+, —}. This way, the elements Gg, s € Oy, defined as the conjugate class C'(;Z?’ and SZ3, can be
written as ¢¢ = (123)(+—), and s = (14)(+—).



Due to the fractionalization of T3 by S? (see the relation ST} 1 1), this space group is non-symmorphic. This can also
be confirmed by proving that this space group is not semi-direct product of Z3 and Oy: if it were semi-direct product
of Z3 and Oy, then the lifting p: Oy, — SG, with p(s) = S should be a group homomorphism. However this is clearly
contradictary since S has infinite order (due to S? = T3) and (14)(+—) has order two.

The relations also offer a short exact sequence

0>R—=>F—=>5G—-1
obtained from the presentation of group SG = F/R, where F = (T1,T5,T3,Cs, S) is the free group of five elements, and
R is the normal closure in F' generated by the above 13 relations.
3 Second group cohomology with Z, coefficients
We want to compute H?(G,Zy) which arises from a group extension problem
0—Zo — GG 1,

where G is the group extension of G' by Z _
For any H"(G, M) arising from 0 - M — G — G — 1 (where M is an abelian group), there is a pre-defined
G-module structure on M (i.e. M is a G-module), defined by G — End(M), g — 7,4, where v, is simply conjugation on

M: ~vg: M — M, m— gmg L.

For a given G-module structure on M, the second group cohomology H?(G, M) characterzes the inequivalent group
extensions we can get; the number of inequivalent extensions corresponds to the order of the cohomology group H?(G, M).
However, keep in mind that two extensions G and G’ are defined as inequivalent if they cannot fit into a commutative
diagram

The inequivalence is not a statement about whether G and G’ are isomorphic. In fact, it can happen that isomorphic
groups G and G’ (or even G = G’) correpond to different extensions (and hence corresponds to different element of
H?(G,M)).

In H?(G, Zs) which we are considering, the G-module structure on Z, is the trivial one. I.e. we only consider central
extension.

The main tool we will use is the Lyndon-Hochschild-Serre spectral sequence: if we can find a normal group N <G, i.e.

0—>N—->G—-G/N—1

the Lyndon-Hochschild-Serre (LHS) spectral sequence gives, from the first few pages, a five-term exact sequence
0 — HY(G/N, M) 25 gY(G, M) =5 HY(N, M)S/N 25 g2(Gq/N, MN) 25 52(G, M). (2)

Here the maps inf, res and tg stand for inflation, restriction and transgression. The maps and cohomology groups
have very concrete meanings:

e HY(G,M) is defined as the Hom(G, M). It is a vector space of characters x: G — M. (This definition works only
when M is a G-trivial module.)

e The restriction map is defined as res: x — x|n, where x|n: N — M is simply x restricted to N.

e It can be proved that the image of the retriction map is G/N-stable: ie. the G/N acts trivially on x|ny. The
G /N-action on y € H'(N, M) is defined as x(n) — x(gng—1), for any n € N and any g € G/N. G/N-stable means

that x|n(n) = x|n(gng™").

2In this note we will always write Z/27Z as Zs.



The above five-term exact sequence can be applied to another short exact sequence: from the presentation of a group
0-R=>F—->G—1

we have ) )
0— HYG, MR 2% gY(F, M) 22 HY(R, M) 25 H*(G, MR) 25 H2(F, M). (3)

Note the following:
e We have MR = M for trivial G-action on M.

e Keep in mind that R is the normal closure generated by the independent relations defining G. In other words,
R={frf Y f € F,r € Ry}, where we defined R to be the subgroup of R generated by the independent relations
in G. R and Ry are all free group, since they are subgroups of F.

e Due to non-trivial G-module structure on R, we do not have H'(R, M) = H'(R,M); but instead we have
HYR,M)¢ = HY(Ry, M) where R is the subgroup of R generated by independent relations that define G.
However, there is a defining difference: the elements of H'(R,M)% are characters x defined on R, while the
elements of H'(Rg, M) are characters yo defined on Rg. The calulations in the examples below largely depend on
the fact that y is define on R. To be more explicit, any of the argument of y can be written as frf~! where f € F
and r is any of the relation in R, and we have x(frf=1) = x(r).

e Take M = Zs. Although R is the free group generated by the independent relations of GG, which are usually easy
to find, the group H'(Rg,Zs) may not be easy to determine. This is because, the number of generators of Rg
only defines the upper dimension of H' (R, Zs); it may not equal the dimension oh H'(Rg,Z), which is really the
dimension of vector space formed by the G-stable characters x: R — M. To find out the dimension of H'(Rq, M),
we must apply characters on R to see if some characters are really the same. As we shall see, this is really the only
part of the calculation we do not have absolute control of (i.e. we cannot give a proof).

e For M = Zy and any character x, we have x([R, F]R?) = 0, i.e. [R, F]R? sits in the kernel of any Y.

e For finite abelian group M = (1,m, ..., m!~1) with order m and free group F,, = (fi, ..., f») (and trivial action), we
have H'(F,, M) = M", generated by the characters x;,: F, — M with x;,(f;) = d;;a*, where i,j = 1,...,n and
f=0,..0—1. We have H">2(F,, M) = 0.

We will illustrate these ideas in the examples below.

4 Apply to G = S4: a simply example

We study a simply example: H?(Sy,Zs), where Sy is the symmetric group (permutation group on four elements). Again
action is trivial.

From Adem, Lectures on the Cohomology of Finite Groups, Example 4.4 on page 9 we know that H2(Sy, Z) = 73,
i.e. the Klein four group. Here we check this result by the group presentation exact sequence (3) above. Denote the
generators of Sy as k,r, with group relations k3,72, (kr)*. The group is presented as

0—R= (k372 (kr)¥) — (k,r) — Sy — 1.
The exact sequence becomes
0 — H'(S4,Z2) 25 HY(F,Zy) 25 HY (R, Z)%* 2% HX(G, Zs) — O,

The overline bar reminds that it is the normal closure. We can calculate the relevant places in . First, note that
F = (k,r) so H'(F,Zy) = Z3, generated by xj and x,., where xx(k) = 1, xx(r) = 0, x,-(k) = 0, x,-(r) = 1. After mapping
under restriction, Y, gets sent to zero (since x, (k%) = 0, x»(r?) = 2x,(r) = 0 and x,-((kr)*) = x.(r*) = 4x,-(r) = 0)
and xj is still non-trivial, therefore im(res) is Zy and ker(res) = Zy; note that ker(inf) = 0 so inf is injective, and we
have H'(Sy,Z2) = im(inf) = ker(res) = Z,. Then, we have to determine H(R,Z2)% = H'(Ro,Zs). Since Ry =
(k3,72 (kr)%), H'(Ro, Z2) has maximal three dimensions; and we are pretty sure that these three dimensions can no loger
be reduced, therefore we assert that H'(Rg, Z2) = Z3 (in fact it must be three dimensional, considering we already know
that H?(Sy, 7o) = 7Z2), which is spanned by X3, x,2 and X(rk)+ defined as characters nontrivial only on their respective
subscripts. therefore H?(Sy,Z;) = im(tg) = H'(Ro,Z2)/im(res) = Z3, generated by x,2 and x(yx):; the one being
modded out is x3 since yx3 = res(xx) = xk|r. This checks the result for S;. more explicitly, we have

H2(54’ZQ) = <X2’7X7'27X(kr)4>/<xk> = <X7'27X(kr)4> = Z%



Note this agrees with the formula given on Adem’s paper EI, Example 4.4:

H*(Sy) =2 Falw1,y2, c3]/(z1c3),

where x1, Y2, c3 are of degree 1, 2, 3, respectively. This formula gives the full ring structure of all cohomology group of
Sy4. In particular, we have

HY23(84,Z5) = (21), (w1 Uz, y2), (11 Uy Uz, 21 Uys, c3) X Zo, Z3, Z3.

Note that [54, 54] = A4 and 54/[547 54] = ZQ, meaning that HI(S4, ZQ) = HOIIl(S4/[S47 54], Zg) = HOIIl(ZQ7 Zg) = ZQ.

5 Apply to G =0y

Since Oy = Sy X Zso, we simply have to use the previous result and Kiinneth formula. Kiinneth formula in this case is
given by

Il

Hl(S4 X ZQ,ZQ)
HQ(S4 X ZQ,ZQ)
H3(S4 X ZQ,ZQ)

HY(S4,75) ® H (Zy,Zy) = 73,
H?(S4, %) ® (H'(S4,Z2) @ H' (L3, 7)) ® H*(Za, L) = Zs, (4)
H3(S4,Z2) ® (H?(S4,Zs) ® H' (L, Zs)) & (H(S4,Z2) @ H*(Z2,Z5)) & H*(Z2,Zo) = L],

1%

1%

Note that H2(54,ZQ) = Z% = Zg X ZQ, and Hl(Z27Z2), SO
H?(S4,Zs) @ H (Zo, La) = (Zy X Ln) @ Ly = (L ® L) X (L ® L) = L X Lo,

where we used the fact that tensor products are ditributive over direct products (here direct product is the same as direct
sum), and that Z,, ® Zn = Zgcd(m,n) (Which gives Zo ® Zg = Z3), and that H"(Zy,Z2) = Zs for trivial action (see, e.g.
Rotman, An Introduction to Homological Algebra, Corollary 9.29, P523). Note the above has been checked in the GAP
software. To summarize, we have

H*(S4 X Za,Zs) = Falz1,y2, c3]/(x1¢3) @ Folxa] = Folzq, 2, Y2, c3]/(z1¢3), (5)

where
H*(ZQ,ZQ) = FQ[J)Q], (6)

21,2 have order 1, yo is order 2, and c3 is order 3.
To count this number, first notice that x1, y2 and c3 has no quotient part. The number of terms that can be constructed
can be obtained using https://math.stackexchange.com/questions/1529121/the-number-pn-of-triplets-x-y-z-x2y3z-n,
there it’s mentioned that this problem appears in Polya, Szego ”"Problems and theorems in analysis” P27, and the
(n+3)? }
2

answer is p(n) = Round[ , where Round is to take it to the closest integer. Then, x1,xs,ys satisfies equa-

tion © +y 4+ 22 = n where x > 1, so 2’ + y + 2z = (n — 1), The answer is ¢(n) = Round[%] (see https:
//math.stackexchange.com/questions/3538889/how-many-pairs-of-x-y-z-for-xy2z-n). So the final answre is

2 1 2
f(n) =p(n)+ q(n) = Round |:(n—;3)} -+ Round [(n—Z)] ,
£(0,1,2,3,4,5,6,7,8) = (1,2,4,7, 10,14, 19, 24, 30),
These numbers have been checked in Mathematica by the code

Table[Tally[Flatten[Table[(i + j + 2 k + 31 ==1n & (i == 0 |l ==0)),4,0,20,7,0,20,%,0,20,1,0,20]]],n, 0, 20]|

Table[Round[(n + 3)°2/12] + Round[(n + 1)°2/4], {n, 0, 50}]

to be correct, up to n < 20. The n =0,1,...,5 terms have also been checked in GAP to be correct.
To see the structure of H?(Oy, Zo) more clearly, we again use a group presentation analysis. Name the extra generator
in Zo = Oy /Sy t (corresponding to spatial inversion), then we have

0— R = (k3,r2, (kr)4,u,[t, k], [t,7]) = (k,rt) = Sy X Zo — 1,

and we have
inf

0 — HY(Sy x Zg,Z2) 25 HY(F3, Zs) =5 HY (R, Z)5*% 2% H?(Sy x Ty, 7z) — 0.

3See http://homepages .math.uic.edu/~bshipley/ConMcohomologyl.pdf, Lectures on the Cohomology of Finite Groups, Alejandro Adem
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Now out of the three independent characters in H'(F3,Zs), which are x, X, and x;, only X survives in the image of
restriction, i.e. im(res) = Zy, therefore H'(Oy,Zy) = im(inf) = ker(res) = Z3.

Then we need to determine the dimension of H'(R,Zy)?". This is not a trivial procedure. The six characters s,
Xr2, X(kr)ts Xe25 X[tk and xp¢,. May not be all independent. Suppose x: Op — Zg is any character. Then in fact we
have x(k®) = x([t, k]). This can be seen from the follows:

e Denote [t,k] = wy for simplicity. Then we have thkt k™! = wy, or tht™! = wyk, or th*t™1 = (wuk)® =
Wik (k2w k?) (k~twik), therefore apply character x and keep in mind the property that x(frf=!) = x(r), then
we have x(k3) = x(wi) + x (k%) + x(wir) + x(wir), therefore we must have y(wi,) = 0, i.e. any character x acts
trivially on wyy.

We see that any character is trivial on [t, k]. Therefore this shows that H'(R,Z3)%" can have at most five dimensions,
and therefore H2(Oy,Zy) = H'(R,Z2)%+*%2 /im(res) has at most four dimensions. This is already the correct answer

from .
The structure of H?(Oy,Zs) is

H2(Oh’Z2) = <Xk3»Xr2,X(kr)47Xt2vX[t,r]>/<Xk> = <Xr27X(kr)4aXt27X[t,r]> = Zg

where the last step is because xx|r = xis3-

This example shows that, as mentioned before, quite often the non-trivial part of the calculation is to determine the
dimension of H'(R, M)®.

We can use another generator set for Oy:

00— R =(s2,e5 (cs)4, (c3s)2) — (s,¢) = Op — 1,

and we have

0— HY Oy, Zo) 25 HY(Fy, Zy) = HY(R, Z5)O" 2% H2(On, Zs) — 0.

Compare to the group presentation above, we simply have ¢ = kt and s = rt.

Now neither of the two independent characters in H'(Fy,Zs), which are . and y,, survives to the image of restriction.
This can be checked by noticing that H*(Oy,Zy) = Z3, and H'(Fy,Zy) = Z3, therefore inf is isomorphism therefore res
must be trivial. This is in fact saying that both H'(Sy X Zs, Z>) Inf, HY(Fy,Zy) and HY(R,Z>) 9, H?(S4 X Zy,Z5) are
isomorphism; the former isomorphism can be explicitly obtained: note inf: H'(Oy, Zs) — H'(Fy,Zs) is injective; in fact
H(Oy,Zs) is simply the homomorphism group Oy, — Zo and is generated by x. and x5, hence isomorphic to Z3. On the
other hand, H!(Fy,Zs) = Z2 so the inflation map is isomorphic.

Now we need to determine H'(R,Z5)%*%2, which we know has upper dimension four. In fact, this must be the
dimension of H'(R,Z)%+*%2 since we already know H?(Sy x Zg,Zs) is four dimensional. Therefore we explicitly have

H2(0h7Z2) = <X82aX067X(cs)47X(c3s)2>' (7)

6 Apply to space group G = Fd3m

Let us label the thirteen relations defined in Eqs. by thirteen w’s:

NI T = w, (8a
TyT3Ty ' Tyt = wo, (8b
Ty T = ws, (8c
66 = We, (8d

STyt = wg, (8e
CoTnCy ' Ty = wen, (8¢

66T266_1T3 = we2,
66T366_1T1 = wcs,
STy ST ' Ty = ws,
STy S5 ' Ty = weo,
STgS_1T§1 = wgs,
(Ce9)* = wes,
(C5S)* = wse,

— —~ o~
CX)::OOOO: Q0
= xS A B oom

NaS e ENAS N N N N NI N S NN N

)
B



Therefore Ry = (w1, ws, w3, Wo, Ws, Wo1, Wo2, WE3, Ws1, Ws2, Wss, wWos, wsc) and R = Ro. We then have
0— HY(SG,Zs) 255 HY(Fs,Zs) = HY(R,Z5)5C & H2(SG,Z,) 25 0, (9)

again we have H'(Fs,Zy) = Z3, generated by X7, XTy» XTs» Xz, and xs. When restricted to R, xg, and xg will become
tivial, since all the relations in R (and hence in R) have either even numbers of Cs or S, or x,(Cs) and x,(S) cancel

with xo(égl) and x,(S7!), for o = Cg or S. It can be seen from the thirteen relations that xr,, Y1, and xr, are not
trivial on R. Therefore

im(res) = <XT17XT27 XT’3> = Zg

Next, we need to find H'(R,Z)°“, which amounts to finding the dimension m as in H*(R,Z,)°% = Z5*. We know
that the upper dimension is 13, spanned by thirteen y,,’s corresponding to the thirteen w’s; however not all these thirteen
characters x,,’s are independent, and we will reduce number in independent characters by the following;:

e For any character y, we must have x(ws3) = 0. This is because y(ws3) = x(ST3S™'T; ') = x(S(T3572)S~1S?Ty 1) =
X(Sws' S~ ws) = x(Swg'S71) + x(ws) = x(ws) + x(ws) = 0.

e For any character X, we have y(woiweawes) = 0. To prove this, notice that X(w53) = X(€6T1w53Tf 6g1)7
x(wgs) = x(Cy TgwczT 1Cs), thereforex(w03w01w02) (C’6T1w03T N quC’ﬁ TngQT 1C6) = (06 1C6
x(T5 10T, 106) = x(S*T; 10T, ICGS %) = X(Wsces 1C'65 %) = X(WS) +X(CG 1065 %) = x(ws) +
(T 1T, 52T = X(ws)+x(52 10y 57T572) = \(@s) + x(wsTy S-2To5-2) = y(Ty”S-2Ta5-2) =
X(S72C5"S72C5) = X(5 720 S~ J+x(wo) = X(C8?C4S?) +x(we) = X(SCeS2CeS)+x(we) = X(S71Cq ST8%)+
x(wsc) + x(we) = X(CgSTeS) + x(wse) + x(we) = ~x(we) + x(CeSTS) + x(wse) + x(we) = 2x(wse) = 0,
therefore x(woi1weawes) = 0, since the image of x is in Zs.

e For any character y, we have X(UJQ) = x(w3). Note that we have x(wos) = (T?flagT{léﬁ_l) = X(651T§1€6T§1)7
therefore x(wgywa) = x(C’6 1C’6T3 T = x(T; 106 Ty 'Ce 3Ty ), and using x(wez2) = X(Tgénggéfs),
we have x(wgawawea) = X(Ty 106 Ty 1CGT3T2 T,Cy Tgcﬁ) x(Ty 106 Ty CeT3Cy T5C6). Similarly, we have
X(wgsws) = (06 106 1TlT_lT_lTs) x(CeTy 106 Ty ' Ty 'T), and x(woswswes) = x(T5C6T; 106 Ty T T CoT

ETS)CG 106 106T306 )ox(T5 106 1CGT306 1T306) we see that X(wc2u)2wcg) X(wC3W3wcg),Or X(UJQ) =
X\ws).

e For any character x, we have y(w;) = x(w2). To see this, first we have y(wcawes) = x(Cg 1T366T2T166T36g h=
X(T2T166T3652T366), and similarly we have X(w53w52) (Uﬁ_nglég,T{lel@ﬁTglag ) = (C5 1C6 15 1C’GT2 Tf

thereforex(wl)zx(waéwaéwlwcgwcg) X(CeTs 1C'6 106 1T TWTT, 1T 1T2T106T3C6 T3Cs) = (C6T3 Ce T3_

X(@éTg 1Cs 2T§ LOsT3Cs " T3). Then we use the second pomt above, where we just proved as an mtermedlate step

that x(wozweiwgs) = X (T 106 106) x(T5 106 106 ): we have X (w1wozwe1wes) = (06 106 1C6T3C’6 T5T5

X(Cq ' T Cy 2T§ICGT306T3 )_X(C6 IOy Oy T Ty T ) = (T Ty Ty Ty T?,cﬁT3 106 Ty 1C’GT3)

L
X(wc3w(;1w0206 TchT 1C’6 106T3) thereforex(w1)+x(wc3w01w02) X(wcgw01w02)+xc’6 T306 106 1C’6T3)

or x(w1) = x(Cy T306 106 5 1C6Ts). Compair this with the the result for y(wsz) obtained in the last point,
we see that y(wi) = X(OJQ) X(wg)

These four constraints for a general character x shows that in fact the upper independent dimension for H'(R,Z,)%¢
is 13 — 4 = 9. Besides these four, we did not find other constraints for y, and we are almost sure that we indeed have
HY(R,Z3)°¢ = Z3. (Although we do not prove the dimensionality nine is correct, we do have strong evidence that this
is true, and this is what we mean by “almost sure.” See below.)

Therefore, we believe that we have

H?*(SG,Zs) = HY (R, 7)€ /im(res) = 7.3 /7.5 = 7.

In orer to better see the structure of this six-dimensional group, let’s do some subsequent analysis. First, let us see how
the image of restriction, im(res), is quotiented out from H'(R,Z)°“. This is due to that xr,, x7,and x7, must be able to
be expressed as linear combination of some of the characters in H'(R,Z3)*%. Now, we make the choice of the generators of
H' (R, Z2)%C 0 be Xw, s Xwe s Xws » Xwers Xwens Xwsys Xwszs Xwes a1 Xwge, which acts on wi ¢,5,01,02,51,52,05,5¢ nontriv-
ially only their respective subscripts. We know that x7, 7, 7, acts trivially on wl, we, wsc and wg, therefore we only need
to check the action on the rest six w’s: we see that X7, = Xwe,s XTo = Xwer T Xwes a0d XT3 = Xws T Xwe, T Xws: T Xwss -



Ws Wc1 We2 WSt Ws2
xr, | O 1 0 0 0
Xr, | 0 1 1 0 0
xrs | 1 0 1 1 1
Therefore a more explicit way to write the group cohomology group is
Hz(SGv ZQ) = <Xw1 ) ch ’ st 9 st1 ) XUJSQ ? XWSC’ XUJCS>/<XUJS + Xw51 + XWS2> = Zg (10)

Let us yet give another analysis using the point group strucutre for the space group. From
07— SG— 0, —1

we have the long exact sequence obtained from Eq.
0— H'(On, Zs) 25 HY(SG, Zy) =5 HY(Z3,Z5)°" & H2(On,Zs) 25 H2(SG, Zy).

Again H'(Z3,7,) = 73, whose generators are precisely X1, 1, 1. In fact they are not Oy, stable characters: this can
be explicitly seen:

e If x7, is Oy, stable for ¢ = 1,2, 3, then we must have 1 = x1,(T};) = xT, (6611-66_1) = x1,(Ti+1) = 0 (i+ 3 understood
as 1), a contradition.

Therefore H' (73, Z3)°" = 0 and both the restriction and transgression map are trivial. This suggests that inf: H'(Oy, Zs) —
HY(SG,Zs) is isomorphism. This can be shown explicitly: H'(SG,Zs) can be computed using the group presentation
exact sequence (9): in there H'(SG,Zs) Inf, H'(F5,7Z5) is injective, and we have H'(SG,Z2) = im(inf) = ker(res) =
(xs:X@,) = 25, i.e. H'(SG,Zy) is generated by xs and xg,. Another way to see this is that H'(SG,Zz) is simply all the
homomorphism group SG — Z and must be generated by the characters on the generator of SG, X1, 7, 7, G,.5- Apply
them to the group relations : from SQTBT1 = 1 we must have x7, = 0; and to 66T26671T3 =1 and éngéngl =1,
we must have x7;, = x1, = 0. There is no more constraints on xs or xg, so that they are kept in H Y(SG, Zy).
Similarly, from the example of computing H?(Oy,Z2), we have H'(Oy,Zs) = ker(res) = (xr, xt) = Z3. Therefore,
inf: H'(Oy,Z2) — H'(SG,Z2) is isomorphism.
The only piece to be understood is
0 — H2(On,Zs) 25 H2(SG, Zy).

This shows that the inflation map is injective, therefore all nontrivial elements of H?(Oy,Zz) must be embedded in
H?(SG,Zsy). This can be seen to be true by comparing the results and .

7 Towards simplification of calculation

From the examples of Sy, Oy, and space group F'd3m, we see the power of LHS spectral sequence in obtaining the second
cohomology group. The maps and terms in the LHS five-term exact sequence have very concrete meanings, allowing us
to analysis the cohomology structure to great detail. We summarize that there are usually two ways of using the LHS
exact sequence, one for a group with its normal group, or for the group presentation. A combination of these two ways
can often fully determine the cohomology group. For the latter way, we simply uses the LHS exact sequence

0 — HY(SG,Zs) 25 HY(F,Zy) == HY(R,Z5)5¢ & H2(SG,Zs) — 0 (11)

to determine
H*(SG,7Zs) = H' (R, Z5)%C /im(res).

For our purpose, of course, we would like to compute the cohomology group of all space groups. From the example
of Fd3m we see the hardest part is to determine H'(R,Z2)“: its dimension can be at most the number of independent
relations forming Ry, and we must be careful in knocking down some of them to find the independent characters. The
procedure has been illustrated in detail for Fd3m where we knocked down four dimensions x(wss3) = 0, x(wo1weawes) = 0,
X(w1) = x(w2) = x(ws3); the idea is to iteratively use the property of x:

e x: R — Zs is homomorphism;

e Y is SG invariant, therefore for any g € SG and w € R we have x(gwg™t) = x(w).



As was the case for F'd3m, the dimension knocking-down can become quite involved. However, if we recall what we did
there, we were only using the multiplication of SG to multiply around a bunch of elements; and the complication was due
to that x is defined on R, and not any “words” in F would make sense in x.

Simplification of calculation can be achieved along this line of thoughts: we can write down the dimension knocking-
down equations before x is applied, and only apply x at the very end. When applying x, we just have to make sure
that both side of the equation are elements of R on which x is well-defined. By definition, this can always be achieved.
Therefore, whenever such an equation is written down, say, A = B, it is in the sense that x(A) = x(B). This leads to the
following idea:

e A congruence equation A = B in R modding out [F, R]R? will give x(A) = x(B), since for any character Y,
[F,RIR? C ker(x).

Therefore, to determine H'(R,Z2)°“, we just have to follow the procedures below:

e For any space group SG, suppose the generators are T7,7T5,---. Use Ry, Ro,--- to label them. The Ry, Rg,---
represent the cosets T1[F, R]R?, To[F, R]R?, -

e Write all the independent relations (which are generators of R) in terms of the Ry, Ro, - - - symbols, and place them
on the left hand side of equations; write {2 with corresponding subscripts as the right hand side of these equations.
The €’s belong to the same coset as the corresponding left hand side relations.

e The ’s commute with all the R symbols, since Q2R and RS2 belong to the same coset.
e We have Q% = 0, since Q? € [F, R|R?.

e The Q1,05 are in fact dual to x1,x2---. This is due to the fact that, a finite dimensional vector space is
isomorphic to its dual space, after a set of basis is specified. In our case, we have chosen the (overcomplete) basis
as X1, x2,- -+ and the corresponding (overcomplete) dual basis as 1, Qa,- - .

e Use these congruence equations to find all constraints on 2’s (there is not a controlled way to find all constraints
but usually this can be achieved if one is careful enough). The remaining independent ones are the (dual) generators
of HY(R,Z2)%C.

this completes our simplification of the formalism for calculating H'(R, Z,)%¢.

For calculating im(res), there is also some simplification one can make (only when the cohomology has Zs coefficients):
note that whichever character kept in im(res) must act nontrivially on the relations. To be concrete, let’s choose H!(F, Zs)
to be generated by x1,, X7, - which are the characters acting nontrivially only on their respective subscripts. Then
im(res) must be the x’s whose corresponding subscript appears odd number of times in the relations Rq. However, im(res)
are to be quotiented out, suggesting the following:

e Whenver there exists equations in which an R appears odd number of times, we subtract one dimension from
H'(R,Z3)°% in order to arrive at H?(SG,Zs). The  associated to one of these equations—in which an R appears
odd number of times—can be eliminated in H*(R,Z2)*“, in order to arrive at H?(SG, Zs).

This completes the simplification of im(res).

8 Simplified calculation: example on space group Fd3m
We apply the algorithm in last section to the space group SG' = F' d3m to find H'(R,Z3)%“. Denote the cosets containing
T1,T5,1T3,C¢ = C,S by Ry, Ra, R3, Rc, Rs. The congruence equations are

RiRoRT'Ry T =y,
RoR3Ry 'Ry = O,

[
[\Y]
5

&)

DO

4 ) o
NalENaP G AN AN AN NI AN N

—~ o~

RsRiR; 'Ry = Q, (12¢
RS = Qc, (12d
RZR;!' = Qg,

— 7 N
—
[N~
—

RcRiR; 'Ry = Qcn,
RcRaR;'Rs = Qco,
RcR3R;'Ry = Qcs,
RsRiRg'Ry'Ry = Qg1

—_ T ™

= =
oM
— = 0Q
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RsRoRg' Ry 'Ry = Qgo, (12j)
RsR3Rg'Ry = Qgs, (12k)
(RoRs)* = Qcs, (121)
(RERs)? = Qsc, (12m)

remember that  commutes with any R elements in the congruence equations and that Q2 = 0.

First from Eq. (12€) and (12k|) we have

Ry = R3OS = REQs (13)
and
Qgs = 1. (14)
Then from Eq. (12g) and (12h)) we have
Ry = RG'R;'RcfQceo, (15a)
Ry = RcR;'R;'Qcs, (15b)
and plug these into Eq. (12f) we get
RYR;'RCPRy! = Q01Q02Qc3. (16)
On the other hand, square of Eq. (12ml) gives, using Eq. (12d)),
RLRIRPRE =1, (17)
compare with Eq. and, by use of Eq. , we get
Q1002003 = 1. (18)

Now plug Eq. into Egs. (12b]) and (12c) we get

QQ = Qg (19)
and
RoR3'R;'Rs = R3Ro Ry "ReQs. (20)
Then from Eq. (12a) we get RCR§1R52R§1RC = RglelR%RglRalQh and after we insert Eqs. and we get
RoR3'R;'Rs = RsRc Ry 'Roty, (21)
thus we must have
Ql = QQ = Qg. (22)

We believe these are all the constraints in 2’s. And we have
Hl(Ra ZQ)SG = <Qla QC7 QSa chv QCQv QSlv QSQv QCSa QSC>'

Then deal with im(res). Note that R; appear once in the equation for Q¢; and equation for Q¢3, Ry appear odd
number of times in the equation for 2¢1 and Q¢9, and R3 appear odd nmber of times in the equation for 2g, the equation
for Q¢g, the equation for 2¢3, the equation for 257 and Qg2. Therefore according to the algorthim, we can elimiate Q¢1,
Qc2, and one of Qg, Qcs and Qg¢ from H'(R,Zy)% in order to arrive at the answer for H2(SG,Zs). Therefore we can
write

H?*(SG,Zs) = (21,00, s, Qs1, Ls2, Qos, Vsc )/ (QsQs1Qs2).

This result is precisely the result we obtained in Eq. .

The algorithm examplified in this section is exactly the Projective Symmetry Group calculation in condensed matter
physics. In physics, we also consider the cohomology group H?(SG x Zs, Zs), where the summand Zsy denotes time reversal
symmetry. Using Kiinneth formula we have

H?*(SG x 7y, 7y) = H*(SG, Zs) ® (H'(SG, Z2) ® H' (Z2,7)) & H*(Zs, Zs)
=75 @ (23 ® La) ® Lo
278D (Lo ®@ Lo ® Lo ® Za) ® Lo

=~ 73,
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9 Another example: space group R3m (incomplete)

The space group SG = R3m is the No. 166 space group, generated by T}, T, T3, Cs and D, defined by the relations

NI ' Ty =1, (23a)
TLTsTy, ‘Tt =1, (23b)
T ' T =1, (23c)
Co=1, (23d)

D* =1, (23e)

CeTiCg Ty = 1, (23f)
CsThCy T Tyt =1, (23g)
CoTsCy T = 1, (23h)
DT\DT, * =1, (23i)
DT,DT ' =1, (23j)
(DT3)* =1, (23k)
(C¢D)* =1, (231)

The point group is Dsq = Dihg = Dihg X Zs, where the Dihedral group Dihg has order 12 (we are using the geometry
convention). We give a presentation Dihg = (r, s|r3 = d? = (sd)? = 1), and call the extra generator in Dihg 0. We have

Ce=c=or,r= 62 and o = 62. o corresponds to inversion, r the generator of three-fold rotation, and D = d a two-fold
rotation about an horizontal axis. Therefore, Dihg can be presented as Dihg = (r,d,o|r® = d? = (0d)? = 02 = [r,0] =
[d,0] = 1) = (c,d|c® = d? = (ed)? = 1) (these two presentations can be found on Wikipedia).

First we write the exact sequence obtained from group presentation

0 — HY(SG,Z3) 25 HY(F,Z) X5 HY(R,75)5¢ & H2(SG,Zs) — 0

we have im(res) = <XT1 3 XT2> = Z%7 Hl(Fa ZQ) = <XT17XT23 XTgaXﬁsa XD> = Zg and Hl(SGv ZQ) = <XT.37 X€67XD> = Zg (We
get x7, = 0 from equation 66T266_1T1_1T2_1 =1or DTlDT2_1 =1or DT2DT1_1 =1, and xr, =0 from 66T1€Q1T2 =1
or DTyDTy; ' =1 or DT, DT; " = 1), which are easy to check.
Then we work on H'(R, ZQ)SG. Following the simplified procedures, we label the twelve relations by €1 2.3 ¢, p,c1,c2,¢3,01,02,D3,C

We have Ty = CoT'Cyy |, Ty = Ty ' CoTuCy

This section is not complete. Perhaps some discussion is needed.

10 Cohomology for free abelian group and 7Zj

Method 1: Seehttps://math.stackexchange.com/questions/4234008/about-the-cohomology-groups-of-a-free-abeliar
When G acts trivially on M, the cohomology of G agrees with the cohomology of the classifying space of G. For G = Z",
we have K(Z",1) = T" the n-torus, then

H*(Z™, M) = H*(T", M) = M%) (24)

This means that H*(Z, M) = 1,0, ... for k = 1,2,..., H*(Z*, M) = 2,1,0,... for k = 1,2,3,..., and H*(Z>, M) =
3,3,1,0,... for k=1,2,3,4, ...
From this it is also easy to see the cohomology ring structure. Setting M = Z/2Z, Tt is

Folzy, ,mn]/(xf,xlxj +xjx;).

Method 2: Let us look at a very simple example: H?(Z3,Z5). The three dimensional translation group Z3 is
generated by 17,75, T3, this group has three independent group relations TiTiHTi_lT;ll =1 for : = 1,2,3 (note that
TsTh Ty Tyt =1 cannot be derived from the other two). And we do have H(Z3,Zy) = Z3 and H?(Z3,Zy) = 73.

If we want to use

0>R—>F3—7Z2—1

to calculate H?(Z3,Zy), that is we want to calculate

0 — HY(Z3,Z2) 25 HY(F3,75) 2 HY(R,Z2)% % H2(Z3,Z,) — 0,
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using H'(F3,Z2) = Hom(F3/[F3, F3],Z) = Hom(Z3,Zs), the inf arrow is isomorphism so that the tg map is also
isomorphism.

Then we only have to calculate H'(R, ZQ)Z3. This is clearly Z3, generated by the characters for the three relations.
So H*(Z3,Z5) = 73.

However, if we choose R to be generated by three relations wy = 11157} l, Wy = TngT{ngl and wg = T3T1 Ty lT L
then for any character x: R — Zo, we must have x(wjwows) = 0. However this is very hard to prove using the propertleb
of x. May I know if such a proof exist? This may need ore discussion.

Method 3: Alternatively, Kiinneth formula in this case is given by

HY(73,7y) = HY(Z,7,) ® HY(Z,7,) ® H'(Z,Zy) = 73,

H*(Z?,Zy) = H*(Z%,Z2) & (H' (2%, Z2) @ H' (2, 7)) ® H*(Z,Z2) = Lo & (23 ® L) = Zs3, 25)
note that Z2 ® Zy = (Zo © Zy) @ Zy) = (Lo @ o) ® (Za ® Zsy) = Z3, where we have used the fact that Z/mZ @ Z/nZ =
Z/(ged(m,n)Z) and distributivitiy of tensor product over direct sum.

On the other hand, let’s consider H?(Z%,Zy) with trivial action. We know that H*(Za, Zs) = Fa[z], so H"(Zz,Zs) = Za
for all n > 0. It is also easy to see that H(Z},Z,) = Z%, using Kunneth formula. Then for H?, we have H?(Z%,Z2) =
H*(Z57,Zy) @ (HY(Z5 Y, Zs) @ H' (Zo,72)) @ H*(Zy,Zy). Note that (HY(Z3 ™, Zy) @ H (Z2,Z)) = Zh ' @ Zy =
(@nfl copiesZ2) ® Zy = On-1 copies (Z2 ® Z2) = @n-1 copieSZ2 = ngl, and that H? (227 Z2) = ZQ, so that

H(Z3,20) = H (237", Zo) @2 = - = Z;"+D/2.

11 Spectral Sequences

An excellent note can be found at http://www.math.mcgill.ca/goren/SeminarOnCohomology/infres.pdf.
At the E; page of a spectral sequence, we have

E)? E? E?? E? E?
E)? E}? E?? E>? E}?
EY! Bt E>? B> Eb
EYO E}° E>° E>° EY

At the Es page of a spectral sequence, we have

E03

\\\\
\\\\
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where the two red elements are the stabilized terms at the Es page. At the F5 page, more elements are stabilized (in red):

0,3 1,3 2,3 3,3 4,3
Ej E; E; E; Eg

4,2
Eg

0,0 1,0 2,0 3,0 4,0
Esg E; Ej E; Ey

where for the Lyndon-Hochschild-Serre spectral sequence, we have
We have H"(G, M) — E%" surjective, and E? — H"(G, M) injective.

HYG,M)=EY" @ E%!
H*(G,M)=E%"e EL' @ B%?,
where the stabilization happens at

ELY = B0 =ker(dy: Ey° — EXY)/im(dy : EY° — B},
E% = B = ker(Ey' — EYY),

E%? = E)? = ker(ds: ES? — E3°),

EL = Byt = ker(dy: Byt — EDY),

E20 = B0 = BY° /im(dy: Ey' — E3°)

where Ey? = ker(da: ES? — E3'), and E3° = im(dy: Ey' — E3°).
We can derive the LHS five term exact sequence: we have

0— ELY — HYG,M) = E%' — 0,

0— By’ — HY(G,M) - Ey" — 0,

or
0— Ey° = HY(G, M) — ker(Ey' — E2°) =0,

on the other hand we have E%? = E3>° — H?(G, M) injective so
0— E3° — H*(G, M)

exact or

0— E5°/im(do: EY' — E3°) — H*(G, M)
exact. Combine these two, we get
0— EYY = HY(G, M) - ES' 25 B2° - H2(G, M)

exact.
In LHS spectral sequence, we have
EY? = HP(G/N,HI(N,M)),

(26)

(27)

especially, we have ES" = HY(G/N, H"(N,M)) = H"(N, M)S/N  and E}"° = H"(G/N, H*(N, M)) = H*(G/N, M™).

For
0=+N—=>G—=Q—0,

and A an abelian group, we have Q = G/N, and

14



¢=3| BN, A2 HYQH(N,A)) H*QHN,A)) H*QHN,A)) HQ,HN,A))
g=2 | B3N, A2 HYQ H3(N,A)) H*Q H3(N,A)) H*QH3(N,A)) H*Q,HN,A))
¢=1| H'(N,A)Q HY(Q.H'(N,A)) HXQ H'(N,A) HQ,H'(N,A) HX(Q,H*N,A))
g=0| A HY(Q, AV) H*(Q, AN) HY(Q, AV) HY(Q, AN)
Equ p=0 p=1 p=2 p=3 p:4 ......
In our case, we have
0 0 0 0

H3(Z3, M) HY(On, H3(Z3,M)) H?(Oy, H3(Z3, M)) H3(Oy, H*(Z3, M))

H2(Z3, M) HYOw,H*(Z3,M)) H?(Oyw, H*(Z3, M)) H3(Oy, H*(Z?, M))

HY (73, M)° HY Oy, HY (Z®,M)) H?(Oyn, H (73, M)) H?*On, H(Z3,M))

(MZ*)On H(On, M%) H2(Oy, M%) H3(Oy, M%)

where M = Z/2Z. the action of SG on M is trivial so M% = M and M = M. We also have H'(Z3, M)On

HY23(0y, M) = 73,74, 7S from previous sections. So now we have

0 0
HY(On, H3(Z?, M))
HY(On, H*(Z2, M)
0 H'(Oy, H'(Z?, M)
Zo 72

0

H2(Oy, H3(Z.
H2(Oy, H(Z.
H*(Oy, H\(Z

Zs

further using H2(Z3, M) = M3 and H'(Z3, M) = M3, we have

0 0

7S HY(Oy,Zs)

(z3)°  H'(On,Z3)

0 HY(0y,73)
Zs 72

0
H2(Oh7 ZQ)
H?(0y,73)
H?(Oy,73)

Zy

0

SaM)) HB(Oh,HB(ZB,M))
3. M)) HOy, H2(ZP,M)) -
3’M)) HS(Othl(Z?)»M))
77
2
0
H3(On, Z2)
H3(On,73)
H3(On,7Z3)
Zs

Then we can at least obtain %0 = E3° = E}° /im(dy: Ey' — E;°) = Z4.
Note that HY(Z3,Z/2Z) = (x1, X2, Xx3), where x;(T}j) = 6;;. We now need (x1, x2,x3)“": the only nontrivial one
stabilized by Cfs is x1 + X2 + X3, but this one clearly is not stabilized by S, so H*(Z3, M)°» = 0.
Note that H?(Z3?,Z/27Z) = {x1 U X2, x1 U X3, X2 U X3),

Note that effectively, from CT;Cg R

(28)

0,

i1t =1,2,3, and ST, 5~ ! = Ti_ng,z' = 1,2 and ST35~! = T3 we see that

C
L= (x1Uxs+x2Ux3)(T1,T3) = (xaUxs +x2Uxs) (T2, T1) = 0, so that any x1 Uxz or x1Ux3+X2UXs does not work.
So our only chance is x1 U xa + X2 U X3+ x3Ux1: it is obviously stabilized by Cf; for S, since (T, Ty) — (T *T3, Ty *T3),

(T;,T5) — (Ti_ng,Tg) for i = 1,2, so we see that

H*(Z3,2/27)°" = (x1 U x2 + x1 U X3 + x2 U Xx3) = Zo.

SO EQ’Q = Zs, then we must have E§’2 = Zo and EE’Q = Zs to match our PSG results (that the translation contributes
one fractionalization). If true, this means that the map ds in E§’2 = ker(dz: Eg,z — Egl) is a zero map; this further
means that E3' = ker(dy: E3' — Ey°)/im(dy: EY? — E3') = ker(dy: E3' — Ey°).

1= xa(T1) % xi(T37Y) = xa(Tn) = 0,

0=x1(Tn) <% x1(T57h)

:O,



and
L= a1(T) = xa (T ') = xa (1) = 1,
0 =x1(T») 5, x1(Ty 'T3) =0,
0= x1(T) > x1(T3) = 0,
0= ya(T1) 2 xo(T]'T3) = 0,
1= x2(To) 2 xa(T5 ' T3) = 1,
0= xa(T3) = xa(T3) = 0,
0= x3(T1) > xs(T7'Ty) = 1,
0= ys(Tr) > x3(Ty ' Ts) =
1= x3(T3) —> x3(T3) =
so we have

Co: (X1, x25X3) = (X35 X1, X2),
S (x1x2,x3) = (X1, X2, X1 + X2 + X3)»

We start with any map d: Oy — (x1, X2, x3) that satisfies d(zy) = z.d(y) + d(z), for any z,y € Oy. We just need
to specify what Cs and S map to. There are 64 choices. Denote d(S) = > iz1.03SiXi and d(Cs) = > i—12.3CiXi, then
calculation shows that ¢; + ¢co + ¢3 = 0 while s3 = 0, so we are left with 16 choices of parameters ¢y, co, 81, 82. The
PDer part: if if d(z) = z.a — a for some a € {x1, X2, X3), then d(Cs) = Cg(i1x1 + i2X2 + i3X3) — i1X1 + daX2 + i3X3 =
(i2 —i1)x1 + (i3 — d2)x2 + (i1 — i3)x3 while d(S) = i3(x1 + Xx2), so that there are one constraint for PDer, therefore
HY(On,Z3) = 73, generated by d: Cg — (i1x1 +i2x2 +isxs), S + X; where i1 +iz+i3 =0, j = 1 or 2, iy, 42,43 = 0 or 1,
i.e. the choices are (i1, 42,143,7) = (0,0,0,1),(0,1,1,1),(1,0,1,1),(1,1,0,1),(0,0,0,2),(0,1,1,2),(1,0,1,2),(1,1,0,2). To

summarize, we now have

0 0 0 0 0
Zo H'(On,Zs) H2(On,Zs) H3OnZs) H Oy, Zs)
Zo Hl(Oh,Zg) H2(Oh,ZS’) H3(Oh,Z‘3) H4(Oh,Zg)
0 Z3 H?(Oy,Z3) H®*(Oy,Z3) H*(On,Z3)
Zs 72 74 7 710

In view of Bill’s note, the essence now is to see what form of translations the term (g172)*'g;g; are of, for all
g1,2 € Oyp. This is at most a 48 x 48 matrix.

Interestingly, there is a lifting for the Ty =2 Sy part in the full space group that is isomorphic to it self: Ty <t Fd3m.
However, including inversion masses this up: there is not a subgroup of F'd3m that is isomorphic to O,.

Next we write the conjectured E3 page:

0 0 0 0 0
?  HYOw,Zy) H2(On,Z) H3(On,Zy) H*(On,Z)

By: 7y HYOw,Z3) H2Ow,Z3) H3(Oy,Z3) H*(Oy,7Z3)
0 0 ? H3(Oy,Z3) H*(Oy,Z3)
Zs 72 74 74 ?

An element in B3(G, A) (remember H?(G, A) = Z3(G/A)/B3(G, A)) isw: G x G x G — A (i.e. w € C3(G, A)) such

that dw(g1,92,93) = 91.h(g2,93) — h(9192, 93) + h(g1, 9293) — h(g1, g2) for some h € C*(G, A). Similarly, If f € B*(G, A)
then there is h € CY(G, A) s.t. f(91,92) = g1-h(g92) —h(g192) +h(g1), while f € Z2(G, A) is equivalent to 0 = g1.f (g2, 93) —
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f(9192,93) + f(91,9293) — f(g1,92). Finally, f € B'(G, A) means that there is ag € A s.t. f(g1) = g1.a0 — ao, while

f € ZY(G, A) means that 0 = g1.f(g2) — f(9192) + f(1)-
Since Bill’s note says da()(g1,92,93) = a(g3)((9192)* 197 g3), to find those da() that lives in B3(Oy,Zs) we must

solve a(gs)((9192)* "' g1 93) = (g2, 93) — h(9192, 93) + h(g1,9293) — h(g1, g2) for some h € C*(On, Z3).
The 1981 paper by Johannes Huebschmann is what we want!! https://core.ac.uk/download/pdf/82585136.pdf

This paper gives the recipe for the do maps. See the original question on mathoverflow https://mathoverflow.net/
questions/590/differentials-in-the-lyndon-hochschild-spectral-sequencel
Eq. in the language of spectral sequence, this is
0— EY o HY(G, M) — ES* 2, E2° — H%(G, M),
which is in Rotman, P645. Now in our case, since we know E; =73, Eg’l =0, and ES’O = 73, this becomes
0— 72— HY (G, M) — 02 7% - H*(G, M),

which gives H!(G, M) = Z3, in agreement with the GAP result.
Using the LHS short exact sequence associated with group presentation, i.e. Eq. , we get (note that F' is the free
group generated by T1,Ts, 15,5, Cs)

0— 72 = 75 — HY(R,Z:)5¢ & H*(SG,Z3) — 0,

12 The example studied in Johannes Huebschmann

Setup: N =Z/2 xZ/2, G =7Z/4 xZ/2, Q = G/N = 7/2, A = 7/2, with trivial G-action. Consider H?(G, A).

Background: H(Zz,Z2) = Hom(Zs,Zs) = Z2. In fact we have H"(Zz, Z2) = Zs for any n > 1 according to Rotman’s
book, see the paragraph below Eq. ; see also https://groupprops.subwiki.org/wiki/Second_cohomology_group_
for_trivial_group_action_of_Z2_on_Z2. In fact H?(Zy,Zs) = Zo precisely corresponds to the only two groups of
order 4: the Klein four-group V' = Zs X Zs, and the cyclic group Z,. The results can be easily generalized to other
prime-characteristic fields, see the links within the above url.

e:0>A—-ES N1,

e Let T be a group and A a left I-module, 7a is the action of v on A. Denote by Aut(I', A) the subgroup of
Aut(T') x Aut(A) that consists of pairis (¢, o) of automorphisms ¢ of I' and ¢ of A such that o(7a) = *@e(a),
veT,a€ A, we call Aut(T', A) the group of automorphisms of the pair (T, A).

o AutA(E) denotes the group of automorphisms of F which map A to itself.

e Each a € Aut?(E) induces an automorphism

.

In our case, our e is 0 — Zy — E — Z3 — 1, the corresponding classification is H?(Z?,Z,) = Z3, while we have ES’Q =
H?(Z3,75)%" = (Z3)°" = Zy. We know that y1Nxz represents the group E = (Ty, Ty, T3, x; [Ty, To], [T}, T3]z, [Ty, T3]z, 22).
12.1 The map dy: Ey* = H>(N,A)® — E3' = H*(Q, H'(N, A))

Theorem (Theorem 1 of Huebschmann’s paper): the rule e — & describes the differential dy: ES? — E2'', where € is
obtained following the procedure below:

Step 1: e: 0 A E i N 1 € H?(N,A)¥
]
Step3: 0 —— Der(N,4) —— Autg(e) 1

Step4: e: 0——=HYN,A) OutG \ \ € H?*(Q,H'(N,A)

Step2: 0 ———— Der(N, A) *>AutG —>Autg N, A)—— =1
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where
Aut(N, A) = {(p,0) € Aut(N) x Aut(A)|o(n.a) = p(n).c(a),n € N,a € A},

x: G = Aut(N,A), g— (n+— gng ' ar ga), Autg(N,A):=imy C Aut(N,A),

The underlying statement that Autg(N,A) C Aut(N,A) can be easily shown: o(n.a) = ¢(n).o(a) & g.(n.a) =
(gng~1).(g.a) which is true.
Denote Aut” (E) the group of automorphisms of F that maps A to itself, then

a € Aut?(E) — (ala,a|n) € Aut(N, A),

again the underlying statement that Aut”(E) C Aut(IN, A) can be easily proved: o(n.a) = ¢(n).c(a) & a(n.a) =
a(n).a(a) which holds (note that the action of n € N on a € A exactly becomes the group multiplication rule in the
extended group .

So if we restricts the image of the above map to Autg (N, A) C Aut(N, A) then its preimage defines Aut&(FE) and
this defined h.. Turns out ker(h.) = Der(N, A), which defines .. For i, it is defined by i.: d — a4 with ag(x) =
d(m(z)) -z =d(ng)(az,ng) = (az +d(ng),ng) for x = (agz,n,) € E, here w(x) = n, € N. Note that he(ag) # 0. However,
for such a g, one can always assuciate a g € Aut”(E) which further maps (a, + d(ng), ns) to (ag,ns), ie. @q is an
automorphism of N that is identity on A, and h.(ag) = 0. If we call %e: d — ag, then we get the exact sequence imi, =
kerh.. As Huebschmann mentioned, one can find the proof in Eilenberg’s paper https://wuw.ams.org/journals/bull/
1949-55-01/50002-9904-1949-09161-9/50002-9904-1949-09161-9 . pdf, P12, where Eilenberg’s (G, Q, A1, Z1(Q, G))
is ours (A, N, Aut(E), Der(N, A)), and his Ay is the subgroup of our aut’(F) that is identity on A.

Autg(e) is defined as the pullback (fibre product) of the two maps h.: Autd(E) — Autg(N,A) and x: G —
Autg(N, A)

Autg(e) == Aut@(E) X aute(v,a) G

it is the unique group that makes the diagram commute. Three other maps:
(: A— Der(N,A), aw~ (n—n.a—a,n€ N) isthe inner derivation;

B: E — Autg(e), x> (ig,n(x)), ¢ is the inclusion;

B(E) is normal in Autg(e), so we define Outg(e) to be the cokernel of S.

For us, G has trivial action on A = M = Zy, N =T = Z3, HY(N,A) = HY(Z3,Z) = Z3, Q = G/T = Oy, and
since H2(T, A)%? = (Z3)? = Z,, where the only nontrivial element w(T,T') = x5 + 925 + 37} in the mod 2 sense
(where we abbreviated T' = T7'T52?T5® and similarly for 7”), meaning that the group has the form (a,T)(a’,T") =
(a+d +w(T,T), TT"). Note that Autg (N, A) is nontrivial. In Huebschmann’s example Autg (N, A) is trivial, which
simplifies things by a lot.

13 Random thoughts

P497: The automorphism group Aut(F) is a group F is the group whose elements are all the isomorphisms of F with
itself and whose operation is composition. An automorphism ¢ is inner if it is a conjuhation; that is, there is ¢ € E with
p(e) = c+e—cfor all e € E (in additive notation). An automorphism of E is outer if it is not inner. This defines
Inn(E) C Aut(F), and Out(E) = Aut(E)/Inn(E).

The book [AM]: Hj (G, C), where C is the center of some group N, and ¢ is the action of G on C (in [AM]’s language,
¢ actually should be ¢¢ which is is the action of G on N restricted to C). In this book, most of the places ¢ is the
identity (meaning the group cohomology is with untwisted coefficient, or equivalently C is a trivial ZG module). When
making connection with the classifying space cohomology, note that it is always assumed that A is a trivial ZG module.
See the Introduction of [AM] or Rotman.

Abelianization of a group G is G/[G,G]. For intwisted cohomology with Zy coefficients, we have H'(SG,Zz) =
Hom(SG/[SG, SG|,Zs). The abelianization of all space groups is given in the paper http://scripts.iucr.org/
cgi-bin/paper?S0108767308036222 (but no access to download) and https://link.springer.com/content/pdf/10.
1007/JHEP01(2019)055.pdf. Turns out that pyrochlore has the abelianzation group Z3. It is easy to check that
Hom(Z3,Zy) = Z3, which are {1,x,y,x + y}, where : (b,0) — b while y: (0,b) = b for b = 0,1. Then z + y: (1,0) — 1,

4Recall that in the problem of group extension A — E — N, the essential statement is that any elements in E can be written as (a,n),
with group multiplication (a,n)(b,m) = (a + n.b + f(n,m),nm), where the action of n.b is the predefined action of N in A that makes the
Abelian group A a N-module, and f(n,m) is factor set satisfies f(1,m) = f(n,1) = 0 for any n,m € N, which is a cocycle and lives in
H2(N, A). See Rotman P506. However, note that we have (0,n)(b,1) = (n.b,n) and (0,n)(b,1)(0,n~t) = (n.b+ f(n,n"1),1), and one can
always choose f(n,n~1) = 0 for all n to make conjugation by n € N also the action n.b, since we can always use coboundary to adjust f:
f(n,n™1) =n.0(n"1') — O(n) where §: N — A is any function.
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r4+y:(0,1) =~ 1,and x +y: (1,1) = 0, also 22 = y*> = (x + y)? = 1 so this is the Klein four (Z3). Then from the above
paper in princple it is eacy to find H! for all other space groups.

HL(227,Zs) = Z3.

Note that Bieberbach group is defined as torsion-free crystallographic groups. Out of all the three-dimensional crys-
tallographic groups 10 of them are Bieberbach.

Gap has a command Mod2CohomologyRingPresentation, but only works for 2-groups.

In the basis é1,2,3, we have T1: (r1,72,73) — (r1 + 1,7r2,73), To: (r1,72,73) = (11,72 + 1,73), and T3: (r1,re,r3 + 1),
and

0 0 -1 0 -1 0 0 0

— -1 0 0 0 0 -1.0 0

=l o -1 0 o 7| 1 11 1/2 |’
0o 0 0 1 0 0 0 1

Subgroups of 227 that still contain the original translation: see ITC P702. Note that we use the second choice of
coordinate so that the origin is the inversion center (this is the merit of this coordinate choice). According to P702, there
are three subgroups, F43m, F'4132, and F'd31, which are isomorphic to the groups 216, 210 and 203. The first two (216
and 210) do not contain inversion, while the third contains inversion. Only the first one (216) is symmorphic (semi-direct
product), while 210 and 203 are nonsymmorphic.

Note that in ITC, (z,y, z) are the coordinate in the Z, g, Z basis of the cubi system. In this basis, Cs: (z,y,2) — (2,z,y)
whichi is ITC(5), and S: (z,y,2) — (v + 1/4,2 + 1/4, —z), which is really ITC(13), up to a translation ¢(0,1,0) (This is
the translation that translates (z,y,z) — (x +1/2,y,2z + 1/2)). We see that 216 does not contain S, while 210 contains
S, which makes sense since S is the nonsymmorpic element. Furthermore, ITC(37) = SI, up to translation; ITC(38)
is the mirror M with mirror plane spanned by # + ¢ and 2, and using our choice of generators S, I, C5, we also defined
¥ = SI, Cs = CsI, we have (using our PSG paper notation) M = (12) = XC3XC; '2C3: (x,y, 2) + (y,z,2), without
even translation. Next, we see that ¥ = (37) (up to translation) = (—y + 1/4, —x + 1/4, z) (easily checked) which is a
(weird) mirror with mirror plane the (Z — ¢) x 2 plane, and contains the (1/8,1/8,0) point; and that the two-fold rotation
Cy =ITC(2)Z + 1/4,5 + 1/4,2 = (12)(34) = C3XC5 ' SC5 (up to translation), this is the (34)(12) in our notation. Note
that (3) is another two-fold rotation along the z axis. We know that ((12)(34), (123)) = A4, the order 12 alternating
group. To summarize, we now defined

¥ = ST = C{MCY, mirror with mirror plane (Z — ¢) x 2 that contains the point (1/8,1/8,0),
M = XC3X.C5 '$Cs, mirror with plane (& + §) x 2 that contains the origin,
Cy = C3%C5 203 two-fold rotation with axis (1/8,1/8,0) 4 2.
C} = O3 *CyC3 two-fold rotation with axis (1/8,0,1/8) + 4.
and ITC(2) = Oy, ITC(13) = S, ITC(5) = C3, ITC(25) = 1, ITC(37) = ¥, ITC(38) = M.

Now we see that
F23(196) = (ITC(1) — (12)) = (T3, Ty, Ty, Cs, Ca),

F43m(216) = (ITC(1) — (12),ITC(37) — (48)) = (T1, Ty, Ts, Cs, Ca, X) = (Ty, Ty, Ty, Cs, Co, M),
F4432(210) = (ITC(1) — (24)) = (T1, T», T3, C3, Cs, S),
Fd31 = (Fd3,203) = (ITC(1) — (12),ITC(25) — (36)) = (T}, Ts, T3, Cs, Cs, I).

Note that their point groups are, respectively, T = Ay, Ty = Sy, O = Sy and T}, = Ay X Zs.
We can further analyze the subgroup of F43m(216). From ITC P666 we know that this is F23(196), generated by Cj
and C5, whose point group is T with 12 elements, isomorphic to A4. In this case, we have

HY(Z3,Z5)" =0
also. We know from Milgram, P92 that
H* (A4, Z) = Fyla, b|2/3 = Fy[A, B](C)/(C® + A2 + B% + AB)

with degree of A, B, C being 3,3,2. The GAP gives that H? with dimension 0, 1,2, 1,2,3,2,3,4. We have H''12(F23,Z,) =
0,3,6,2,6,10,6, 10,14, 10, 14, 18.
Always use List ([1..3] ,n->Cohomology (HomToIntegersModP (ResolutionAlmostCrystalGroup (Image (IsomorphismPcpGro
We consider the subgroup of F23: R3 (No. 146), symmorphic, point group is C3, so that R3 = Z3 x Z3. The command
List([1..15] ,n->Cohomology (HomToIntegersModP (ResolutionAlmostCrystalGroup (Image (IsomorphismPcpGroup (SpaceGrou
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Table 1: C,, is cyclic group of order n and D,, is dihedral group of order 2n. x means that H?(PG,T) is trivial, T = Z>.
The column Generator omits the two translations. m, denotes mirror whose mirror plane is perpendicular to the zy plane
and bisects ¢; and t2; m,, denotes mirror whose mirror plane is perpendicular to the xy plane and contains t;; s, is mirror
my, composed with ¢1/2; sp. is s, further composed with to/2; For p3, p3m1 and p31m, the basis ¢; and ¢, has an angle
of 120°; my is mirror with mirror plane perpendicular to the zy plane and +30° with t1; mg is mirror with mirror plane
perpendicular to the 2y plane and contains ¢;. m,, is mirror that flips y coordinate (in p4g and p4m t; L t2). We see there
is no nontrivial direct product between PG and T. The second last column makes use of H*(PG,Zy) = Hom(PG,Zs)
and H*(S3,Z2) = Fale] where S3 = D3, H*(Dy,Zs) = Falx1,e1,92]/(z1€1); the rest of the H(PG,Zs) are calculated
using GAP. The last column records the naive sum of the dimension of previous two columns.

No. ([LZ]) Name Point Group H?(PG,T) Generators  Action: T — pTp~t HY(T,Z2)’Y HY(PG,Z;) dim
L1 pl C x {id} T % {ty, o} (X1, x2) (id) 2
2 (5) cm Dy (c) X {m.} T 2% {ty, 11} (x1+ x2) Zo 2
3 (3) pm Dy (p) H*(Dy p,,2%) = Zo {m,} T 22 {4,651} (X1, Xx2) Ly 3
4 (4 g D1 (p) See above {sp} T {t, ;') (X1, x2) Ly 3(-1
5 (2) p2 C2 X {i} T2 {15} (X1, X2) Ly 3
6 (9) cmm Dy(c) X {i,m¢} (x1+ x2) 73 3
7 (6) pmm Ds(p) H?(Ds,,,7%) =73 {i,m;} (X1, X2) 73 4
8 (7) pmyg D4 (p) See above {i,sp} {X1,X2) 72 4(-1
9 (8 P9y Ds(p) See above {i, spe} T 2% {ty, 65} (X1, x2) 3 402
10 (13) p3 Cs X {es} T 25 {t, t7 M5 1) () (id) 0
11 (14)  p3ml Ds(1) >< {e3,my} T 25 {tity, t5 '} () Zs 1
12 (15)  p3lm Ds(s) X {ez,me} T 2% {ty, 87151} () 7o 1
13 (10) p4 Cy >< {ca} T 5 {to, 171} {x1+ x2) Zs 2
14 (11) pim Dy H2(D4,72) =75 f{caymy} (X1 + X2) 72 3
15 (12)  pdg Dy H?(Dy,7%) = 7y {ca, 8pe} {x1+ x2) 73 31
16 (16) pb Cs X {c6} T =% {tite, t7 '} () Zs 1
17 (17)  pbm Dg X {ce,ms} () 73 2

gives 1,1,1,0,0,0,0,0,0,0,0,0,0,0,0, so we have

Z27 TL:1,

Zo, n=2

n 3 _ 2, 9
H (Z ><1Z3,Zg)— 227 TL:-?),
0, n>4.

We have H"(Zs3,Zs) = 0 for n > 1. Note that, according to Weicheng, H*(Z3,Z2) = Fa[x1, X2, x3]/ (X3, X3, X3), where
X1,2,3 are grade-1. So we see that

H*(R3,Z5) = Fsla,b]/(a?,b?), deg(a) =1, deg(b) = 2,

where a = x1+ x2+ x3 and b = x1 Ux2+ x2Ux3+ X3+ x1- So we have a grade-3 element which is y; Uy U x3. However,
R3 is not normal subgroup of F23.

We turn to a normal subgroup of Fys3. We have F222(22) = (11,15, T3, Cy, Ch), point group is Do, generated by Cs and
Ch. We have HY10(F222,7,) = (4,7,10,14, 18, 22,26, 30, 34, 38). F222 has (normal) subgroup C2(No.5), which has point
group Co. we have H'10(C2,Zy) = (3,4,4,4, ....,4). We should be able to guess this one: note that CngCgl = T?fng,
CngC{l = T?flTl, CngC{l = Tgl. We see that y; + X2 is stabilized by Co, and 1 + 3. So we see that H (T, Zy)“? =
(x1 + X2, X1 + x3) = Z3, and we have H*(Zy,Zy) = F[z] where z has grade 1. We see that the d: Eg’l — E§’° is
zero map, giving H*(C2,Zs) = Z3. Cs: (x1,X2,X3) — (X2, X1,X1 + X2 + X + 3). According to Weicheng’s claim that
HY(Zo, HY(T,Z3)) = H*(Z2,75) where p is the dimension that is fixed under Cy. We see that p = 2,

14 Wall paper group

In explicit form (note that each one has its own definition of translation):

T1: 1 ,TQZ 11 ,i: -1 , C3 = 1 -1 , C4 = 1 , Cg = 1



Table 2: Note: When inputing into gap, ecmm/pmm/pmg/pgg should be written as c2mm/p2mm/p2mg/p2gg, and
pdm/pdg/pbm as pAmm/pdgm/pbmm. The column H'S(SG,Zsy) records the copies of Zy in each n = 1,2, ...,6 cohomol-
goy group. Note we denoted Ey®° = HY6(PQ, Z,) and Ey' = HY(T,Z2)PG. We used H"2(Zy,Z3) = Zy. Note that
H?(SG,Zy) = E%? @ EL' @ E20 and E2° = E2°, EL! = Ey', and E%? = EY2.

No. ([LZ]) Name Point Group Ey o0 E20  EYT=EYI Byt H'S(SG,Z,)  Ey” @ By’
I (1 pl Ch (0,0,0,0,0,00 0 2 2= (X1, x2) (2,1,0,0,0,0) 1
2 (5) cm D1 (c) (1,1,1,1,1,1) 1 1 1=(a+x2)  (2,2,2,2,2,2) 1
3 (3) pm D1 (p) (1,1,1,1,1,1) 1 2 2= (x1,Xx2) (3,4,4,4,4,4) 3
4 (4) pg Di(p) (1,1,1,1,1,1) 0 1(imdy =1) 2= (x1,X2) (2,1,0,0,0,0) 1
5 (2) P2 C, (1,1,1,1,1,1) 1 2 2 = (x1, x2) (3,4,4,4,4,4) 3
6 (9) cmm Ds(c) (2,3,4,5,6,7) 3 1 1={x1+x2) (3,5,7,911,13) 2
7 (6)  pmm Dy(p)  (2,3,4,5,6,7) 3 2 2= (x1,x2) (4,8,12,16,20,24) 5
8 (7)  pmg Dy(p)  (2,3,4,5,6,7) 2 1(imda=1) 2= (x1,x2) (3,4,4,4,4,4) 2
9 (8) pgg Ds(p) (2,3,4,5,6,7) 1 0(imdy = 2) 2= (x1,x2) (2,2,2,2,2,2) 1
10 (13)  p3 Cs (0,0,0,0,0,0) 0 0 0= (0,1,0,0,0,0) 1
11 (14)  p3ml Ds(1) (1,1,1,1,1,1) 1 0 0= (1,2,2,2,2,2) 1
12 (15)  p3lm Ds(s)  (1,1,1,1,1,1) 1 0 = (1,2,2,2,2,2) 1
13 (10)  p4 Cy (1,1,1,1,1,1) 1 1 1=0a+x2)  (2,3,3,3,3,3) 2
14 (11)  pdm D, (2,3,4,5,6,7) 3 1 I=(a+x2) (3,6,9,12,15,18) 3
15 (12)  pdg Dy (2,3,4,5,6,7) 2 O(imda=1) 1= {(x14+x2)  (2,3,4,5,6,7) 1
16 (16)  pb6 Cs (1,1,1,1,1,1) 1 0 0= (1,2,2,2,2,2) 1
17 (17)  pbm Dy (2,3,4,5,6,7) 3 0 0= (2,4,6,8,12) 1
1 1 1 I | 1 1 1
me = 1 , My = —1 , My = 1 -1 , Mg = —1 , Sp = —1 y Spe =
1 1 1 1 1

Note that HY(T,Zy)P¢ = EY', and HY(PG,Zy) = Ey°. E}° is stablizied already, however ES" is not; we have
H'Y(SG,Zy) = E%' @ EL0 = EY' @ Ey° ) where

Ey' =ker(dy: Ey' — E3°).

Therefore, we further have to check which of the H (T, Zy)"¢ gets sent to H?(PG, Zs).
Now using the standard method in GAP:

List([1..5],n->Cohomology (HomToIntegersModP (ResolutionAlmostCrystalGroup (Image (IsomorphismPcpGroup (SpaceGroug

where we put the name of the wallpaper group in <ggg>, such as pl,cm,pm,pg,p2,... etc. Also connecting the data in the
previous table, we have

Note in the first table we have given ethe action of point group elements on translations. We now look at the induced
action on the character xi, x2. We have

id, mpwspyi; Spe - (leXQ) = (X17X2)7

Me,Cyq: (XlaXQ) = (X27X1)'

It is not hard to see that we do have EY® = H2(T, Zy)F% = H?(T, Zy) = Zs, generated by x1 U x2. Now the question
is how to calculate ES'* and Ey2.

15 H*(P1(No.1),Z,)
Pl =(Ty, Ty, T3) = T = Z3 is simply the translation group. We have

H*(T, Zs) = Fa[x1, x2, x3)/(x] = x5 = x3 = 0). (30)

V1)

Now we want to check the cocycle condition explicitly. The cocycle conditon for trivial group action is

w(g2,93) +w(g1,9293) = w(g1, g2) + w(g192, 93), (31)
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where trivial action on Zs is assumed. In Weicheng’s notes he used the multiplicative notation; for Zs this is really
additive so we used plus sign.

Using g = TFTYT; and the multiplication rule ggo = T H™2TY T2 T2 722 we write the representative cochain:
n = 1, the representation cochains are of course x1(9) = =, x2(9) = v, x3(9) = 2. When n = 2, the representative
cochains are y1x2 and so on. According to the cocycle condition Eq. , we need to check w(ga,gs) + w(g1, g293) =

w(g1,92) +w(g192,93), which for x1x2(91,92) = x1(91)x2(92) = Ty becomes wayz + x1(y2 + y3) = T1y2 + (21 + 22)y3 in
the mod 2 sense, which obvious hold. Of course, we can alternatively define (g1, g2) = x1(92)x2(91) = Y221, which gives

X1(93)x2(g2)X1(9293)x2(91) = x1(g2)Xx2(91)x1(93)x2(9192), which is x3ys + (22 + 23)y1 = T2y1 + x3(y1 + y2), which also
hold.

We then check that x? is a coboundary. Cobounday condition says that, at degree two, there exists u(g) s.t

w(g1,92) = p(g1) — w(g1g2) + p(g2)- (32)

we have x2(g1,g2) = 2172. If we define p(g) = sz (z —|— 1), then it can be checked that x?(g1,92) = m122 = p(g1) —
1(g192) + p(g2) = 3x1(x1 + 1) + 3 (x1 + 22) (21 + @2+ 1) + 322(x2 + 1) in the mod 2 sense. Therefore x? is a coboundary.

16 H*(C2(No.5), Zs)

We consider the space group C2 (No.5). This group is very simple, generated by translation and a Cs rotation, so we
have C2 =T x Zs with Zs = (C3). GAP tells that it’s cohomology is

HOL234-(02,79) = (1,3,4,4,4, ....), (33)

where the “4” holds for any n > 2. This has been verified in GAP using the command R:=ResolutionSpaceGroup (SpaceGroupIT(3,!
ton =15.
Group relations inherited from F'222 are

CoTyCo =Ty 'Ty, CoTCr =T 'Ty, CoT3C: =Ty, (34)
but note that in C2 the translations are no longer the primitive ones in F'222. Let us write, following convention
1112 UNIQUE AXIS ¢, CELL CHOICE 3 on P131 of ITC, (35)

Eq. as T5 = t(1,0,0), Ty = (1/2,1/2,1/2), T, = (1/2,-1/2,1/2), Cy = (x,y,2) — (—z,—y, 2), then the above
relations are met.

This induces the action on the charaxter xi 23 (defined by x;(T;) = d;; for 4,5 = 1,2,3): Ca: (x1,X2,X3) —
(x2,X1, X1 + X2 + Xx3). We make use of

H*(T7 ZQ) = FQ[X17X27X3]/(X% =X
H*<Z2,Z2) :FQ[JJ],

[\V] V)

where x and x1,2,3 all have degree 1.
Define Ky := H'(T,Z2) = Z3 = (x1, X2, x3) and K := H*(T, Z2) = Z3 = (x1 U X2, X2 U X3, X3 U x1), Q = (C2) = Zo,
then we have
7PN Q, HY™N(T, Zs)) = KT = (x1 + X2, x1 + xs) = Z3,
ZP2NQ, H™2(T, L)) = K5 = (x1 U X2, X1 U X3 + x2 U x3) = Z3,
ZP2NQ, H=(T, 7)) @ = (x1Ux2Uxs) & Zs,
BP=Y(Q, H1=HT, Zs)) = (C2.x1 — X1, Co-X2 — X2, Ca.xz — X3) = (x1 + X2) = Zo,
BPZHQ,H*(T, L))
BPZHQ, HI=*(T, Zsy))

(x1Ux2) —x1Ux2,Ca.(x2U x3) = x2U x3,C2.(x1 U x3) — X1 Uxs) = (xaUx2 +x2Ux3+ x1UXx3)

(x1Ux2Uxs) —x1Ux2Uxs) = {0},

(37)
So
EZ=11 = HP(Q,H\(T, Zy)) = 73y = T,

BN = HY(Q, H(T, ) = 73/ Ly = o, (38)
EP=19 = HP(Q, H3(T, Zy)) = Zo,

where the last one is because Zs — Zs only has trivial action. The first and second uses the fact that (see also the
argument that leads to Eq. (245))
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Using these, as well as H(Q, H (T, Zy)) = H*(Q, K;) = K2 = Z for i = 1,2,3, and H°(Q, H(T, A)) = A = Zy, we
already have all the places of the EL'? page of the LHS spectral sequence:

qg=14 0 0 0 0 0
q=3 1 1 1 1 1
q=72 2 1 1 1 1 (39)
qg=1 2 1 1 1 1
q=20 1 1 1 1 1
EY?T {p=0 p=1 p=2 p=3 p=4

where the number m at place (p, ¢) denotes H?(Q, H4(T,Z5)) = Z5*. Crucially, now, we note that the sum of diagonals
already matches the cohomology dimension in Eq. (33)). Now, if any of the dy: E'? — EPT2971 maps is nontrivial, the
dimension of EY? will be smaller than E5, so that the cohomology dimension of Eq. cannot be matched. This
means that all the do maps are actually zero, and that Fs = E, i.e. the cohomology collapses at Fo page. We have

H*(C27ZQ) = ]F2[a1a a2, blu b27 ) {I?]/R7

where we have in mind that a3 = x1 + x2, a2 = x1 + X3, b1 = x1 U X2, b2 = x1 U x3 + x2 U x3 = a1as — by, where
X3 =x3=x32=0. aj,az,x are degree one, and by, by are degree two, and c is degree three.

Note that since the element x1 + x2 and the element y; U x2 4+ x2 U X3 + X3 + X1 are mod out, we have ayx = 0 and
(bl + bg)x =0.

16.1 Ring relations: first try

With all these preparations, we are in the position to look at the relation R that needs to be quotient out. We follow
Weicheng’s paper and obtain the relations by restricting to subgroups. First, n = 1, the cohomology dimension is 3, so
we have (a1, as,x) with no relation among them. Then, n = 2 the cohomology dimension is 4, while there are 7 degree
two terms we can write down:

a%,a%,alag,agx,bl,bg,ﬁ.

So there must be three relations. What this means is that three terms can be written in terms of the other four terms
(the mod-2 rank is 4).

a? = X3+ x3, a2 = x3 + X3, ataz = X} + by + b, so we have, in the translation subgroup 7, a? = a3 = 0, and
araz = by + by. Obviously, in the group C2, they represent three independent relations. Now we choose to write a?, a3
and by in terms of ajas, asx, b1, x2, the dimension matching means there cannot be relations solely in terms of these four
terms. Note that the expression for a? cannot involve ajas

Restricting to the subgroup <C’2T1T2_1> = 7o, we have a; = 0 and as = = nonzero, since it must be one dimensional,
the four dimensional space now becomes one dimensional, with basis a3 + axz + x2; the other basis b; vanishes. Now since
we know in C2 22 is a basis, and we do need to get a relation out of this, so we must have that a3 = asx. Then, it is easy
to see that a? = 0.

(till here, tided up!)

Now, we restrict to (C2T3) = Zo, which has cohomology Fa[z'] for some z'. We see that restricting to this group,
a; = by =0 and ' = a3 = . Now 2’ cannot be quotient out, so in order to have a trivial relation when restricting
to this subgroup, the only possible way to produce a nontrivial relation (but becomes trivial in the subgroup) is to set
p2 = ps = 1 (note the other terms vanish), which is

a3 = ay.

Then, restricting to the subgroup (CoT1Ty ') = Zy which has cohomology Fo[z”], we need to identify 2/ = 2 = ay
while a1 = 0. now, again in order to produce a trivial relation (since 2’ cannot be quotient out) the only possibility is to
set pa = pg = 1 (note the other terms vanish) and we get

a% = asx,

which gives nothing new.

Now, restricting to (T172) = Z which has vanishing 2nd cohomology, we see that a; = = 0 when restricting to this
subgroup, while only b; and a3 are nonvanishing and they are equal, so the possible relation is b; = 0 or a3 = 0. In order
to reduce the number of relations (< 3), we conjucture the relation is a3 = 0, which is the redunction of a3 = azx when
z=0.
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We then use the group (CoTTs) = Z, which has vanishing 2nd cohomology. We have a; = 0 and = as. Note this
also means when restricting to this map we must have 22 = 0 (although z # 0) and b; = 0.
Then, restricting to the subgroup (T3) = Z which has zero second cohomology. In this case we have a1 =b; =z =0,
so we must have a3 = 0, which is consistent with the above condition that a3 = asx.
Finally, use the fact that (CoT5) = Z which has vanishing 2nd cohomology, and we have as = by =0, © = a1, so must
have the relation
a3 =0,

This is because: now the only possible terms in the relation (R = 0) are 22,za; and a?. However, we have shown above
that 22 cannot appear in a relation, so the only possibility is za; = 0, af = 0, or a3 + za; = 0. But we know the last
one is forbidden, because restricting to the subgroup some relation must exist to nullify the remaining terms 22, xa, a?
(although now they are all identified), but a? + za; = 0 becomes a trivial relation. Then, the only possibilities are a? and
zay. But we must have

aj =0,

since this is the only choice that is compatible with restricting to the subgroup (T}) (setting x = 0 must give a? = 0).
So now we have found all the three relations, to summarize:

2 2
Ry = (a3 = asx,af = 0,a12 = 0),

and so the order 2 terms are
. 2
n=2: (b1, a1as,a0w,x°).

Now we look at degree terms. The one we can write down are =3, asx?, b1z, b1a,bias. Since the (p,q) = (0,3) term is

biag, this term must be kept, while bjas = 0. Then n = 3: (byas, b1z, a2, x3) matches the cohomology dimension.

Finally, we look at order four, which may still have nontrivial relation. Now the terms we can writen down are
b?, brasx, b1?, azz®, 2%, so we need to find one relation to match the cohomology dimension. Restricting to (Cy) = Z,
says 2 cannot appear in any relation. Again restricting to (T} T) = Zs, only the term b2 appear, which must vanish so
we have b2 = 0. Note it is possible that b? is the linear combination of other four terms, but the import point is that b2
does not appear.

To summarize, we propose that
H*(C2,7Z5) z Fsla, as, x, bl]/(af =ajz =0, a% = agx;biay = 0;b6% = 0 = b? = braz!! see below), (40)
where
n=1:(a,az,z); n=2:(by,a1a0,a02,2%); n=3: (bas, b1z, a2, 2%); n=4: (biasz, b2’ asz®, z*); (41)
so we see that for general n (n > 3), we have

n—2

n: (bragx™ 3, b1z 2, aga™ 1, ™).

We wonder if we could think of them in terms of the original x1,2.3 symbol

n=1:(x1+x2 X1+X3:2), n=2: (x1x2, a+x2)xs: (xi+x2)z,2%), n>3: (xaxa(xa+x2)z" % xixez" 2, (xi+xs)z" ", z"),

where keep in mind that when setting x = 0 we should recover the original ring relation of the translation group cohomology
X7 = x% = x3 = 0. This is actually not a good way to understand them and may lead to very wrong results. See below.

16.2 Ring relations: representative cochain
Now let’s explicitly look for the cocycles. For g; = Ty Ty T5°Cs', i = 1,2, x;,yi, 2 € Z, ¢; = 0,1. For later use we write
the multiplication rule
9192 = TV T T CS TR T T2 Cs?
= T T T (T371T2)01322T1(1*01)I2 (T?TITI)cszz(l*Cl)szgq@ T?Elfcl)zZ C§1+62 (42)
+erya+(1— +erzat(1— —ci1@a—cirya—c1za+(1—
_ Tim c1y2+( 01)12T2y1 craa+( Cl)szgl c1zz—cry2—crza+( Cl)ch§1+C2

)

Now we write the representative cochain.
For n = 1: a1(9) = = + y and ax(g) = « + z and z(g) = ¢ (the right hand side are in the mod 2 sense). It is easily
checked that these are invariant in the sense that w(g) = w(hgh™1) for all g, h € C2.
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For n = 2: Write the translation group in the polycyclic notation, g = (z,y, z). we have Co9Cs = (y, 2, —x — y — 2),
So we do see that b(g1, g2) = z1y2 is invariant under Cs, since b(Cag1Ca, C292C2) = y1x2, which differ from x1y, just by
a coboundary w(g1,g2) = i(g1) + (g2) — p(g1ge) with u(g) = o +y. This means that b € H?(T,Zy)%. Compare to the
spectral sequence, we have H?(T,Z3)? = (b,aja). We know the spectral sequence stabilizes at Ey page, this means that
there is a final element by € H?(C2,Zs), which reduces to b when its argument g1, g» € G is restricted in T. The full form
of by is still to be found. To summarize,

b1(g1,92) = 1y2 + something, ajas(g1,g2) = (v1 +v1)(22 + 22), a2x(g1,92) = (w1 + 21)ca,  22(g1,92) = cica.

Now we want to check that they are cocycle, meaning that w(g2, g3) + w(g1,9293) = w(91, g2) + w(g192, g3), where trivial
action on Z, is assumed. For detail, see Weicheng’s appendix. Let’s first check ajas, asx and z2:
For ajas:

(w2 +y2) (23 + 23) + (w1 +y1) (22 + c2y3 + (1 — c2)x3 + 20 — c2w3 — Coy3 — Cco2z3 + (1 — ¢2)23)
= (1 4+ y1)(x2 + 22) + (21 + c1yo + (1 = c1)xa + Y1 + c1w2 + (1 — c1)y2) (x3 + 23)

which reduces to 2ca(x1 + y1)(z3 + 23) = 0 which always holds in the mod 2 sense.
For asxz: we have

(w2 + 22)cs + (w1 + 21)(c2 +¢3) = (w1 + 21)c2 + (1 + 1y + (1 —c1)x2 + 21 — 122 — c1y2 — 122 + (1 — ¢1)22)cs,

which reduces to 2¢ic3(z2 + 22) = 0 which always holds in the mod 2 sense.
For 2 cac3 + c1(ca + ¢3) = c1ca + (1 + ¢2)cs, which holds.
Finally we check b;. For by, the cocycle condition gives

(z2y3) + (z1(y2 + cazs + (1 — c2)y3)) = (21y2) + (21 + c192 + (1 — c1)72)y3),

which reduces to
co1 (23 — y3) = c1(y2 — 12)ys,

this clearly shows that b; alone is not a cocycle. By inspecting the cochain expression for B,,’s in Weicheng’s paper, we
find that the following is a cocycle:
b1 = (1 —c1)z1ye + crza(z1 + y2), (44)

We checked in Mathematica that the corresponding cocycle equation becomes (1 — ¢1)eq (22 — y2) (23 — y3) = 0, which
always holds since ¢; = 0, 1. this has the desired property that when ¢; = 0 this gives by = x1x2. When ¢; # 0, clearly
we can no longer view by as x1Xa2.

Let’s check aiz: a;xz(g1,92) = (1 + y1)ce, we have the cocycle (z2 + y2)cs + (x1 + y1)(c2 + ¢3) = (21 + y1)c2 + (z1 +
c1y2 + (1 —c1)xa +y1 + c122 + (1 — ¢1)y2)cs, which reduces to zero. It is very easy to show that ajz is a coboundary: take

w(g) = (x+y)(1+c)+z,

then
a17(g1,92) = (21 +y1)c2 = p(g1) + p(g2) — p(g192),

showing explicitly that ajz is a coboundary. Let’s also show that (z1 + y1)c2 and ¢; (22 + y2) differ by a coboundary: set
to(g) = (z + y)c, then we have po(g1) + po(g192) + po(g2) = (21 + y1)er + (21 + cayz + (1 = c1)zz + y1 + 1w + (1 —
c1)y2)(c1 +e2) + (22 + y2)c2 = (21 +y1)e2 + (22 + y2)cr.

We can explicitly show that a}(g1,g2) = (21 +y1)(z2 + y2) is a coboundary: define 1(g) = 3(z +y)(x 4+ y + 1), then
it is easy to show that a?(g1,92) = p1(g1) — p1(g192) + p1(g2). So a? is a coboundary. The essence here is that although
c1 modifies the exponent of T and T3 in g1 g2, the sum of these two exponents is still 1 + x5 + y1 + y2, as if ¢; were not
there. So a? is a coboundary just as in the pure translation group P1.

For a3(g1,92) = (x1+21)(w2+22), the sum of the exponents of T} and T3 in g1 go is o1 +22+21 +22—2¢1 (v2+22). We are
tempted to use pia(g) = §(z+2)(x+2+1) to show that a5(g1,92) = (214 21) (w2 +22) = pa(91) — p2(9192) + p2(g2) but the
RHS gives an additional term which is ¢y (x4 22). This is easily understood: note that £(1-2) =1 but (3-4) = 6, which
have the opposite parity. Note that the additional term, ¢;(xs + 22), is exactly asx(gs2, g1), which differ from asz(g1, g2)
by a coboundary. This shows that a3 + azx is a coboundary, which checks the relation a3 = asz. To summarize, we have
12(g1) — p2(g192) + p2(ge) = (22 + 22) (21 + 21 — 1) = a3(g1, g2) — waz(g1, go)-

This actually also provides a way to show that a;z is a coboundary. Define us(g) = %(y + 2)(y + 2z + 1), we have
p3(91) — u3(g9192) + 13 (g2) = (c1 41 +21) (Y2 + 22) = (@(a1 +a2) + (a1 +a2)?)(g1, g2), this means that za; +zay = af +a3,
i.e. xa; = 0. More rigorously: define

palg) = (4 )+ 2) + 5@+ )ty + 1)+ 5@ 2@tz 41+ S+ )+ +1), (15)
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then we have
pa(gr) — palgrg2) + palge) = ci(x2 + y2),

therefore a1z is a coboundary. Now, all the relations and cocycles at degree two have been found and checked.

Now, all the possible third degree terms are a1by, asby, asz?, bz, 3. We know the cohomology dimension is 4, so we
need to find one relation. asb; cannot vanish, because when restricting to subgroup P1 = T = Z3 asb; becomes the
X1X2x3. We also know from the spectral sequence that the last three terms do not vanish and that one of a1by, asb;
vanishes. So it can only be a1b;. To conclude, a1b; is a coboundary.

Now, we go to degree four terms. We know that Eq. holds. By exhausting all combinations, we see that we must
have one relation about b?. Since the basis of n = 4 is bjasz, b12?, azx® and x*, Now the task is to find j; 2 3 as in

bi = jibiasz + jobia® + jzasa®,

note there is no x% term since when restricting to (C2) the RHS is just 2% while the LHS has b; = 0.

Now we restrict to the subgroup (71T, 'Cy) = Zy. Note that its group has element of the form g = Ty, *C5, and
b1(g1,92) = (1 —81)8182 + 8182(81 — $2) = $182 — 5155 = 5182(s2 + 1) which is always even, therefore b; = 0. On the other
hand, both as and x are nonvanishing on this subgroup, so we must have j3 = 0.

We cannot use (T53C5) = Zs since by vanishes on it.

Now, we restrict to the group generated by <T]T271,02>. We have CQTngng = Tngl, therefure denoting Ty :=
Ty ! then we have (Ty, C3) =2 plm, see Weicheng’s appendix, plm is the one-dimensional group generated by translation
T and mirror M with MTM = T, and its mod 2 cohomology ring is Fo[t, m]/(t? = tm). Now, restricting to (T Ty ', Cs)
we have a; = 0. For any g; = Ty'T, *'Cst, i = 1,2, we have b1(g1,92) = (1 — c1)s182 + c182(s51 + $2) = 5182 + 185 =
5182 + €182, in the mod 2 sense. We also have 22(g1,g2) = cica, and asz(g1,92) = si1c2. Now, we know that sys, is a
coboundary (setting u(g) = %s(s + 1)) and that sjcq differ from sac; by a coboundary. Therefore bi(g1,g2) = c152 =
c281 = asx, so we have fully identified the generators ai,as,x,b; with t,m: a; =0, ax =, x = m, by = asx. We have
b% = a%xQ =t’2m? = tm3, biasx = a%wQ = tm3, and bx? = as2® = tm3. This means that, in the original group of C2, we
either have b% = biasx, or b% = b2,

Now, in order to distinguish b2 = bjasx, or b? = byx?, we really have to find a group where as and x acts differently.
We now turn to the group <T1T3_1,C’2>. Note that C2T1T3_102 = Ty, and C2T5Cy = T1T3_1, so if we denote T1T3_1
and T, as two translations Ts and Tg, we see that this group (Ts,Ts, Co) is exactly the walll paper group em, which
is defined by cm = (T1,Ts, M) with MTYM = Ty, MToM = T;y. For g; = Ty'T; **C5" with i = 1,2, we have g1g2 =
Tprtimespasepea -2 gete: which also labels the most general form of the group element of em. therefore the
most general form, of course, is (7,75 1)*TYCs. For g; = TV TE Ty P CS with i = 1,2, we have az = 0, a1 = p; + @,
z =¢;, and b1(g1,92) = (1 — c1)piga + cip2(p1 + ¢2).

According to Weicheng, the mod2 group cohomology ring of cm is Fo[Ay1y, A, Bmy}/(Angy =0,A;1yAm =0,ByyAsiy =
0, Bgy = 0). It is easy to see that his A,1,, A, and B, exactly map to our a1, z. Also compare the expression of b1 (g1, g2)
with his expression of A1(g1,92) in Eq. (E27), we see that our by is his B,,. He has B}, = 0, meaning that we should
have b? = 0.

16.3 Final result

H*(C2,Z5) = Falay, ag, z, bl]/(a% =a;r = O,ag = asw;bia; = ajasx = 0; b% =0), (46)

Write the most general group element of C2 = (T4, T5,T5,Cs) as g; = 17Ty Ty Cy i = 1,2, x4,y:,2i € Z, ¢; = 0,1, we
have representative cochains (which are cocycles)

ai(g) =z +y,
a =z +z,
2(9) (47)
z(g) =c,
b1(g1,92) = (1 — c1)x1y2 + crwa(x1 + Y2).
In degree 1 the independent ones are a1, as, z;
In degree 2 the independent ones are z2, ajas, asx, bi; where a% = a1z = as(as + x) = 0;
In degree 3 the independent ones are 23, ax?, by x, byas, where ajazz = 0 and bya; = 0.
Note that we have
T|loa = b1z, 7|c2 = bias. (48)
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17 H*(F222(No0.22),7Z»)

F222 = (T1,T»,T3,C4,C%), where C} is two-fold rotation about the axis (1/8,0,1/8) + ¢, while Cy is two-fold rotation
about the axis (1/8,1/8,0) + 2. Point group wise, Cs is a permutation (12)(34), while C% is a permutation (13)(24).
Note that C’2 and Cy commute With each other. We have CyT1Cy = Tfng, CyT5Cy = T?flTl7 CyT3C = T?fl, and
CLTCly =Ty ' Ty, CHToCh =Ty b, C4T3C, = Ty *T. From this we have

Ch: (X1, X2, X3 Xe) — (X3, X1 + X2 + X35 X1, Xe)s

where Y. is the character for Cy, which we denoted by x in the above. Define K,, = H"(C2,Z3) = Z3 for n = 1 and = Z}
for n > 2. We need to compute (with abuse of notation we denote Zy = (C%) by C%)

Zr21(CY, H=Y (02, Z,)) = 1C = (x1+x2, X1 + x3,7) = K1,
Zp>1(02a HI=2(C2,Zy)) = 20 = (x1x2 + x2X3 + x1x3, (1 + x3)z, %) = Z3,
P2 (Cy, HIZ3(C2, Zs)) = = (e (xa +x3)2? % xaxea? 2, (xa + xa)2? 7 2%) = Kg>s, (49)
I(CQﬂHq 1(02722)) - {O}v
1(02= HY2(C2,Zs)) = (Ch.x1X2 — X1X25 C-(X1 + X2)X3 — (X1 + X3)X3) = (X1X2 + X2X3 + X1X3) = Zo,
(027 Hq>3(02722)) = {O}a

We see that, using H? = BP /ZP,
By = HP2Y(C, HO=H(02,2) = 73,

Ey=1T2 = HP2Y (O, HI=2(02,7) 2 73, (50)
Bp=11=0 = HP2N(Cy, HO23(02,T,) = I3,
Then the E5'? has the form

g=41| 4 4 4 4 4
¢g=3| 4 4 4 4 4
g=2| 3 2 2 2 2 (51)
g=1| 3 3 3 3 3
¢g=0| 1 1 1 1 1
EPT 1p=0 p=1 p=2 p=3 p=4
Gap shows that we have
HY'%(F222,7Z5) = (1,4,7,10, 14, 18, 22, 26, 30, 34, 38, 42, 46, 50, 54, 58), (52)

which already agrees with the above Ey form (for the d-th diagonal with d > 3, we have 1+ 3+ 24 4(n —2) = 4n — 2.
So all the ds maps are zero, and the E5 already collapses to E.,. Therefore, we have

H*(F222,75) = Fyay,az,c1,c2,2,9]/ R, (53)

where a; 2,2,y are degree one and ¢, cp are degree three; a; = x1 + X2, a2 = X1+ X3, €1 = X1X2X3 = @2b1, c2 = X1X22 =
blx.

Now we work on the relation R. Again, at degree one we have n = 1: (a1, a2, z;y) which matches the cohomology
dimension, so no relation among them. The degree two terms are (ajas, a1, z%; a1y, azy, ry; y?), which are all the terms
one can write down, and so no new relation among them (besides the ones inherited from F222). Then at third order:
n = 3: (c1,co,a122, 235 ar vy, 2%y; a1y?, azy?, xy?;y3) = vz, here ¢; = bra; = x1x2(x1 + x2) (note that by is no longer
present), and co = b1z = x1X22.

To summarize:

n=1:(a1,a9,z;y); n=2: (a1a2,asr,x?; a1y, azy, vy;y>);

. 2 3. 2,. 2 2 2. 3\ — .
n=3: (01702#12% , L75a22Y, XY a1y, a2y, TY Y )=U37

vny1 = Concatenate[(c1z" ™2, cox™ 2, a12™, 2" 1), v,y

the last recursive relation can be easily understood in terms of the spectral sequence.

The relations: R = (ajazy = 0,...). Using symmetry, we conjecture that a3 = asx, and a3 = a1y. a1x + azy = 0.
We have in mind that ¢; = bias = x1x2(x1 + x3)- Below, under C3, we have x1x2(x1 + x3) = x2xs(x2 + x1) =
x1x2(xs + x1) + xTxe + x3xs.
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Another way to count: at degree n, there are n + 1 terms that involves only = and y. For n > 3, due to ¢; and

c2, there are 2(n — 2) terms that involves x and y. There are also n terms of the form a;x"~‘y*~! where we have

considered the relation aix = asy and a% = a1y and a% = agx. A term a;z" 'y*~! can be converted to agxz™ ' lyt,

unless the term is of the form a;y™~! or asz™"!, So there are n — 1+ 1+ 1 =n + 1 terms. Collecting all these we get
n+142(n—2)+n+1=4n — 2, which are the correct dimension. Note the counting does not work for n < 2 because
there is no c¢; 2 at n = 1,2. The counting for n = 1,2 have been enumerated above. Now, the only missing relation is
c? =7 and ¢3 =?. To get this relation we turn to the representative cochain. See below.

17.1 Ring relations: representative cochain
Now we know that it is no longer proper to regard the elements with degree n > 2 as products of giegree one characters.
Write the most general form of group elements of F222 = (T1,T», T3, Cy, Ch) as g = TFTIT; CSCL, we have
g = T{ TP T3 CF Oy TP T 152 C52 '
= T TITE O (Tz—lTB)c’lngl(l—C'l)fﬂsz—C/ly2+(1—6/1)y2 (T;lTl)CizzTél_Cll)ZQ s C;CQ‘FCQ
e Tl(l—c/l)362+C’122T2—c,1x2—c,1y2+(1—c,1)y2—C,122T3c/1x2+(1—c/1)22 ce C;c/1+c’2
— lelTleT;l (T3—1T2)Cl((1*6'1)12+C'1Zz)Tl(l_Cl)((1_0/1)12+C/122)(Tg—lTl)Cl(*c'lfﬂz*C'ly2+(1*6'1)y2*6'122)
' Télfcl)(fcllzz7clly2+(lfc/1)yz*0/122)T§172cl)(c/1w2+(lfc/1)zz)C§1+52 C;c'ﬁ»c; (54)
_ szﬁ(kcl)((1fc'1)x2+c’1Z2)+c1(fc’lzrc’lyﬁ(lfc’l)yrc’lzz)
i T2111+Cl((1—0'1)12+C§Z2)+(1—61)(—C/1f62—Ciy2+(1—c/1)y2—c/122)
) ngl—01((1—c/1)acg-l—c’lzz)—cl(—c’lxg—c’lyg—&-(l—c’l)yg—c;ZQ)—‘r(l—Qc])(c'lzcz-l-(l—cll)zz)

. CQC1+02 C;C/r"c/z.
Denote g3 = g192, then we have

T3+ yYs=x1+y1 +x2+y2, T3+23=T1+21+T2+2, Ys+z23=y+21+y2+ 2.

We have checked that ajas, asx, 2%; a1y, asy, zy; y? are all cocycles. b1(g1,g2) = (1 — ¢1)x1y2 + c1aa(z1 + y2) is no
longer a cocycle. R

Restricting g1, g2 € C2, then we have b(g1,g2) = Cy.b1(g1,92) = b1(Cy91Ch, Chg2Ch) = (=1 + c1)z1 (22 + y2 + 22) —
c122(xo + Y2 — 21 + 22). We have checked in Mathematica that b(g1, g2) is still a cochain in H*(C2,Z5), this means that it
can be expressed by ajaz, asx and 2. So we see that although Eq. is inaccurate (since we should really not use x1,2,3
which are nonsensical concepts), the counting of the dimensions in spectral sequence is actually correct. So now we have
found all the seven cocycles at degree n = 2. Although strictly speaking we still need to show they are not coboudaries,
we have done multiple side checks that confirm aias, aaz, £2; a1y, asy, xy; y> are really generating the cocycles.

A few relations: First of all, setting p1(g9) = 2(2 + 2)(z 4+ 2 + 1) 4 (z + 2)c, we can check that

(a5 — a2x) (g1, 92) = (21 + 21) (w2 + 22) — (21 + 21)c2 = pa(91) — pa(9192) + 111(g2) (55)

in the mod 2 sense, confirming that the relation a3 = aoa still holds in F222. Second, setting po(g) = 2(z + y)(z +y +
1) + (z 4+ y)c/, we can check that

(a7 — a1y) (91, 92) = (w1 + y1) (@2 + y2) — (21 + 1)’ = p2(g1) — p2(g192) + pi2(g2) (56)

in the mod 2 sense, so we have a? = ajy holds in F222. These two relation are of course symmetric. Then, using the
pa(g) function defined in Eq. (45)), we have

pa(g1) — pa(grg2) + palgz) = ci(x2 +y2) + ¢ (22 + 22) = (za1 + yaz) (91, 92), (57)

therefore we do have the relation za; = yas.
Now we go to degree n = 3. Using brutal force computation (see Mathematica), we find two cocycles (it is easy to
explicitly check that these two are indeed cocycles):

c1(91,92,93) = (x2v1 + 21y2 + c1(z1 + y1) (22 + y2) + ¢ (21 + 22 + y1 + y2) (22 + 22)) (23 + y3),

58
c2(91, 92, 93) = (w221 + 122 + ¢4 (21 + 21) (@2 + 22) + 1 (21 + T2 + 21 + 22) (T2 + y2)) (23 + 23). (58)
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We have b1(g1,92) = (1 — ¢1)z1y2 + c1a2(x; + y2) in C2 (i.e. when setting y = 0, and by symmetry we also have
ba(91,92) = (1—c))x1 29+ w2 (21 +22) when setting x = 0. If we switch off ¢} in ¢1,2: note xoy1 +z1y2+c1(z1+y1) (x2+y2) =
(b1(91,92) + z2y1 + c1(y1y2 + Y172 — T2y2)).

Q: Next step question: are c; 2 dependent cocycles? if so, how do they reduce to byas and byx when y = 07

The above shows that

w(g1,92) = 221 + w122 + c1(w1 + 22 + 21 + 22) (T2 + Y2)
is a coboundary, using p(g) = xz = 3(z + 2)(z + 2 + 1) — 3x(z + 1) — 32(z + 1). Therefore what we found in Eq.
are just coboundaries.

17.2 Solving by definition

According to the original paper of Hochschild-Serre, for 0 - N — G — @ — 0, the action of Q@ = G/N on H"(N, A)
is: for each cocycle represented by the cochain f: G x G x --- x G — A, we have, for g € G, (9(f))(91,-,9n) =
g-f(g7 Y991, ...,97 ggn). There are other choices, for example, g € G, (9(f))(g1,--»9n) = g-f(g1,---,9n). These choices
lead to different spectral sequence. the direct consequence of using the second choice of G/N action is that, according to
Rotman, if A is G-trivial then H"(S, A) is G/S trivial. This means that the first column of EY? will just be H™(S, A)
since H"(S, A)%/4 = H"™(S, A) under trivial G/S action, and this is bad for us (no restricting the dimension at all; the
restriction will only appear at later pages through the do maps, and this further means that more differential maps will
be nontrivial, which is not ideal for us).

So, to summarize, we define the action of @ = G/N on H™(N, A) as: for each cocycle represented by the cochain
f:GxGx---xG— A, we have, for g € G,

(9()(g1s r9n) = g-F (9 991, . 9 ggn).

Using the polycyclic notation that g = (z,v, 2, ¢,0), then we have
Cégcé = (Zv —r—=Y— %27, C)'

Remember that the generators if H*(C2,7Z,) are a1(g) = x+vy, az(9) = z+2, (g) = ¢, and b1 (g1,92) = (1 —c1)x1y2+
c1xa(x1 + y2). We see that a1, aq, ¢y are invariant under the action of C} (now regarded as an element of the quotient
group F'222/C2). On the other hand, let’s check b;:

b1 (Chg1Ch, ChgaCh) = (1 — c1)z1 (w2 + Yo + 22) + c1 (w2 + Yo + 21 + 22)22.

After some trial and error, we find that we have

bl(CéQlC’é, CQQQCQ) - 51(91792) = (ala’Z)(gth) + u(91792)7

where (g1, g2) is a coboundary with p(g1, g2) = 6(g1) + 0(g2) — 0(g192), with

1 1
0(g) = wy+yz+az+ sole—1) + 52— 1),

and indeed, this confirms the ¢ = 2 row of the spectral sequence . We see that it is very important to have a good
feeling (really, by trial and error) about getting various terms using the coboundary condition. The above shows that

/
cyarag = 0.

Recall that HQ(CQ, Zg) = (bl, aijas, as®, 332).

while it is not easy to check whether by(Chg1Ch,Chg2Ch) = b1(g1,92) up to coboundary, we now that out of
H?(02,Zs) = (b1, a1a9,asw,2%) that ajasz,asx and 2% are all invariant under C%, so combined with our conjectured
spectral sequence by is killed.

Then, go to n = 3: we have H3(C2,Zy) = (b1ag, b1x, azx?, 23). According to our conjectured spectral sequence, We
must show they are all invariant under the C% action. Note that

C5(brag) = Cy(b1)C5(az) = (b1 + araz)(az) = bias,

and
Cy(bix) = (b1 + araz)(x) = by,

so we see that they are both invariant. This proves the ¢ = 3 row of the spectral sequence.
Now we are in the position of writing down the ring structure. We have
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. car)e — 9. 2, AN
n=1: (a1;a2amay)7 n=2: (CLlGQ,ClQ.’I},JI a1y, a2y, Y5y )a

3. 2 9 9 9 3
saoxy, TUYs a1y”, agy”, Ty Y ) = vs;

)> UnYl,

n=3: (c1,c2, a2,
Upt1 = Concatenate[(clxnfz, cox™ 2 aga”, 2"t

where we know that ¢; o reduce to bias and byz when ¢4 = 0.
Confirmed representative cocycles: z(g) = ¢, y(g) = ¢

a1(9) =T+ Y,
GQ(g) =+ 2,
z(g9) = ¢, (59)
ylg) =¢,
2

among the 10 possibilities a?, a3, ajaz, a12, a1y, asx, asy, %, vy, y*, we have checked above in Egs. and and
that a3 = asx and a? = a1y and a1z = asy, which reduces three of the 10. So we do have full knowledge (ring relation,
generators and representative cochains) for the cocycles in HY2(F222,7Z,).

Spectral sequence for the Fy page of the Zs cohomology for F222: (we have Fy = Eo)

q=3 1 2 3 4 5 6 7 8 9 10 11 12 13 14
q=2 1 1 2 3 4 5 6 7 8 9 10 11 12 13
qg=1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
q=1 1 2 3 4 5 6 7 8 9 10 11 12 13 14
EPT Ip=0 p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10 p=11 p=12 p=13
HLT - 1 4 7 10 14 18 22 26 30 34 38 42 46
(60)
17.3 Degree 3 cocycle expression
We have
Cy (91,92, 93)|F222 = Cr(91, 92, 93) | 222 + C+ (91, 92, 93) | F222, (61)
where

C(g91, 92, 93)| Faz2 = cacs3cix1+c1c3chay+cacschry +eschz+e1c3ci char+cesd)chry+creadi haxy+eacsd ey +crchchr +
CaChChxy +C1C3chchry +cacschchxy +egchchr+ %02030’1 (z1+ 1)z + %62036/2(1’1 +1D)a+ %CQCg(zl +1D)a+ %clcwg(xl +1D)a+
5020303@1 +1)x1+ (214 1)x1 + 132221 + cacsc) oy + cacschzary + c103¢] hrax1 + c3¢) chrxaxy + cachxamy + c1c3¢5T221 +
CoC3Ch Ty + €1 ¢ ChTaxy 4 Coc) ChTamy + e3¢ chxaxy ) chmamy 4 C1ChChTax1 + 1 CachChTamy + C1e3¢hChan1 + 1) chchramy +
Col chchaxaxy + c3cchchramy + 1020311 + Ca3T1 + C1020323T1 + caci 3Ty + C1cacsciTsTy + cachrsmy + crezchrzry +
CaC3Ch3T1 + C3¢hx3T1 + C1CachT3Ty + CachTaTy + CaC3ChT3T1 + C1CaC ChT3Ty + Cal 3Ty + CacschrsTy + c1c3ch bz +
CaC3ChChx3x1 + C3chChT3T1 + Cacsciy1x1 + cacschyrr + c3chy1T1 + c3c by + c1cachyi Ty + cackyr1xy + cacschyiTy +
CoCh iy 1 + e3¢5 ChY1T1 +C1C3Y2T1 +C2C3C Yot +C1C3CH Y21 + C2C3CH Y21 + C3CH Y21 + €1 CoCh Yot + CoChYal1 + C2C3Ch Y21 +
C1C) C3Y21 + €1 CaC) CaYaT1 + C1C3C) 32Ty + C3C) C3YaT1 + C1CHCY2T1 + C1CaChCRYaT1 + C1C3CHCRY2 T 4 C3CHCRYa L1 +C1CoYy3T1 +
Coy3T1 + C1C2C3Y3T1 + CaC Y31 + €1C2C3C Y3 T1 + CaCHY3T1 + C1C3CHY3T1 + CaC3CHY3T1 + C3CHY3T1 + Caciy3T1 + CaCiCi2121 +
C1C5Ch 2101 + CachChz1 1 + C1C32001 + C3291 + C1C3€] 22@1 + €3¢, 2201 + C103Ch 2901 + c3Chzoxy + c103¢) Chzaxy + c3¢ chzaxy +
C1C52901 + €1 CaCh zom1 +CaCh 2001 + €1 C3Ch 201 + 35 2201 + €1 ¢ Ch 20wy + 01 0o Chzox1 +C103¢ Ch 2021 e3¢ Chzam1 4+ hzoxy +
C1C5Ch 2oy + Cahch 2oy 01 Chch zomy + ol Chchzoxy + e3¢ chhzony +Chzoxy + 1022301 +CaCa 2321 +C102¢ 2301+ CaC) 2321 +
CoC3C) Z31 + C103¢h23%1 + Cacschzamy + C3Chzawy + C1eachz3x1 + cacschzsmy + c1cac] chzamy + cac)chz3ry + cacsclchzzry +
€103¢hCh 2321 +Cacychch 23w +3¢h 231 +eacsc) chra+esc chroterd) chratcac chratercachchotcych chchaotcac)chehra+
CgCllc/QCé.’L‘Q—F%0103312(1‘2—1—1)+%CQC3C/1$2(.’L‘2+1)+%01636/2112(.%24—1)+%Clcgcél‘g(l‘g+1)—|—0102(J/16/21)3+CQCIICIQ.T3+CQC3C/ICI2$3+
c102¢) s + creschchas + cadichchxs + c3cichchrs + c1c)xaxs + cacs Tas + cre3chTams + ¢ chrans + c13chx2xs +
CaC ChxaT3 + CaCaC) ChTams + C1C5Ch XT3 + C1CachchTaTs + cad Chchxaxs + cacchchrors + %CQClllL‘g(l'g +1)+ %czc;gc'lmg(xg +
1)+ Leichas(ws + 1) + sereschas(ws + 1) + Seicichas(ws + 1) 4 cacsciyr + creschyr + cacschyr + crescichyr + crcacichyr +
C2C1CaY1 + CaC3C) Cay1 + C1C5CY1 + CaCh ey + C1C3CHCRY1 + CaCaChChy1 + C1C3T2Y1 + CaC3C Tay1 + CaCaChTayr + C1C3C) ChTayr +
C1C3C3TaY1 + C2C3C3T2Y1 + C3C3T2Y1 + C3C| C3TaY1 + C1CHCRTYL + C1C2C5C3TaY1 + C1C3CHCETYL + C3CHC3TaY1 + C1C) ChCaTays +
CaCl Ches Tyt + c3c) ChCsTayr + C1eaC3T3Y L + CaC3T3Y + C1C2C T3Y1 + CreacsC T3y1 + CacaciT3yr + cicachxsyr + CcreachTayr +
C3ChT3y1 + c102¢) b3y + cadichxayr + cacscichrsyr + 1033y + cacschchTsyr + cachesrsyr + %CQCgCllyl(yl +1)+
Leacschyi(yr + 1) + Seachyr(y1 + 1) + Sercachyn (yn + 1) + Seacschyi(yr + 1) + ya(ya + 1) — cacs(@1 + y1) + cacscychys +
C1C2C5C3Y2 + C1C3T2Ya + CaC3C TaYa + C1C3CHTaYa + €3¢ ChTayr + C1C3C3TaYa + C1C CaTayr + Cac|C3Tays + c1C)ChczTays +
ol CheaTaya +e3c ChCh Tyt 1ol X3Ya +Cac3c T3yt Cre3ch 3y + ol ChT3ya+CacsC Chx 3y +C1C3C5T3Y2 +C1Cac] i3y +
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CoCl CT3Y2 + C3C) CT3Y2 + C1C2CHCRT3Y + CaC) ChCaT3Ya + C3CY ChChT3Y2 + C1C3Y1Y2 + C2C3C1Y1Y2 + C1C3CHY1Y2 + CacaChy1ya +
C3CHY1Y2 + C1C2C5Y1Y2 + Cacacsyiye + C3Chy1y2 + c1C a1y + crcac ciy1y2 + crescicsyiye + c1chchyiye + crcachciyyz +
creschchyiya + 3e1c3ya(y2 + 1) + 3eacsciya(ya + 1) + gercschyz(ya + 1) + Jeicachya(ya + 1) + cocach chys + creschchys +
C2C3C, Tays + €1C3ChTaYys + C1Cac Chxays + cad) chxays + 3¢ chrays + c102C) Chxays + o) chTays + e3¢ hxays + c1caci Tays +
CaC3C) T3y3+C1c3chT3ystcac chrsysteacsc) chrsys+cicac hxsystcacsc)chrsys+cac chehrsys+tesch chehrsystercacsyiys+
CoC3Y1Y3+C1C2C Y1Y3+C1C203C1 Y1Y3+CaC3C Y1Y3+C1C2CoY1Y3+C1C3CHY1Y3+C3CHY1Y3+C1C2C3Y1Y3+CaC3ChY1Y3+C1CaC) Yoz +
3¢ Y23 + c163¢5Y2y3 + cacl chyays + cacc chyays + cacl chyays + cacsc chyays + %Czc3cl1y3(y3 +1)+ %01030/22/3(2/3 +1)+
1oz + cacdichraz + c1chchmazy + cachchmazy + cacichy1z1 + c1chchyizr + cachchyizr + 1 chyaz + cacichyazy +
C165Chyaz1 + cachchyaz — cach(x1 + 21) — cheh (w1 + 21) + 3 chaze + 1) Chxa2a + 3¢ chraza + ¢ bz + c1chchTaze +
€16, ChchToze + cad|chchxaza + e3¢ chchxaze + c1cacchrsza + cacichrzza + cacscchrzza + crc2cichr3za + cadichrsza +
C2C3C) C3T329 + C1C3Y122 + C1C3C Y1 22 + C1C3CY1 22 + C1C3C) ChY1 20 + C1CaC3Yy122 + C1C3C5Y1 20 + C1Cac) Cy1 22 + Cac Ciy1 20 +
€103¢) Chy1 22+ C1¢hchy1 2o+ Cach iyt 2o+ ¢1 ¢ ch ey za+cach chchyr 2o+ cs) Chchyr 2o+ cac) chyaza+ 1 ChChyaza 1 ¢l chchyaza+
ol chchyazatcac) chchyazatcrcad) chyszatcac chyszatcacsc) chyszatcicad chyszatead chyszatcacsc chyszateicac)chzs+
C1T2z3 + C1CaTaz3 + €1 X223 + 1020 X223 + cac3CiXaz3 + €3¢ Tz + 10525 + C1eachTazs + C1ChTazg + CrcachTozs +
C102¢ o z3+Cal) ChTazg+CaC3C) Chazg+C1ChChTa25+C1 CachChTazg+Cac Chhxazztcac] chchrazs+eic)chagzstcacchrszs+
CoC3C) ChT 323 + 100 i3z + Coc) i3 23 + cocs ) Chwszs + C1chCh T3 23 + cac chehwszs + e chchxszg + c1Cay1 23+ cacsy1 23 +
c1C2C Y1 23+ CoC) Y1 23+ CacaCl Y1 23+ C1C3Ch Y1 23+ CacaChy1 23+ C3Ch Y1 23+ C1CaChY 23+ CacaCly1 23 C1CaC) Cay1 23+ Coc Chyr 23+
CaC3C C3Y1 23 + C1C3CHC5Y1 23 + CaC3ChCY1 23 + C3CHCRY123 + C1CaYa23 + C1C2C Y223 + CaCl Y223 + Cac3Clyazs + CrCach Y223 +
ol Chyazs+ 3] chyazs+c1cachyazs+c1 2] chyazs+caci hyazs+cacsc) chyazs+c10achChyazs+cac) chchyazs+c3c chchyazs+
cac3ci chyszs + c3ci chyszs + c1cac) chyszs + caclchyszs + cacscchyszs + cacichhyszs + c3c chchyszs + %clc’lc’gz:),(z:g +1),

and

Cy(91,92,93)| 222 = cachry + caciz1ao + 3¢ chxima + cocichxima + c3¢ichr120 + %030’2;51(1 + x1)xe + %chl(l +
x1)xs + %clchl(l + 1)z + %czchl(l + x1)To + %0303,@1(1 + 1)z + %c’lchl(l + 1)z + cacscimixs + cachriws +
CoC3ChT1T3 + €| chT1T3 + CoC) Ch1 T3 + Coc3ChT T3 + ChhT1 T3 + Coch w1y + ¢ chcha1 w3 + Ferchay (14 1) ws + Feschar (1+
x1)x3+ %c’lc’gxl (1+x1)xs+ %chgzl (14 z1)x3+ 3t xoms + c1chTams + c1cachrars + c1chxars + c1 w1 2w + c3cf v10203 +
€103C1 X1 TaT3+CoC3C) T1TaTg+ChT1 TaTs+C1CHT1TaX3+CaChT1 TaTs+C1C5CHT1TaTg+Col) ChT1 T3+ C5T1TaTg+CaChx1 X223+
cichxixans + 1 chr1mans + c1chchrizars + ¢ chesriTons + creschyr + cicachyr + cacschyr + cieschriyr + cachriyr +
C10265T1Y1 +C2c3¢5T1Y1 + e3¢ Tay1 +C1c3¢hTay1 + e3¢ ChTay1 + C15Tay1 +CachToy1 +C1C2Ch Tyt +CaC3Ca LY +C1 ) CaTaYr +
o€l C5Toy1 Hc3¢] C3TaY1 +C3CT T T2Y1 +C1C3CHT1T2Y1 +C3C) CHT1T2Y1 +C5T1T2Y1 +C1 C3T1T2Y1 +C1CoCRT1ToY1 +C2C) CT1T2y1 +
caci 3y + creacisyn + cac3Cixsyr + cachrayr + c1e3chTzyr + Caczchrzyr + CachTayr + cacscirixayr + cichrirzyr +
CaChT1T3Y1 + C1CaChT1X3Y1 + C103¢hLT1T3Y1 + CacschT1T3yr + i chx1x3y1 + Cocichr1T3Yy1 + Cachx1X3Y1 + CreasT1T3Y1 +
Chchx13Y1+Cochchx1x3Yy1 +) Chchx1x3Y1+Coc Lok 3y + 03¢ Tamay1 +Cac3chTarayr +Coc) hraxsyr +chTarsyr +C1C5TaT3y1 +
Coch Choways +CachCyomays + ¢t chehmarayr + 5 cachrayr (1+y1) +5erchwayr (14+y1) + 5 eachayr (1+y1) + 5 eschaays (14+y1) +
sc1chrayr (1+y1)+ 5 cachzayr (1+u1)+ 5 eschaayr (14+y1) +crchziye +cachzrya+eacachrya+ 5 chay (1421 )y2 +esci 21 20y2 +
C3ChHT1TaYa+C1C3ChT1Taya+ 03¢, Chx1Toys+ChT1Taya+C1C5T1 TaYo+CachT1Xaya+C1CaChT1ToYs +C5c5T1Toy2+C1 ¢ Chx1T2ya+
CaC Ch 1 ToYo+Coc T3y +C1Caci Taya+Ca3c) T3ya+c103C) T3ya+C102ChbT3Ya+C103¢5T3Ya+ 1) T3Ya+C1C5C5T3Y2+Ci x123Y2+
C1C] T123Ya+C1C3C) T1T3Y2+CoC3C] T1T3Y2+CHT1T3Y2 +CoChT1T3Y2+C1C2CHT1T3Y2 +C3CHT1T3Y2+CoC3CHT1T3Y2+C1CRT1T3Y2+
CoCyT1T3Ye + C1C2C3T1T3Y2 + C3C3T1T3Y2 + C1C]C3T1T3Y2 + C2C]C3T1T3Y2 + C1CHCRT1T3Y2 + C2CHCT1T3Y2 + C1C1T2T3Y2 +
C1C2C) TaT3Yo + C3C) TaT3yo + C1C3C) TaL3Y2 + C1CHT2T3Y2 + C1C3CHT2T3Y2 + C1C3T2T3Y2 + C1C]C3TaT3Y2 + C1CHC3T2T3Y +
C1C3CY1Y2 +C1C3Y1Y2 + C1C2C3Y1 Y2 4 C1C3CHT1Y1 Y2 + C1C3T1Y1Y2 + C1 CaCaT1Y1Y2 + C1C3CHT2Y1 Yo 4 C1 C3T2Y1Y2 +C1 CaCyTay1 Yo +
C1C5T3Y1Y2 + 1025 T3Y1Y2 + C103¢hLT3Y1 Y2 + CaCsT3Y1Y2 + C102C5T3Y1 Y2 + C3C5T3Y1Y2 + Caci T1Y3 + cacscix1ys + %czc'zml(l +
T1)ys + %0265351(1 + 21)y3 + c1ciT1T2Y3 + C2C)T1X2Y3 + C1C3C1T1T2Y3 + C2C3CI T1T2Y3 + C1C2CHT1TY3 + C3CHT1T2Y3 +
C2C)CHT1TaYs + C1CaCRT1TaY3 + C3CRTITaY3 + CoC)C3T1T2Y3 + C1CHTITIY3 + C2CHT1T3Y3 + C1C2CHTIT3Y3 + C3CHT1X3Y3 +
C1C3CHT1T3Y3 + C2C3CHTIT3Y3 + C2C) CHT1T3Y3 + C1CaC3T1X3Y3 + CoC)C3T1T3Y3 + C1C| TaT3Y3 + C2C) TaT3ys + €3] ToT3ys +
C1C2CHTaT3Y3 + C1C2C1Y1Y3 + CaC3Ciy1ys + C1CHY1Y3 + C1C3CHY1Y3 + C2C1CoY1Y3 + C2C3Y1Y3 + CaC3Ciy1ya + CaCiCiy1ys +
CaCi T1Y1Y3 + C2C3CiT1Y1Ys + C1ChT1Y1Y3 + C1CachT1y1ys + C103¢hT111Ys + CacschTiy1ys + cacichax1y1ys + cackTiy1ys +
C1C2C3T1Y1Y3 + C2C ChT1Y1Y3 + CoCTay1ys + C1CHT2Y1Y3 + C2ChTaY1Y3 + C1C2CHT2Y1Y3 + C1C3CHT2Y1Y3 + CaC3ChTay1Y3 +
CaCh ChTay1ys + CreaciTay1ys + CacichTayiys + 2l T3y1ys + C1ChT3Y1Y3 + CaChT3Y1Y3 + C1C2CHT3Y1Y3 + C1C3CHT3Y1Y3 +
C2C3CHT3Y1Y3 + C2C) CHT3Y1Y3 + C1C2C5T3Y1Y3 + C2C) CaT3Y1Y3 + C1C1Y2Y3 + C1C2C  YaYy3 + C103¢ Y2y3 + C1C5Y2y3 + C1C3C5Y2Y3 +
c1C1T1Y2y3+CaC) 1Yy +C1e3C  T1Y2y3+CacaC T1Y2Y3+C1ChT1Y2Y3FCoChT1Y2Y3+C1C3CHT1Y2Y3+C2C3CHT1Y2Y3+C1C] TaY2y3+
€1C2C TaY2ys + €1C3¢, Tayays + €1 ChT2Y2y3 + C1C3CHT2Y2Y3 + €1 C2ChTaYays + C3ChHT1 21 +C1C3ChHT1 21 +C1C2ChT1 21 +Cac3ChT121 +
e3¢ Taz1 + c3¢ oz + hozy + Cachxozy + C3ChTaz1 + CaC3chazy +C1¢) Chxazy + CalChazy + C3chx 1221 + 103k 12221 +
e3¢ Chr1Taz1 + 10511 T021 + CaChT1 X221 + C1CaChT1T221 + C3C5T1T221 + € b 1X221 + Coc) ChT1T221 +CaciT321 + C102C 321 +
CoC3C T3z + C1ChT321 + cachTazy + C1CachT3z1 + CaC3ChTzz + C1CachT3z1 + Cac3Chrazy + Coacscix1x321 + CachTiTzZ +
C102¢h21 2321 + €103CHT1T321 + Cacschr1Tazy + ¢ chr12321 + C10ach1T321 + CaclChT1 2321 + cachchr1Tyzy + c3cixax321 +
10361292321 + Cac3Cimam3zy + C3C5TaT321 + C1C3ChT2X321 + CaC3ChTaTszy + C1C5T2T321 + CachXoX3z + C3Chxaxszy +
16} Chxax321 + Call Chxamazy + 01 ChChxaX321 + CachChTawszy + c1C3¢hYy1 21 + Cachy1 21 + €120k Y1 21 + Cacschy1 21 + C3¢hT1y121 +
CoChT1Y1 21+ C3C  Tay1 21 +C1C3CHTaY1 21 +C3C) ChTay 21 +C5TaY1 21 +C1CaChTaY1 21 +C3C3T2Y1 21 +C2C) CaTay1 21 +Cac3C) T3Y1 21 +
ChT3y1 21 +C1CaChT3y121 +C1C3ChT3Y1 21+ CaCsChT3y1 21+ CachTay1 21+ C10aChX3Y1 21+ Cac) Chx3y1 21 +Cachch T3y 21 +C1Chy221+
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CoCyY221 + C2C3C3Ya21 + C3CIT1Y221 + C3CHT1Y221 + C1C3CHT1Y221 + CaT1Y221 + C2C3T1Y221 + C1C2ChT1Y221 + €3¢ Taya21 +
C3C) CyTaY221 + C3TaYa 21 + C1C3T2Y221 + C3C3TaY221 + C1C) CyTaY221 4 C2C| C3ToYa 21 + 1 T3Y221 + C1C1 T3Y221 + C1C3C T3Ya 21 +
CaC3C, X3Yaz1+ChT3Y221+C1C3ChT3Y221+C2C3ChTaY221+C1C5T3Y221+CachTsyaz1 1) Chx3yaz1 el chxsyaz1+eichcsrsyaz1+
CoChChT3Ya21 + C1C3ChY1Y221 + C1C5Y1 Y221 + C1CaChY1Y221 + C1Caci Y321 + CacaCl Y3z + C1C2Chys 21 + Cacs3Chyszt + C1Cachysz 21 +
C2C3C3Y321+CoC) T1Y321+CaC3C) T1Y321+C1CHT1Y321+C1CoChT1Y321+C1C3CHT1Y321 +CoC3ChT1Y321+CoCyT1Y321+C1C2C3T1Y321+
o€ Tay321 +C3C) Tays 21 +C1C3C) TaY321 +CaC3C) TaYy321 +C1CHTaY321 +CoChTaYy3 21 +C3CHTaY321 +C1C3CHTaY321 +CaC3CHTaYs 21+
C3C3T2Y321 + CoClT3Y321 + C1CHT3Y321 + CaChTays 21 + CaChy1Y321 + C2C3C Y1Y321 + C1ChY1Y321 + CoChy1Y321 + C1C2ChYy1Y321 +
C1C3C5Y1Y321 +CaC3CoY1Y321+C1CaCsY1Y321+C1C1 Y2y321 +CaCy Yoly3 21 +C1C3C) Y2y321 +C2C3C) Y2y321 +C1ChYaY3 21 +CaChyays 21+
C1C3ChY2Yy321 + Cacschyayszy + %c’lcgmgzl(l +21)+ %C/2$321(1 +2z21)+ %czcémgzl(l +21)+ %c’lc’ngzl(l +2z1)+ %Czchgzl(l +
z1)+ %ngQZl (I42)+ %026/2:(/321 (I1421)+ %CQCéygzl(l +21) 4 c3¢hx1 29+ C103¢5T1 22 + 1051 20+ C1Cach T 29 + CacsCh T 22+
c’lchlzg+clc’16§,x122+03c'10§x122+%030'2%(1—1—;101)22—1—%63;101(1—1—901)22—1—%010%:“(1+x1)22—|—%czchl(l—kml)zg—&—%c;;c’gxl(1—|—
xl)zz—i—%c’lcgﬂcl(1—}—951)zQ+03c'2$1x2z2+clcgc’2x1x2zz+03c’lc’2x1mgzz—i—chgxlxzzQ+clcgc§x1m2z2+03ch1xgzg—i—c’lcgmlxgzﬁ—
161 T2 + caci hx1T0920 + 1 X320 + ol X320 + c3¢i X320 + c3) X 12320 + C1¢hT1T329 + CachT1T329 + C1eachr1T320 +
C103ChLT1T329 + CoC3ChT1T320 + Cchr1x322 + Cali chx1X329 + C1C5T1T322 + C1CachT1T320 + CalChx1X322 + Cachchx1x320 +
CLhhr1T320 + CoCiaxzza + 102 X320 + C1e3¢  TaTaze + C1C3ChTaT320 + C1C5TaT320 + CChxaX320 + €1 ChTaT320 +
C1C5ChToT 320+ C3CHY1 22+ C1C3CY Y1 Za+C3C] ChY1 2o +C1CaChYr 2o+ C3ChY1 22+ CaC3ChY 2241 ¢ Chy1 2o+ Cac) Cay1 2o+ C3c Chyr 2o+
C3CHT1 Y122 + €3¢  ChT Y1 22+ C2ChT1Y1 22 + € CaT1Y1 22+ CoC 5T 1Y1 22+ C3Ch Ty 22+ C1C3CHT2Y1 22+ C1C3T2Y1 22+ C2ChToY1 22+
C1C2C3TaY1 2 + € C3Tay1 22 + CT3Y122 + C2C) T3Y1 20 + €3€ T3Y1 22 + C1CHT3Y1 22 + C2CHT3Y1 2 + C1CaChT3Y122 + C3CHT3Y1 20 +
C1C3CHT3Y1 %2+ CoC3CHT3Y1 22 +C) ChT3Y1 2o 4 CoC CHT3Y1 22 + C5T3Y1 22+ €1 C3T3Y1 22 + C1C2CRT3Y1 22+ C3C3T3Y1 22 + | C3T3Y1 22 +
Coch by 20+ Cachchwayi 2o+ chchsyr 2o+ 2eschyr (1+yn) 2o+ scrchyn (1+y1) 2o+ seachyr (1+y1) 2o+ Seschyr (L+y1)za+
C103CHT1 Y222 +C3C| CHT1 Y220+ C5T1Y222+C1 CaCsT1 Y222+ C3CHT1 Y222 +C1C 5T 1 Y2 2o+ CoC) 3T Y222 +C1ChToy2 20+ C1 ¢l T3Y2 22+
C1CoCh T3Y2 2y + C3C T3Y222 + C1C3C T3Y222 + C1C3CHT3Y222 + C1C3T3Y222 + C1C]CRT3Y222 + C1CHCRT3Y222 + C1C3CHY1Y2%0 +
C1C3Y1Y222+C1C2C3Y1Y222+C1 CHT1Y322+CaCHT1Y322+C1 C2CHT1Y322C3CHT1Y322+C1C3CHT1Y322+CaC3CHT1Y322+CC) ChT1Y3 22+
C1C2C3T1Y322+C3C3T1Y322+CaC] CT1Y322+CaC) TaY322+C1 CaC) Tay322+C3C) Tay322+C1C3C) T2Y322+C1 CyTaY3 22 +C1C3CHT2Y3 22+
C1¢1x3Y320 + ol T3ys2e + €3¢ T3Y322 + C1CHT3Y322 + CoCiY1Ys22 + C1¢hy1Ys 22 + Cachy1ys2za + C1cachy1ysza + C1C3Chy1Y320 +
Cac3Chy1Y3Ze + CaCChy1Ysza + Creacsy1y3ze + Cacicay1ysze + C1C Yay3ze + ci1caciyaysze + C1C3C YaYsza + C1ChYaysza +
€1C3ChYays 2o + C3ChT1 2122 + €3¢ ChT12129 + 10501 21 22 + Cachx1 21 29 + C3Ch L1 21 22 + € i1 21 20 + Cocl 1 21 22 + C3chTaz 20+
e3¢ Chrazy 29 + cachazy 2o + C3ChTa2z1 29 + C1C) Chaz1 20 + Coc ChTaz1 20 + X321 20 + C1C X321 29 + C3¢ 32120 + ChrzZ129 +
C3CHT321 22 + C3C5T321 22 + C3CHY12122 + C3C Chy1 2122 + ChY12122 + C1C3Y121 22 + CaC3y12122 + C3ChY1 2122 + CoCChy1 2122 +
C3ChYaz129 + 3¢ Chyaz1 22 + ChYaz1 22 + Cachyaz1za + C3ChYa2122 + C1C ChYaz1 22 + Cal Chyaz1 22 + 1€ Y321 22 + c3¢) Ysz120 +
C3Chysz12e + C3Chyzz12a + %c’lcgzl(l + 21)20 + chr123 + c1chrizs + cachrizs + c1eachrizs + cschrrzz + cieschryzs +
CoChx123 + C1CaChT123 + Coc3ChT123 + CalChT123 + Cachchrizg + i chchrizs + %Céxl(l + x1)23 + %clc’gxl(l + x1)23 +
%020'2:1:1 (I421)23+ %030'2:131 (I421)23+ %0’10'2:101 (14x1) 23+ ¢ chzazs +c1¢) chazs +c1chchrazs + ¢ chchrazs + 1) T1 2025 +
CoChT1Tazs+ C1CaChT1Taz3 + C3CHT1Tazs + C1C3ChT1Ta23 + ¢ cha1Taz3 + b1 X023+ C1CaChT1Ta25 + Coc) i1 Toz3 + Chr1 X325 +
C165T1T325 + C1CaChT1X323 + C103¢hT1T323 + Cacschr1Tazg + ¢ chr1T323 + Cocichr1Tszs + Cachrx12323 + C1eackT1T323 +
CoC Chx1 1325 + Cheh w1323 + C1ChTax 323 + C1CaChTaX 323 + C1C5TaT 325 + € ChTarazg + C1Cachyr 23 + c1C3¢hy1 23 + c1C2Chy1 23 +
C2C3ChY1 23 + CHT1Y123 + CoChT1Y1 23 + CoC) ChT1Y1 23 + CachChT1y1 23 + ) ChCsT1Y1 23 + L Toy1 23 + C1C5TaY1 23 + €1 CaCh Ty 23 +
C103CHToY123 + CiChTay1 23 + CochTal1 23 + C1C2C5T2Y123 + C1C)CaTaYy1 23 + ChC3TaY123 + C1C5C5TaY123 + CoChCaTay 23 +
CoCh T3Y1 23+ CHT3Y1 23+ C1ChT3Y1 23+ C1C2CHT3Y1 23+ C3CHT3Y1 23+ C1C3CHT3Y1 23+ CaC3CHT3Y1 23+ € ChT3Y1 23+ CaC) ChT3Y1 23+
CoChT3y123 + C1C2ChT3Y123 + CocichTay 23 + chehrsyizs + seichyr(l 4 y1)zs + seachyr (1 + y1)zs + geachyr (1 + y1)zs +
Ar1Yy2z3 + 1y T1Y2zs + hT1Yazs + CachX1ya23 + C1C2ChT1Y223 + C3¢hT1Yazs + C1C3ChT1Y223 + ChT1Y223 + C1C5T1Y22s +
C1CoC3T1 Y223+ C3C5T1 Y2234 CaT1Y223+CaC) €T Y223+ ChC3T1Y223+CaChC3 X1 Y223+ C1CHTaY223+C) CaTaya23+C1C) CaTaya 23+
C1C5ChToY223 4 C| CyChToYa 23 + € T3Y2 23+ C1CHT3Y223 + C1CaCHT3Y2 23 + €1 CaT3Y2 23 + €| CaT3Y223 + C1CHY1 Y223 + C1C2Ch Y1 Y223 +
C1C3CY1Y223 4 C1C3Y1Y223+ CoCyY1Y223 +C1C2C5Y1Y223 +C3C3Y1Y223 -+ C1C| CaY1 Y223+ C1CHCRY1Y223 -+ C1CoT1 Y323 +CaChT1Y3 23+
C1C2CHT1Y3%23 + C3CHT1Y323 + C1C3CHT1Y323 + C2C3CHT1Y323 + CoC|CHT1Y323 + C1C2ChT1Y323 + C2C) CaT1Y323 + C1C2ChTaY323 +
C1C5T3Y323+C2C) Y1Y323-C1CoY1Y323+C2ChY1Y323-C1CaChY1Y323+C1C3CHY1Y3234CaC3CoY1Y323CaC) CoY1Y323+C1CaCY1Y323+
Cal Chy1Yszg + c102Chyayszg + Chw1 2123 + C1C5T1 2125 4+ ¢ Cha1 21 23 + Coc i1 2123 + CalhChx1 21 23 + X221 23 + €1 )Xo 21 23 +
Chroz1 23 + €1¢) ChTaz1 23 + cac Chaz1 25 + C1C5Ch X221 23 + CachChxaz1 23 + Cac k32125 + C1ChT321 23 + Cachx 32123 + Chy1 2123 +
C1C5Y12123 + C2C) Cay1 21 23 + C2CHChY1 21 23 + Cl Y221 23 + C1C Y2 2123 + ChYaz1 23 + C1C) Chy2 21 23 + Co € CYa 21 23 + €1 ChCRY2 21 23 +
CaChchyazzs + caclysz1 23+ c1¢hysz1 23+ cachysz1 23+ %c’lc’zzl (14 21) 23+ cha1 2223+ Ccachw1 2023 + C5CH L1 2225 + €1 C4T1 2225 +
CoChT12925 + C3ChX1 2223+ € ChT1 2023 + Cachhxy 2023+ € Chwazazg + €1  Chxazazs + Cc1ChChTaza25 + | Chchazozs + C X32025 +
C1ChT32925 + Cochy1 2223 + C3ChY12023 + Cay12223 + C1CRY1 2223 + CaChy12223 + C3ChY1 2223 + CalhChy12023 + C1C)ChYy2z223 +
C1C5ChYa2a23 + €l Chchyazazs + C1hyszazs + (12122 + T1Y2 + 121y + c122y2) (23 + 23).

18 H*(I41/amd(No.141),Z,)

The standard spectral sequence at Fs page is
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q=3 1 3 6 10 15 21 28 36 45 59 66

q=2 1 3 6 10 15 21 28 36 45 99 66

¢=1] 1 3 6 10 15 21 28 36 45 55 66 (62)
q=20 1 3 6 10 15 21 28 36 45 55 66

EPT 1p=0 p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10

q=3 0 0 0 0 0 0 0 0 0 0 0

q=2 1 3 5 7 9 11 13 15 17 19 21

g=1| 0 o 0o 0O O0O O 0O 0 0 0 0 (63)
q=20 1 3 5 7 9 11 13 15 17 19 21

EPY 1p=0 p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10
Final result is H'19(14, Jamd, Zy) = 73°%10:14:18:22,26,30,34,38
Point group is generated by (Cy, C4, M, P) = Dih4 which has cohomology Fsle, 01, 03]/(eo1),
Ti:=[[1, 0, 0, 01, [0, 1, O, 1/2], [0, O, 1, 1/2], [0, O, O, 111;
T2:=[[1, 0, O, 1/2], [0, 1, O, O], [0, O, 1, 1/2], [0, O, O, 11];
T3:=[[1, 0, O, 1/2], [0, 1, O, 1/2], [0, O, 1, O], [0, O, O, 111;
¢3:=[[0, O, 1, O], [1, O, O, O], [0, 1, O, O], [0, O, O, 111;
p:=([-1, O, O, O], [0, -1, O, O], [0, O, -1, O], [0, O, O, 111;
c2:=[[-1, 0, O, 1/4], (O, -1, O, 1/4], [0, O, 1, O], [0, O, O, 1]1;
c2p:=[([-1, 0, O, 1/4], [0, 1, O, O], [0, O, -1, 1/4], [0, O, O, 111;
M:=([O, 1, O, 01, [1, O, O, O], [0, O, 1, O], [0, O, O, 111;

G:=Group(T1,T2,T3,C2,C2p,M,P);
Gp:=IsomorphismPcpGroup (AffineCrystGroupOnRight (Generators0fGroup (TransposedMatrixGroup(G))));
R:=ResolutionAlmostCrystalGroup(Image (Gp),6);

Use R!.elts; to get all the elements recorded; List ([1..6],x->R!.dimension(x)); to get the dimension of resolution
entries; List ([1..18] ,x->R! .boundary(2,x)); and so on to get the boundary maps.

19 H*(R3m(No.166),7Zs)

The spectral sequence collapses at Fo:

g=3] 1 2 3 4 5 6 7 8 9 10 11
g=2| 1 2 3 4 5 6 7 8 9 10 11
g=1| 1 2 3 4 5 6 7 8 9 10 11 (64)
g=0| 1 2 3 4 5 6 7 8 9 10 11

EPT|p=0 p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10

EPt = EP9 = 78T Note that Ey? = Zy for ¢ = 0,1,2,3, where ¢ = 1is (x1 4 x2 + x3) and ¢ = 2 is (81 + B2 + f3)
(See Bq. (129) and (131)).
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20 H*(F23(No.196), Z,)
F23 = (T1,T5,T3,C5,C%, Cs3), where C, = 0510203 so can be omitted. Now we have
C3T,Cyt =Tipy, C30505 " = 020, C305C5 " = Oy,

so we have
C3: (X1, X25 X35 Xes Xer) = (X2 X35 X15 Xer s Xe + Xer)s

where x. and . are the characteris for Cy and CY, respectively, which we denoted by = and y respectively in the above.
GAP gives
HY5(F23,7,) = (0,3,6,2,6,10,6,10,14, 10, 14, 18, 14, 18, 22). (65)

Denote K, = HY(F222,Z,). Note that (a1a2 = x1x2 + X2X3 + X1X3)

KICS = <X1 +X27X1 +X3a 7y>03 = {O}

K§® = {(a1az, (x1 + x2)7, 2%, (X1 + X2)¥, (X1 + x8)y, 2y, y°)
= ((a1a2, (x1 + x2)z + (x2 + x3)y, 2° + 2y + ¥°)
= (aya9, (a1 + az)x + a1y, 2° + zy + 3°)) (66)
> 75,
K$* = (1,0, a12%, arzy, ary?, agy?, 2%, 22y, wy?, y®)

(c
= (c1,2° + 2y + v°, 2%y + 2y®, a1y® + az(a® + 37))

We see that the spectral sequence has EE=1? = HP21((Cs), HI(F23,7,)) = HPZY(Z/3Z, Z4"~2) = 0 since there is no
map from Z/3Z to Z4” 2. Therefore the Spectral sequence collapse at Fo and the only nonzero places are the first column
(p =0). We just need to compute EL="Y = HI(F23,7,)% = K as already calculated above.

So our task is to calculate the number of Cs-invariant terms (in the mod-2 sense). Note that at each degree n, we have
four types, according to the degree of x1,2,3 in them: (1) ¢1 - fn—3(z,y), (2) ca- [ (z,y), (3) arhl_i(y) + a2h?_,(z,y),
and (4) fn(z,y). Note that the second type cannot be invariant under Cs, so should be discarded.

First, let us calculate the number of invariants f,,(z,y) for n = 1,2, .... Note that the number must be 2™ since all these
invariant polynomials form a group under addition. Call this number m(n). Writing some short codes in Mathematica

Table[MatrixRank [DeleteDuplicates[Mod[Table[CoefficientList[(x~(n-1)y ~i+y~ (n-1i) (x+y) “i+(x+y) " (n-1)x"1i)/.y->1,

we get table

Table 3: Here the number m(n), which is the number of generators in the additive group of Cs-invariant polynomials
{Cs.f(z,y) = f(x,y)|f(x,y) = Z?:o p;x" Iy} with Zs coefficients {p, "o, is also the dimension of mod-2 cohomology
for the alternating group Ay, ie. H™(A4,Zs) = Z?(n). This has been checked up to the end of list, n < 20. M(n)
denotes the terms of of the m(n) terms that further preserves the M symmetry. The * terms are what is defined. For a
conjectured expression for m(n) (which we think is correct), see Eq. .

n o 12 3 4 5 6 7 & 9 10 11 12 13 14 15 16 17 18 19 20

m(n) * 01 2 12 3 2 3 4 3 4 5 4 5 6 5 6 7 6 T

m(n —3) - - - 101 2 1 2 3 2 3 4 3 4 5 4 5 6 5 6
mn)+mn—-3) - - - 3 1 3 5 3 5 7 5 7 9 7 9 11 9 11 13 11 13
H"(F23,7Zs) 1 0 3 6 2 6 10 6 10 14 10 14 18 14 18 22

M(n) * 01 1 1 1 2 1 3

M(n —3) - - - 1* 01 1 1 1 2 1 3
Mn)+Mn-3) - - - 2 1 2 3 2 4

Now we treat part (3). Note that a1 = x1+ X2 .> X2+ X3 = a1 +ag, while as = x1+x3 &> X2+ X1 = a1. So we have

arh}_y (y) +ash?_y (2,9) = (a1 +az)hl_ (v +y) +aihd_ (2 +y) = ar(hh_y (@ +y) +h2_ (2 +y)) +ashl_, (z+y),
we see that hy,_(y) = hy, 1($+Z/)+hn 1y, x+y) and hy_y (x+y) = hi_y(2,y), so that hy_1(y) = hy_q(z+y)+hy_q ().

) =Py
but we know hl_;(y) = y™ 1, so this condition shows that only when either n = 2 or when n is odd number this term is
allowed.

We conjecture that
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ang(F233 Z2) = {clfn—S(xay)7 (CQ + C3)fn—3(xa y)a fn(xay)7algn—1(xa y) + (al + a2>gn—1(y71' + y) + (CLZgn—l(x + y,ﬂﬂ)},

where co = x1x22 and c3 = x1x3y. We prove that there is a one-to-one correspondence between the last two terms: note
that we have (x,y) — (y,x+y), while (az,a1) — (a1,a1+az2). In a1gn—1(z,y)+ (a1 +a2)gn-1(y,x+y) + asgn_1(z+y, x),
making substitution (a1, a2) — (y, z) we get a term of the form f,,(z, y); On the other hand, any term f,, (x,y) is of the form
h(z,y)+h(y,z+y)+ h(z+y, z), making substitution h(z,y) — a1p(x,y), h(y,z+y) — (a1 +a2)p(y, z+y), h(xz+y,z) —
asp(x + y, x), we get a term of the form ayg,—1(x,y) + (a1 + a2)gn-1(y, & + y) + a2gn—1(x + y, ).

We have

n=1:{0},
n=2: (alag,aly,xQ—I—xy—FyQ) =~ 73, (67)
n=3:(c1,c0, 2% + 2%y + y*, 2% + 2y + y?, a22® + a1 (2? + y?), a2 (2 + y?) + ary?) 2 Z8,

H*(F23,Zy) = Fa[x,y,a1,az,c1, 02]03/(a% = a1y,03 = Ao, 1% + asy = apx + a1y = 0,¢% = 5 = 0),

where we have in mind that (but this is technically illegal) a1 = x1+x2, a2 = x1+X3, €1 = X1X2X3, C2 = X1X2Z+X1X3Y-
The above shows that the spectral sequence is only nonzero in the first column (p = 0), with

Ey=00 = gt @mamd) g g >4, BOOB = 7(10:30),

About relation: at degree two we have a1, as, z,y but eventually the n = 2 cohomology dimension is 3, so we must write
7 relations. First of all, there are two relations among x and y so that the only term appearing at n = 2 is 22 + xy + y2.
The relation one should write is 22 = y? = zy.

in F23, since (a1,a9,z,y) — (a1 + ag,a1,y,x + y), so under Cs a1z — (a1 + az)y — az(z + y) so the invariant term
is a1(x + y) + asz; a1y — (a1 + az)(x + y) — asx which gives the term a1z + asy; asx — a1y — (a1 + a2)(z + y) gives
a1z + agy; and asy — a1(x +y) — (a1 + az)x gives asx + (a1 + az)y. So since they must reduce to the same term, we
have asz + a1(x + y) = 0. We conjecture that a? = a1y and a% = aqx, and agy = a;x holds. Now we are still missing one
relation.

In F222, the term b; is mapped to ajas—by under C%, so the term ajas is invariant. Then, in F'23, ajas — (a1+az)a; —
az(ay + az) so the invariant quantity is ajas + a2 + a2, and n = 2: (a1as + a? + a3, 2 + 2y + y?, 12 + azy). This means
there are two relation among a1,as when z = y = 0, and we easily see that these are a? = a3 = 0. So there must be
one more relation among x,y, a1, as that we are missing. under M: (a1, a2, z,y) — (a1,a1 + az,x + y,y) so we see that
ajas + a? + a3 and 2% + y? + xy are invariant, a;x + asy — a1(x +y) + (a1 + az)y is also invariant. Finally, under P,
a? +ayas + a3 — (a1 +y)? + (a1az + 22 + 2y + 32) + (a2 + 2)? = a? + a3 + aas + vy, so the term a? + ayas + a3 is not
invariant; a1z + agy — (a1 + y)z + (a2 + x)y is invariant.

Now we have dimensions: (2%, 2y,3%) = 1,(a?,a1y) = 1,(a3,a2z) = 0,(a1a2) = 1,(a1z,a2y) = 1, and we now
must make ((a?,a1y), (a3, a27), (a1a2)) = 1, which we know is true when z = y = 0, but apparently this holds also
when z,y nonzero. We claim that the only possibility is that (a?,a;y) = (a3, asx), meaning that we have the relation
a? = a1y = a2 = apx. Note again we clarify what this means: this means that the coefficient of these four basis vectors
must equal! It does not mean that if one basis vector vanish all the other four must vanish. To summarize: the most

general elements are
p12” + poxy + psy® + paai + psary + peas + prast + psaias + pear® + proazy,

and we claim that
P1=p2 =p3,pa=ps+1=ps=pr+1=psg,ps =pio+1

Note that when going to Fd3m, x = y = 0, and instead we have a new generator corresponding to P, which we call
Xp = 2. So we start with
a% + a% + ajasg,

we know from our general experience that, the order-two nature of PT; (sice PT;P = Ti_l, not PT;P = T;) we must
have x? = XpXi, OF a? = zay, a3 = zay. ay,as,z are three generators, and we need 4 relations to knock them down to
dimension 2. We have just found two relations. We have one relation a? = a3 inherited from above, which still must hold

true now: a? = a3. finally, we have
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20.1 Calculation by definition

Elemennts of g € F23 can be written in standard form

g =TI TYT;C5Cy C3, (68)
where ¢,/ = 0,1 and r =0,1,2, and z,y, z € Z.
We have using C3T; = T;11C5, C3Cy = CyC5C5, and C3C5 = C2C5, so we have C3C5CY = CSCEC3CF =
CSCIECS Oy = OS5 CleCy; and C2OSCY = C5C5T CleCy = C5 Ot 02, so that O C5Cl = L0 2nmgileceteensz oh,
and TP TV T = TP TV T Cy = TRTE TV Cy, and CRTP2 TV TE2 = TV T T2 C2, so we see that C TP TY2 T3> =
T(T2)2t1+1T(T2)2t1+2T(T2)2t1+3Ct1
1 2 3 3

so if we define
/ / /
ri = (T4, Yi, 2i)s s; = (cinc,ci+¢3),  ciy € € Lo,

and using
rch z C rch
g192 = T1961T2111T321 051 02 1T1932T2?42T3202202 2
_ Twl+(1*61)((1*0/1)$2+C'122)+01(*0/1$2*C/1y2+(1*0/1)y2*0/122)
- -1
. quiter((I=ey)zatel z2)+(1—e1)(—chzz—ery2 +(1—c) Jya—ci 22) (69)
2

. Tzl—Cl((1—6/1)$2+C'152)—01(—0'1962—6'11124-(1—0'1)yz—0'152)-*-(1—201)(0/1124-(1—0/1)22)
3
v ~IC
. 02014-6262 e

(wz,y2722) - ((T2)2t1+17 (7"2)2t1+2, (T2)2t1+3), (02,0/2) — ((52)2t1+17 (52)2t1+2);

_ @y Y1z ve1 (€L by s Y2 mpzs vea (~ICh vt

192 =TT T3 O Oy O TV TP 152 C52 Oy 2 O
w1z ver € n(T2) 2t +1 n(T2) 261 42 A (T2) 261 43 ~(82) 260 +1 A/ (82) 261 +2 ~t1 410
=TT, T3 CQ 02 1) T, T3 02 02 03

w1+(1—c1)((1—c1) (r2) 26y 411 (12) 26y +3) 1 (—cy (12)2e; +1—c1 (r2) 2, 42+ (1) (r2) 2, 42— (r2)2¢, +3)

Ty1+Cl((17C,1)(7"2)2t1+1+5/1 (r2)aty +3)+(1—c1)(—=c)(r2)aty +1—¢1 (r2)aey +2+(1—=c)) (r2) 2t +2—¢] (r2)2¢, +3)
]

Tzl—cl((l—cll)(rz)ztl r1+e] (r2)2ey 43)—c1(—c) (r2)2t; +1—¢] (r2)2t; +2+(1—c) (r2)26q 42— ¢ (12) 261 +3)+(1—2¢1)(c] (r2) 2ty +1+(1—c)) (12) 261 +3)
43

c1+(s2)20y+1 A1+ (52) 201 42 ~t1+to
-Cy Cy (G}SRREN

(70)
Then we have ) )
C3 1905 = TYT; T3 C5 O,

In other words, (z,y,z,¢,¢) = (y,z,2,¢,c+ ') (c+ ¢ is in the mod 2 sense). So we see that aj,az,z,y are not
invariant under C3 action.
Remember that in F222, in H?(F222,7Z,) we have

H2(F2227Z2) = <a’la/27 a1xr,a1y,ax, 1’27$y792> = Z’277 a’% =my, a‘% = a2, air = agy. (71)

For ajas(g1,92) = (z1 + y1)(x2 + 22), we check that

a1a2(C§19103, 0519203) —araz2(g1,92) = (a1y) (g1, 92) + p(g1) + p(g2) — 1(g192),

where u(g) = 3(y +2)(y + 2+ 1) + 5(z + 2) (@ + 2+ 1) +z + (z +y)c'.

Let’s also mention in passing that a;x = xa1, asx = zas, a1y = yai, azy = yag, up to coboundary u(g) = (x +
y)e, (x + 2)e, (x + y)d, (x + 2), respectively. Then taking u(g) = (x + y)e+ (z + 2)d + x or (z +y)c+ (x + 2)c’ +y or
(x+y)e+ (z+ 2) + z we see that agy = a;z. This means that

a12(Cy ' g1C3,C5 1 g2C3) — a13(g1, g2) = (@12 + a1y + asy) (g1, 92) = a1y(g1, g2),
a1y(C5 9105, C5 '92C3) — ary(g1, g2) = (a1 + ary + a2y) (91, 92) = ary(g1, g2),
a22(C5 ' 103, C5 ' 92C3) — asx(g1, g2) = (a2 + a1y) (g1, 92),

We also have (agy(Cglgng, CglggCg) —a2y(g1,92) = (@12 + a1y + a2y)(91, g2) = a1y(g1, g2)) but since asy = aix this
is redundant. We see that
Cs.(a1z + a1y) = a1z + a1y,
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Cs.(araz + a1y) = aras + ary,
Cs.(aras + a1) = ajas + a1,

and of course only two out them are independent. We have (C3.2? — 2%)(g1,92) = cich + cica = (22 + y?) (91, 92),
(Cs.xy — wy)(g1,92) = c1ch + cy(ea + ) = y*(g1,92) (note that using u(g) = cc’ we can show that cich + cac) is a
coboundary), and (C3.y% — y?)(91, g2) = cjch + (c1 + ;) (ca + ) = c1ea = 2%(g1, g2), s0 Cs.(z% + 2y +y?) = 22 + 2y + >

This way we have found all the three for ES*: ES® = (ay(x+y), a1(ag +y), 2%+ xy +y2)). Since we know the spectral
sequence collapses at Ey with nonzero element only on Fy'?, we have, from (p,q) = (0,2),

H?(F23,Z2) = (81, B2, B3), (72)

where
F23 — F222, By~ ajag +a1x, PBg— araz+ a1y, Bz x> +xy+ 9> (73)

The spectral sequence is useful in that it allows us to know what elements of H*(F'222,Z2) the elements in H*(F23,Z2)
reduces to. This is useful because if we find a representative cochain w that satisfy the cocycle condition, if we can find
the corresponding element in H*(F'222,Z2), this means that w is a true cocycle, not a coboundary. But the form of w (as
a representative cochain) can be extremely hard to find.

Using brutal force computation in Mathematica, we find one representative cochain for the cocycle 2% + zy + y? after
adding the C3 element. It is:

c102 + c1chy + ¢, ( )= (0
cicg +c1cy + 6y, ( )=(0
ciez + 1y + chch, (t1,t2) = (0
Co + cach + 1 ch, ( )=1(1
Bs(91.92) = ¢ 1+co+coc) +arcy, (t1,t2) = (1, (74)

co + cach + c1ch, ( )=1(1

c1e + cach + ch + ¢hch, (t1,t2) = (2

c1ee + o) + ¢y + ¢ b, ( )= (2

L+ cieg + coc) + ¢ +ejch,  ( )=1(0

O R ONEF ONRFO
Nt NN NI N

where know that this is the only cocycle in H?(Ay,Zs) = (B3) = Zs.

Next we want to find the other two cocycles S, Bo.

Goal: find £, and (5.

By examining Weicheng’s result on wallpaper groups with a Cj element, we see that if 8(g1,¢g2) is a 2-cocycle, then
it can be made independent of ¢5; then depending on the value of t; = 0,1, 2, at least two of them always involve things
like x2(z2 + 1)/2 and so on that comes g (not g1). Also, we notice that the terms are at most linear in ¢; and ¢;,. With
all these in mind, we can start conjecturing the form of functions f(z1,y1, 21, ¢1, ¢}, 2, ya, 22, ¢2, ¢4). Using Mathematica,
we successfully find the following cocycle:

51(91,92)
(1 +y1)(z2 + 22 + 2),
= 2x(1+m2)+ F22(1+22) + oy +chay +chaa+cayr +chyr +caya + 1Yz +Tay2 + Y1y + 222+ ch 2o+ 122+ Y1 22+ Y222,
5T2(1+22) +5Y2(1+y2) + o1 +cama+r122+ oY1 +Tay1 +Caya +ChYa +T1y2+Y1y2+ o 22 +Taza + Y222,
(75)
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Ba2(g1, 92)
(ca 4 camy + chmy + c1mao + camag + ¢ima + chma + chmima)xy

+(ch 4+ camy + chmy + cyma + cama + chmima)y;

+(cg + b+ ma + ¢fmo + chma) 2, (t1,t2) = (0,0)
(14 o + camq + chmy + ma + cime + cama + ¢ma + chmo + myms + chmims)zy

+(1 4+ ¢y + comy + chmy + cyma + cama + mymsa + chmims)yy

+(ca + ch + ¢hma + chma)z, (t1,t2) = (0,1)
(14 c2 + mq + camq + chmy + cyma + cama + ¢hma + chma + mims + chmims)

+(ch +mq + comq + chmy + ma + c1ma + cama + mima + chmiMma) Y1

+(14 o+ ¢ + ymag + chma) 21, (t1,t2) = (0,2)
(ca + ch + mao + c1mag + ¢ymo + chma)xy

+(ca 4+ camy + chmy + cymag + como + chmsa + chmima)yy

+(ch 4+ camy + chmy + cama + ¢ ma + chmima)zy, (t1,t2) = (1,0)
(co + ¢ + cama + cyma + chma)ay (76)
= +(1 4 co + camy + chmy + mo + cymag + cama + chma + mymag + chbmime)yy
+(1 4 & + camy + chmy + como + ¢img + myma + chmima) 21, (t1,t2) = (1,1)

(14 co 4 ch 4+ cyma + ¢hma + chma)zy

+(1 4+ co + my + camy + chmy + cyma + cama + chma + myma + chmima)yr

+(ch + m1 + camq + chmy + ma + cama + ¢Ema + mima + chmims)z, (t1,t2) = (1,2)
(ch + comy + chmy + c1mo + camo + ¢y mg + chmime)xy

+(eg + b+ ma + c1ma + chmo)y;

+(c2 + comy + chmy + comg + cymg + chma + chmima) 2, (t1,t2) = (2,0)
(14 ch 4 camy + chmy + cyma + comag + ¢yma + myma + chmyms)zy

+(ca + b + c1ma + chma)yn

+(1 + c2 + comy + chmy + ma + comg + ¢ima + chmy + mymg + cymims)zy, (t1,t2) = (2,1)
(ch +my + comy + chmy + mo + cymg + cama + ¢img + mymso + chmims)x,

+(1+ o+ ¢+ eyma + chmo)yr

+(1 4 c2 + my + comy + chmy + cama + ¢yma + chmg + myma + chmims) 2y, (t1,t2) = (2,2)

20.2 Conjecture — now proved! F5 collapses

For the Es page (which collapses to E«,) of the group F23 we have

q=4 0 0 0 0 0 0 0 0 0 0 0 0 0 0
q=3 1 0 1 2 1 2 3 2 3 4 3 4 5 4
q=2 1 1 0 1 2 1 2 3 2 3 4 3 4 5
q=1 0 1 2 1 2 3 2 3 4 3 4 5 4 5
q=1 1 0 1 2 1 2 3 2 3 4 3 4 5 4
EP?T Ip=0 p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10 p=11 p=12 p=13
L - 1 0 3 6 2 6 10 6 10 14 10 14 18
(77)

i.e. the mod-2 cohomology dimensions are: E29=0 = m(p), EL9=" = m(p + 1), EL9=2 = 6,0 + psom(p — 1), EY?= =
m(p). And E5 collapses.

21  H*(Fi3m(No.216), Z,)
F43m = (T1,T», T3, C3,Co,Ch, M) is the index-2 extension of F23, where M, according to Eq. , is just mirror that
switches x and y coordinates. We have MTYM = Ty, MToM = Ty, MT3M = T3, MCsM = Cg_l, MCoM = Cs,

MCIM = CyCY4.
Elements of g € F43m can be written in standard form

g=TrTYT;CSCE CLM™, (78)

where m,c,c =0,1 and r =0,1,2, and z,y,2 € Z.
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Using the group multiplication if F'23

/ /
__ a1y gnzi ove1 (V€ Aty mpxa Y2 rze vee /o ito
G192 = T T T3 O Oyt O TP 157 152 C5° Oy 2 Cg

_ Tﬂil+(1—Cl)((1—0/1)(T2)2t1+1+0'1(T2)2t1+3)+61(—0/1 (r2)26y +1—=¢1 (T2) 261 42+ (1 =) (12) 2y +2—¢1 (12) 261 +3)
=4

Ty1+01((1*0'1)(T2)2t1+1+6'1 (r2)2ey +3)+(1—c1)(—=c) (r2) 2ty +1—¢1 (r2)2ey +2+(1—=c]) (r2) 2t +2—¢] (r2)2¢, +3)
]

z1—e1((1=c))(r2)2t; +1+¢) (r2)2ey +3) —c1(—¢) (r2)2eq 41— €1 (12)26; 42+ (1—¢1) (r2) 2ty +2—¢1 (r2) 2ty +3)+(1—2¢1) (¢} (12) 261 +14+(1—¢1) (r2) 26, +3)

Ty
) O;1+(S2)2t1+1 C;C/l+(32)2t1+20§1+t2’
(79)
/ / /
where r; = (24, i, 2i), 8i = (ci, ¢, ¢ + ), ¢, ¢; € Lo,
We have

192 = T TY T3 C5 O O M™ TE T T3 C52 Oy 2 Ol M™
— Tlrl szl T?)Zl Cgl 0;0/1 C;)l T1902+m1(92*12)T2y2+m1(12*y2)T3zQ C§2+mlcl2 C;Clz C§1+m1)t2 Mmatme
_ Tz1+(1—01)((1—0'1)(rz[ml])2t1+1+0'1(Tz[ml])2t1+3)+01(—0'1(r2[ml])ztﬁ—l—ci(7“2[ml])2t1+2+(1—C'1)(7’2[m1])2t1+2—0/1(Tz[ml])2t1+3)
- 1
) Tle Fer((1=ch) (r2[mal)aey +1+¢f (ra[mal)2e; +3)+(1—c1)(—ey (ra[ma])zey 41 —¢f (r2[ma])2eg 42 +(1—c)) (r2[ma])2ey +2—¢f (ra[ma])2e, +3)

) Tglfcl((lfci)(w [ma])2ey +1+¢f (ra[ma])2e, +3)—c1(=cf (r2[ma])2e; +1—¢) (r2[ma])ae; +2+(1 =) (ra[ma])aey +2 =€) (r2[ma])2e; +3)+(1=2¢1) (¢} (r2[ma])2:

) C§1+(52[m1])2t1+1 0;6'1+(82[m1])2t1+2 C§1+(1+M1)t2 Mmatme ’
(80)
where

rilm] = (z; + m(y; — xi), yi + m(x; — yi), z:),  silm] = (¢; + mc}, ¢, ci + (L +m)c}), ¢, ch,m € Zs.

It is easy to check that m(g) = m satisfies the cocycle condition. Since we know it cannot be a coboundary, it is a
cocycle. It is the only nontrivial cocycle in H*(F43m,Zs). Also, w(gi, g2) = mima is a cocycle in H2(F43m, Zs).

We checked explicitly in Mathematica that the cocycles in Eqs. and given in the last section is invariant: for
g1, 92 € F23, we have

Br(Mgi M, Mgo M) — Bi(g1, 92) = pp, (91) + 1s, (92) — 1, (9192), (81)
where pg, (g) = %(x +y)z+y+1)+ (z+y).

B3(Mgi M, Mga M) — B3(g1,92) = 1185 (91) + 185 (92) — s (9192), (82)

where pg,(g) = c(c —1).
Setting t; = 0, we know that both ym(g1,g2) = ¢imz and ez(g1,92) = c1¢c2 + c1¢h + ey + my(ca + c1¢h + cachy) are
cocycles. We can also easily calculate (by brutal force using Mathematica) that

c162 + c1chy + ey + my(ca + c1ch + cadh), (t1,t2) = (0,0)
c162 + c1chy + ey + ma(ca + c1ch + cach), (t1,t2) = (0,1)
c1e2 + c1ch + cich + mq(ca + c1ch + cach), (t1,t2) = (0,2)
} ea + cac) + e1ch + my(ca + b + cach + ¢ chy), (t1,t2) = (1,0)
By ™ (g1, 92) = § L+ ot cach +erch +ma(l+ o + ch + cach + ¢ch), (t1,t2) = (1,1) (83)
co 4 cac) + 1y + my(1+ co + ¢ + cach + ¢ cb), (t1,t2) = (1,2)
c162 + cach + ¢ + b +ma(ea + c1ch + cach + ¢ich), (t1,t2) = (2,0)
c10a + cach + b+ ich +mi (1 + o + erch + cach + ¢ chy), (t1,t2) = (2,1)
14 ciea 4+ cac) + ch + cycy + mi(1 + co + c1chy + cach + ¢ich),  (t1,t2) = (0,0)

which reduces to the 5 of F23 (see Eq. )) when setting m; = 0. This means 3 is a real cocycle, not a coboundary.
On the other hand, from Adem—Milgram (P185) we know it should reduce to another order-two element of the group
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Vi = ((12),(34)) = (M, MC5), so let’s see this. This is to set ¢| = ¢4, = 0, and we have

cicz + myca, (t1,t2) = (0,0)
c1Co +MmicCa, (tl,tg) = (0, 1)
c1c2 + micy, (t1,t2) = (0,2)
_ C2 + mqco, (t1,t2) = (1,0)
BIB™ (g1, ga)|eq =0 = 4 (L4+m1)(1+ c2), (t1,t2) = (1,1) (84)
02+m1(1+02), (t17t2) = (1,2)
162+ macs, (t1,t2) = (2,0)
cica +my (1 +c2), (t1,t2) = (2,1)
T+cica+mi(l1+ca), (ti,t2) = (0,0)

we have verified in Mathematica that when this, restricting to V7, gives a true cocycle.
Next we want to find the cocycle of F43m that reduces to 1 in F23. To do this, we first find the expression at
tl = tQ =0:

1
B1(91,92)|e,=0 = (x1 + y1) (22 + 22 + c2) + M2 5(551 +y)(z+yr+ D)+ (1)@ +y2 4+ )],

B1(g1, 92)|t,=1 = camimazs + comimays + camiz1 + camixa + comayr + oMz + Camaky + oMo + CaMmayy
/ / / / /
+ caMmaze + Cax1 + CaY1 + Cay2 + C222 + €y M1 + €1 MYl + CaMiMax1 + coMmimayi + Comimays

/ / / / / / / / /
+ Comimaza + CoM1To + CoMY + CoMaXa + CoMaYa + Cox1 + CoXa + CoY1 + Co2Zo + M1Max1 X2

1
+ mimeoT1y2 + M1iMaXay1 + Mmi1MaTa22 + §m1m2x2(3§2 + 1) + mimay1y2 + mimayazo
1 1
+ §m1m2y2(y2 + 1) + miz122 + mix122 + MiToyr + MiTays + Mixaze + miy1ze + §m1y2(y2 +1)

1 1
+ —miza(22 + 1) + moz1z2 + maz1y1 + Max122 + §m2($1 + 1)z1 + maxays + maxays + MaZaze + Moy 22

2
1 1 1
+ §m2y1(y1 +1)+ §m2y2(yz +1)+ §m222(z2 +1)

1 1
+ T1y2 + T122 + Tay2 + §$2($2 + 1)+ y1y2 + Y122 + Yaza + 522(22 +1),

B1(g1,92)|t,=2 = camimaza + comimays + camiz1 + camixa + camiyy + camyze + camaxy + Camayl + caMmaye + camaza
/ / / / / / / /
+ C2Z2 + CoY2 + CyMaT1 + ¢y MYl + CoMiMaZ1 + CoM 1Myl + CoMiMmaYyz + CoMmiMmaze + CoM1T2 + CoM1Y2

/ / / / ! / / /
+ CoMay + CyMaXa + CoMayr + CoMaza + CoT1 + CoY1 + CoY2 + Ca22 + MiMaZ1T2 + MiMeT1Y2 + M1MaZaln

1 1
+ mimoTazo + §m1m25€2(l’2 + 1) + mimay1y2 + mimayazs + imlmzyQ(yz + 1) + mizixe + mizi 2o

1 1
+ mixoy1 + Mi1x2y2 + Mmi1xazo + Miy122 + §m1y2(y2 +1) + §m122(22 + 1) + maz1y1 + MaT1y2 + Moy 22

1 1 1 1
+ §m2($1 + 1)z + moxays + §m2x2(x2 + 1) + moy1y2 + moyr122 + §m2y1(y1 +1) + maysze + §m222(22 +1)

1 1
+z1x0 + T1Y2 + Toy1 + X222 + 5962@2 + 1)+ y1y2 + yazo + §y2(y2 +1),

where m;, ¢, i =0,1, t;=0,1,2, 1z, 2 € Z.
(85)
Note that it is important to remember that m;, ¢;, ¢} can only take Zy values. Had we take the wrong value m; = 2, say,
we will find that 81 does not “satisfy” the cocycle condition.
We see that

M : (X1, X25 X3, Xes Xer) = (X2, X15 X35 Xe + Xers Xe')

which induces
M: (a1;a2axay) = (alval —|—a2,x +yay)a

Note that M permute x3 + 2%y +y* and 23 + 2y* +y3; M also permute azx? +a; (2% +y?) and a (2% +y?) +a1y?, and
this already reduces the n = 3 dimension down to Z3. We see that M must stabilize ajaz(?), a1y(?), 22 +xy+y?(checked),
and c1, and cy. M stablizes 2%y + xy? and azy? + a1 22

We further see that M.H(F23,7,) — H'(F23,Z5) = (2%y + 2y?, azy® + a12*) which has dimension 2, therefore the

q = 3 line in the spectral sequence is also determined. Further, we see that the ¢ = 4 is also obtained.
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We have, using GAP command R:=ResolutionSpaceGroup (SpaceGroupIT(3,216),16);,
HY5(F43m, Zy) = (1,1,4,8,8,12, 16, 16, 20, 24, 24, 28, 32, 32, 36, 40), (86)

the GAP computation by constructing resolution up ton > 7 exists memory limit, but we tested that G:=SpaceGroupBBNWZ ("F-43m"
SpaceGroupOnRightBBNWZ( 3, 7, 4, 2, 1 ); GroupCohomology(G,2,2); actually is a better way to compute it. Note
that one changes GroupCohomology(G,2,2); to GroupCohomology(G,3,2); and so on.

Using HY®(F23,Z2) = (0,3,6,2,6), we can deduce the spectral sequence

g=5| 48 2 2 2 2 2

g=4| 252 2 2 2 2 2

q=3]| 458 2 2 2 2 2 &)
g=2| 33 3 3 3 3 3

g=1]| 0=° 0 0 0 0 0

q= 1 1 1 1 1 1

ETT [p=0 p=1 p=2 p=3 p=4 p=5 -

where a bold place means this place is stabilized at the Fs page. We see that all the do maps in the region tabulated
vanish.
ny: (m) = Zo;
ny: (a2 + ajag + a3, 2 + xy + y?, apr;m?) = 73,
) 2 2 2 2, 2 2 2 2 .3\ o 78
ny: {c1,c2, 2y + xy”, agy” + a1x”; m(aj + a1az + a3), m(x® + zy + y°), masx; m>) = 73,

with m(2%y + zy?) = m(a1y® + a12?) = 0,

21.1 Conjecture — now proved! FE5 collapses

If we use the translation spectral sequence, we conjecture that the spectral sequence collapses at FE3, and we have the
form for the E, page of F43m

q=414 0 0 0 0 0 0 0 0 0 0 0 0 0 0
q=3 1 1 2 3 3 4 5 5 6 7 7 8 9 9
q=2 1 2 2 3 4 4 5 6 6 7 8 8 9 10
qg=1 0 1 2 2 3 4 4 5 6 6 7 8 8 9
q=20 1 1 2 3 3 4 5 5 6 7 7 8 9 9
EPT Ip=0 p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10 p=11 p=12 p=13
2T 0 1 1 4 8 8 12 16 16 20 24 24 28 32
(88)

the entries with small p of course have been verified. The HL, stands form H"(F43m,Zs) and has been calculated
up ton =9.

We can compare Eq. with the result for F23 in . To do this, consider the SES 0 — Ay — Sy — Zs — 0. The
spectral sequence writes EY'? = HP(Zy, H1(Ay,Z2)) = HPT(Sy, Zs). In Adem Milgram P208 there is a theorem:

0 — H*(S4,Z2)/(01) 225 H*(Ay, Zs) 5 Ann(oy) — 0,

where H*(Sy,Z2) = Falo1, 02, c3]/(01¢3) where 01,09, c3 have degrees 1,2, 3 respectively, and Ann(cy) is the elements in
the ring that annihilates o, which, in our case, are {c}}i=12,3,. . Let’s see how to count H*(Sy,Zs). As we mentioned
later, this is equal to the number of solutions for a+2b+3c = n, with the constraint that when a > 1 then ¢ = 0. Note that
when a = 0, the number of solutions is [(n —3)/6] + 1 — On4 mod 6; When a > 1, then we must have ¢ = 0 and the number
of solutions are [n/2] 4+ 1. Now, H*(S4,Z2)/(01) means that only taking one of the [(n — 3)/6] + 1 — 6,44 moa 6 Solutions
for degree n while the j-th solution for 0 < j < [n/2] which now has degree 2j. This is then “product with” ¢} to get a
class in H™(A4) which needs m = 2j 4+ 3i, and one notices the number of solutions is exactly [(m —3)/6] + 1 — 04 mod 6-
But we see there is some over counting. In fact, the problem is very simple: the above extension tells us that the
dimension of H™(A4,Zs) equals the nonnegative integer solution of 2b + 3(c + d) = m. Numerate: when m = 6p, then
c+d=0,2,4,...,2p, so there are 1 +3+5+---+2p+1 = (p+1)? solutions; when m = 6p+1, then c+d = 1,3, ...,2p— 1,
so there are 2 +4 + -+ + 2p = (1 + p)p solutions; when m = 6p + 2, then ¢ +d = 0,2, ...,2p so (p + 1)? solutions; when
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m==6p+3,thenc+d=1,3,....2p+ 1, so there are 2+ 4+ ---+2p+ 2 = (p+ 2)(p + 1) solutions; when m = 6p + 4,
there are (p + 1)? solutions; and finally when m = 6p + 5, there are (p + 2)(p + 1) solutions. But again this seems to be
the wrong number.

By inspection we find that it seems we have

m(n) = f(n) = [(n+2)/3], (89)

where m(n) is the cohomology dimension for A4 and f(n) is that for Sy. Using f(n) = [n/2]+[(n—3)/6] +2 — 0n=4 mod 6,
we should have
m(n) = [n/2] +[(n = 3)/6] = [(n +2)/3] + 2 = dn=4 mod 6 (90)

then we have
m(n=0:30)=(1,0,1,2,1,2,3,2,3,4,3,4,5,4,5,6,5,6,7,6,7,8,7,8,9,8,9,10,9, 10, 11), (91)

which agrees with those listed in Table
Conjecture: we have

H™(FA3m,Zs) = 73"~ n>2  HOY(Fi3m,Zy) = Zo. (92)
Prove: note that the ¢ = 1 and ¢ = 2 are calculating H*(S4, Aq), which have been worked out by GAP (see later). So
this essentially proves that the Es page collapses.

Now the interesting question is how to obtain the ring structure. Since we know the ring structure for ¢ = 0,3, we
only need the ring structure for ¢ = 1 and ¢ = 2.

22 H*(Fd3m(No.227), Zs)

We have Fd3m = (Ty, Ty, T3, Cy, Ch, C3, M, P), where P is inversion. We have PMP = M, PC3P = C3, PCoP =Ty 'Oy,
PCYP = T, 'Ch, PCyCLP = Ty ' CoTy ' Ch = T 'Cy0Y, PT;P = T; ', i = 1,2,3. Recall that C} is two-fold rotation
about the axis (1/8,0,1/8) + g, while Cy is two-fold rotation about the axis (1/8,1/8,0) + 2. Point group wise, Cs is a
permutation (12)(34), while C is a permutation (13)(24), and C3 is (123); Mis mirror that switches x and y coordinates
so M is (12).

Note: in Adem-Milgram the cohomology ring Fs[z,y, c]/(xc), where x,y,c have degree 1,2,3, respectively: in his
convention, z lives in V3 = ((12),(34)) and c lives in Vo = ((12)(34), (13)(24)), and y reduces to both the degree-2
cohomology element of V; and V, when restricting to them. Corresponding to our notation, V4 = (M, MC5) while
Vo= <027 Cé>

Recall that his y correspond to our B3, so B3 should also reduce reduces to an expression of purely ¢, ¢’ (see Eq. ),
hence our B3 a

Elements of g € F'd3m can be written in standard form

g=TrTYT;CSCK CM™ PP, (93)

where p,m,c,¢/ =0,1 and r=0,1,2, and z,y, 2z € Z.

rch rc)
g1g2 = Tlfﬂ1 T2yl T;l 051 02‘31 C;l M™ pP1 TlﬂﬁzTQszBZQ 0202 CQCZ C§2 M™2 pp2
1 ~IC) 1—2p1)za—picach n(1—2 —pich(l—c 1-2 —piea(l—ch 1ch
:T1331T2le§10261 2“10§1Mm1T1( P1)x2 Plfﬂsz( P1)y2—p1ch( (‘2)T3( p1)22—p1ca( f‘z)CZCzC;zcész2pp1+p2
_ TQU1+(1_CI)((1_CI1)(T2[m17P1])2t1+1+0/1(7'2[m1»pl])2t1+3)+cl(_c/1(7'2[mlypl])2t1+1_cl1(r2[ml1P1D2t1+2+(1_cll)(7'2[m17p1])2t1+2_c/1(7'2[77l17p1])2t1+3)
- -1
Ty1+01((1*6/1)(r2[m17P1])2t1+1+6/1(rz[m1,P1])2t1+3)+(1*01)(*0/1(T2[ml,pl])211+1*0/1(Tz[m1,Pl])2t1+2+(1*6/1)(rz[m1;1)1])2t1+2*c/1(r2[ml,Pl])2t1+3)
]

Tzl*Cl((1*6/1)(7”2[7”1,P1])2t1+1+6,1 (r2[ma1,p1])at, +3)—c1(—ci(r2 [ml,Pl])ztl-H*C/l(Tz [m1,P1])2t1+2+(1*C,1)(7‘2 [m17p1])2t1+2*6/1 (r2[ma1,p1])at; +3)+(1-
43

ci+(s2[mal)aey +1 ~rci+H(s2[mi])2e; +2 ~t1+(1+mi)tz 4 rmy+me pp1+p
Oy o ol MM ppitps

(94)
where based on the previous definition r;[m] = (z; + m(y; — x;), yi + m(x; — v:), 2:), we know have

ri[m, p] = (1=2p)z;—peic;+m((1—-2p)yi—picy(1—c;) —(1=2p)zi+peics), (1-2p)y; —pci(1—c;)+m((1—2p)z; —peic;— (1—2p)y;+pic; (1

silm] = (c; + mc, i, ci + (1 +m)c)), ¢, chym,p € Zs.

For g = (z,y, z,¢,c,t) € FA43m, we have
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PgP = P(z,y,z,¢,d ,t)P = (—cc’ —x,—(1 =) —y,—c(1 =) — z,¢, , t,m),
using this rule, we can actually check that, the cocycle of F43m, f33, is stabilized by P:
B3 (PgiP, PgsP) — B5 "™ (g1, 92) = 0.
Also, we checked that for the cocycle 8, of F43m in Eq. , we have

43m 43m 77
543 (Pg1P,PgaP) — 3{:43 (91,92) = pr(g1) + pr(g2) — pr(g1g2),

(95)

(96)

It might be tempting to restrict to ¢t = m = 0 and conclude that p7(g)|i=m=0 = (x + y)c+ z; similarly we can restrict
tot =z =y =2z=0 and obtain pur(g)|t=p=y=2=0 = ¢’(1 —m) + ¢, but we notice that these two are not compatible. In

fact the former will leave no solution of the latter. So the situation does seem a bit tricky.
We do a more detailed analysis. First, notice that

(BE™(Pgy P, PgaP) — BEY™ (g1, g2)) ]ty =tam0 = (ca + ma + cama) (1 + y1) + epl(za + ma(1 4+ 21 + 2 + Y1 + y2) + 22),

restricting to a p(g) that contains up to linear z,y, z, we find the solution is

pe(g) = c+c'm+cx +ma +ma +cy +my + my + Cym + Cad + Csy + (1 — C3)z

such that B B
(BE43™(Pgy P, PgaP) — BE*™ (g1, 92) Pli—o = pe(g1) + p16(g2) — 16 (9192)-

The complete coboundary: in turns out that we find: setting

us(g) = c+c +cm+x+ cx +mx + 'mx + cy + my + 'my,

then we have

(85757 (Pgy P, PgaP) — BE ™5™ (91, 2) P = jis(gn) + s(92) = psg162), Vo, 92 € Fim,

and this shows unambiguously that 33 is inherited by H?(Fd3m,Zs).
Therefore

P (X1, X25 X35 Xes Xers Xm) = (X1, X2+ Xers X3 F Xes Xes Xy Xm)-
GAP gives

HY(Fd3m,Zy) = (2,5,9,11,15).
Update: new version of GAP, combined with Polymake, gives
HY5(Fd3m,Z,) = (1,2,5,9,11,15,19,21,25,29, 31, 35, 39, 41, 45, 49),
the command is
R:=ResolutionSpaceGroup (SpaceGroupIT(3,227),15);

for n in [0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15] do

Print("H™",n,"=",Cohomology (HomToIntegersModP(R,2) ,n),"\n");
od;
Compared with H*(F43m,Zs), we see that the difference is 1,1,1,3,3,3,5,5,5,7,7,7....

(100)

So P: (a1,a3) — (a1 +y,az + ). We have a? + ajaz + a3 — a3 + aras + a3 + 2% + zy + y2, (we used the relation

a1z + agy = 0). Therefore
n=1: (m;p) = 73,

n=2: (2?2 + 2y + y?, asx, m?; mp; p*) = 73,

note a? + ajaz + a3 is modded out in the line of ¢ = 2.

Now we look at the (p,q) = (0, 3) place: the stabilizer of P is (m3, m(2? + zy + y?), 2%y + zy?, c1, co) more???
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H*(Fd3m,Zs) = Fslay, az,z,y,m,p, (c1,c2)]/R,
R = (a? = a1p = a3 = asp, a1x = agy, aym = agm = xm = ym = 0, (third or higher degree relations))
HY(Fd3m,Zs) = (m;p),
H*(Fd3m, Zs) = (2* + zy + 2, azx, m?; mp, p°)

H*(Sy X Za,Zs) = Fa[w1,y2, c3]/(103) @ Fa[wa] = Faolz1, 72,42, c3]/(w103), (101)

so we have y2»—>ac2—|—acy+y2, T = m, To — P,
We have
H%9(84,Z) = (1,1,2,3,3,4,5,5,6,7), (102)

We see that the cohomology dimension for H™(Sy, Zs) is equal to a4+ 2b+ 3¢ = n with the constraint that when ¢ > 1,
then @ = 0. If ¢ = 0, then there are [n/2] + 1 solutions, where [] means taking the integer equal or below. When ¢ > 1,
then a = 0, so we need to find the number of solutions of 2b + 3¢’ = n — 3. If n — 3 = 6m, then total number of solutions
ism+1;ifn—3=6m+1, then m; if n —3 =6m+2, then m+1;if n —3 = 6m+ 3, then m+1; if n —3 = 6m + 4, then
m+1;if n —3 = 6m + 5, then m + 1. So the total number of solution for 20+ 3¢’ =n —3is [(n —3)/6] + 1 — d=4 mod 6-
So we have

dim(H"(S4,Z2)) = f(n) = [n/2]+[(n —3)/6] + 2 — On=4 mod 6, " =0,1,2,.... (103)
Then using Kunneth formula, we see that

n

dim(H™(S4 X Zy, Z2)) = Y _ f(i). (104)
i=0
This agrees with the GAP calculation
HO:3(54 X ZQaZ2) = (1a254?7) (105)
using our formula, we have
HY1%(S, x Zy, Zy) = (1,2,4,7,10, 14, 19, 24, 30, 37, 44). (106)

At degree two the four generators are x% x%, T1T2,Y2.
Next step: directly solve for the four H? element of H?(F43m,Z;) and see which one is killed by the
inversion P of F'd3m. Write the standard group multiplication rule for 216 and 227.

22.1 The explicit 1-, 2-, and 3-cocycles and ring structure

There are two 1-cocycles, which are B B

af ®M(g)=m, a5 ®™(g) =p, (107)
note that this agrees with Adem-Milgram: the claim is that H*(Sy,Zs) = Falz, y, c]/(xc), where z,y, ¢ have degree 1,2,3,
and that x is (i.e. reduces to) from Vi = ((12),(34)) and c is from V5 = ((12)(34), (13)(24)), while y reduces both
the degree-2 elements of V7 and V5, when restricting to V3 and V5 respectively. Note they match with what we have:
recall that Cy and C} are two fold rotation along (1/8,1/8,0) + 2 and (1/8,0,1/8) + g, respectively, and correspond to
the permutation (12)(34) and (13)(24), respectively, while the mirror M switches « and y and correspond to (12). The
l-cocycle af'®™ = m is exactly x, and the B{'%™ (g, go) introduced below correspond to y. It’s an interesting question
to look for ¢, which we will address below.

Note that oy is x; we will call ay z1; y = BY d3m and ¢ are defiend as above; Further, we will call the translation
2-cocycle 8 = BFe™ We have

n=1:(x,z1) (108)
n=2:{B,y, 2% xxy,r?) (109)
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We conjecture that 7 is the only element in E22 ! that survives the do map, and that E%3 = 0. To be verified.

2 2
n=3: (mﬂ,x167xy7x3,x xl,xlx,x‘;’,c,7>7 1y = 0.

Below we give invariants for the 3-cocycles:

Q(M, M, M) = —1,

Q(P,P,P)=—1,

Q(MP,MP,MP) = —1,

Q(M, M P, MP)Q(MP, M, MP)QMP,MP,M) = —1,
(M, Ca, C2)QUCa, M, C2)QUCy, Co, M) = —1,
(
(
(

2

Q(Cy, Cy, C3)QCy, Ca, C3)Q(Cs, Cy, Ca) = —1,

QM ToTs P, T\ Ty Ts P, Ty ToyTs P) = —1,

Q(M, T, T)Q(M, Ty Ty T3, T1)QUM, Ty, T3) UM, Ty, Ty Ty ' T3)-
Q(Ts, TsM, Ty)QUTs, Ty, Ts M)QUTs, Ty M, Ts)QU(Ts, Ty M, Ty Ty M T3)-
QT Ty M s, Ty VT T3 M, Ty )QUT Ty YTy, To M, T)-

QT Ty ' T3, ToM, T3)QUTy Ty M T3, Ty, Ty M To T3 M)

Q(Ty, M, T3)Q(Ty, M, Ty Ty M T3)QUTy, Ts, Ts M)Q(Ty, Ty Ty M T3, T M T T3 M) = —1,

UT5C5, ToCy, ToC)QUToCY, T5Co, ToCh) QT2 Ch, ToCh, T5Co) = —1.
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2 1
Fa3m (g1, g2)|t1=0 =(1 + y1) (2 + T2 + 22) + M2 ((331 +y1)(c) +ch+ 2o +y2) + = (21 +y1)(z1 +y1 + 1)) +

2

+ p1(comy + cowa + cay1 + Cay2 + C2 + chmaxy + cymaxs + cymayr + chmaya+
+ chma + ¢y + mazs + mays + T2)

1Fd3m(

91, 92)|t,=1 =Cam1maTs + CaMiMaYs + CaM1T1 + CaM1 T + CaMiy1 + CaMaze + CoMaT1 + CaMaTa+

/
+ comayr + comaze + cox1 + Coy1 + Coy2 + Cazo + Moz + imoyr + chmimoz+

! / ! / ! / /
+ Comamayr + Comimaya + Comimaza + Comixa + CoMmays + CoMae + comaoya+

/ ! / /
+ cox1 + X2 + Coyr + Cazo +MiMmox1 Xy + M1Mmax1Ys + M1MaXay1 + Mi1MoTozo+

1
2

1
+ mixay1 + MiZays + MiTaze + Miy122 + My (y2 + 1

2

2

1
+ cmimaxa(xe + 1) + mimay1y2 + mimayazs + smimaya(y2 + 1) + miziz2 + mix 20+

1
) =+ §m1z2(z2 + 1) + mox1x2+

1 1
+ moz1y1 + MoT122 + §m2($1 + 1)x1 + moxoys + MmaToys + MaToze + May122 + §m2y1 (y1 + 1)+

2

1
+ 522(2’2 + 1) + p1(camimazs + comimays + comix1 + comiTa + camayr + camaza + coma+

2

1 1 1
+ —maye(y2 + 1) + §m22’2(22 + 1)+ z1y2 + T122 + T2y2 + zx2(x2 + 1) + Y1y2 + Y122 + Y220+

/
+ Ccomay 4 camama + comayr + camaza + cama + c2x1 + a2 + Coy1 + Caz2 + hmimazy + cymymayr+

/ / / / / /
+ chmimays + comimazs + chmima + comiTs + chmays + chmy + chry + chza + chyr + chza + ch+
2 2 2 2 2

+ mimazs + mimays + Miys + mize + MaZa + Moz + 22)

1F'dSm(

g1, 92)|t,=2 =Comimaxs + ComiMays + ComiT1 + CoM1To + CoMy Y1 + Cami 22 + CoMaTy + CoMmoy1+

/ / /
+ comaya + camaza + Cag + Cay2 + yMaxy 4 ¢imayy + chmimay + cymimayr + chmimaya+

/ / / / / / / / /
+ comimozo + CoM1x2 + CoMyY2 + CoMaX1 + CoMoXa + CoMoly + CoMozo + Cox1 + Coy1 + c’2y2+

1
+ CyZo + MiMax1To + MiMa1y2 + MiMaToy1 + MiMmaZazs + §m1m29€2(I2 + 1) + mimoy1ya+

1
+ mimayaze + —mimaya (Yo + 1) + miz122 + mix12e + MiZay1 + MiZays + MiTaza + Miy122+

2

1
+ -moaxs

2

2

1 1
(x2 + 1) + may1y2 + mayi 22 + =may1(y1 + 1) + mayaze + §m222(2‘2 +1) +z122+

2

1 1
+z1y2 + T2y + T2z + 5552(332 +1) +y1y2 + yaze + sy2(y2 + 1) + p1(comimaza+

2

1 1 1
+ omaya(ye +1) + §m1z2(22 + 1) + maz1ys + Max1y2 + Mox120 + §m2($1 + 1)z + moxoya+

+ camimays + cam1T1 + Com1x2 + Camayr + CaMi2e + CaMy + CaMaT1 + CaMay1 + CaMaYys + CaMozo+

/ / / / / / /
+ Ccomg + co + comiMmox1 + CoMmiMaYy1 + ComiMmals + CoM1MaZy + CoMm1Ma + CoM1To + Comiys + c’2m1+

/ / / / / / / / /
+ ComaXy + CoMay1 + CoMaYa + CoMozZa + CoMa + Cox1 + ColY1 + ColYya + Cozo + MiMaTs + MiMmays+

+ miy2 + miz2 + mays + maza + y2),

BYE™ (g1, go) =

c1ea + c1chy + iy + ma(ca + c1ch + cachy),

c162 + c1¢h + ey + ma(ca + c1¢h + cach),

c1ee + c1ch + ey + my(ea + erch + cadh),

co + cac) + 1y + my(ca + ¢ + cach + ¢ chy),

14 o+ eac) +erch +mi(1+ o + ch + cach + ) chy),

co + cach +erch +my(1+ ca + ch + cach + ¢ ch),

c102 + eac) + b + b + ma(ca + c1chy + each + i ch),

c162 + coch + ¢y + chich +ma(1+ co + c1ch + cach + ¢ ),
1+ creo + cac) + ¢y + iy + mi(1 4 co + e1chy + cach + i chy),

5d3m(91,92) = mims

BE ™ (g1, g2) = maps

46

(t1,t2) = (0,0)
(t1,t2) = (0,1)
(t1,t2) = (0,2)
(tth) = (170)
(t1,t2) = (1,1)
(t1,t2) = (1,2)
(t1,t2) = (2,0)
(t1,t2) = (2,1)
(tl’tQ) = (070)

(112)

(113)

(114)
(115)



The 3-cocycles:

£ (91, 92) = p1pa (116)

Corresponding to the cohomology of Op, which is Falx,x1,y, c]/(zc), at degree-3 there are 7 el-
3 .2

ements, which are 23, 2%z, 2%, 23, 2y, 1y, ¢; out of them, z,y is killed by the dy differential, so we are left with

T

3

, T

221, w2?, 23, vy, ¢, which we will label by Y1,2,3,4,5,6- We have

B (g1, g2, 93) = mimams, (117)

¥ "™ (g1, 92, 93) = mimaps, (118)

4B ™ (g1, 92, g3) = m1paps, (119)

™ (g1, 92, 93) = P1paps, (120)

7§d3’m(g1’927g3) mlﬂFdsm(927g3)7 (121)

Note using the resolution in GAP we find that the following two are also genuine cocycles:

VB (g1, g2, 93) = maBf ™ (g2, g3), (122)

B (g1, g2, 93) = P18 P (g2, 93). (123)

where recall that 37 dgm(gg, g3) is the one that reduces to the translation 2-cocycle.
The second-last one, corresponding to ¢, is

Fd3m

78

/ /! !/ /AN / ! ! / ! ! /
(gl,gg,gg) 25(t1,t2,t3):(0,0,0) (010302 + c1C5C3 + €3¢ Comy + €1 CaC3Mmy + C1C3Mo + €3¢ M2 + €3C1CoMo + C1C3M2 + €1 C3Mo + € ¢

+ 8t t2,3)=(0,0,1) (C102 + C2¢] + crc3¢h + €1ch + 1)y + cacidy + e3cich + camy + creama + caczma + creadimy
+ Ot t2,t5)=(0,0,2) (0162 + cac) + c1ch + cready + e + creach + c1cheh + cacimy + dchymy + cacichmy + cacidym
+ Ot 42,4 =(0,1,0) (C1C3¢h + e3¢y + c1¢h¢s 4 €1yl + cacgmy + cacsdimy + crescymy + cacscyma + cacdyma + ¢
+ 841 t2,)=(0,1,1) (€1 + 103 4 c102¢3 + ¢f + c1€] + cac] + esc) + cresch + cacsd] + creadh + e1di ¢y + cadich + con
+ 841 t2,)=(0,1,2) (C102 + €1¢] + 165 + cich + e1c ¢y + cadich + 1l + cacidy + cxmy + creamy + ¢hmy + eyl
+ 0ty t2,45)=(0,2,0) (€13 + c1¢2¢3 + €3¢] + cre3¢] + cacsc) + c1¢5 + creacy + ¢ es + e1c) s + cac e + cacscimy +
+ 0ty t2,t5)=(0,2,1) (€1 + c102 + €] + c1€] + crcach + creschy + ¢ ¢ + cacimy + caccymy + cscicymy + cxma + i
+ 5(t1,t2,t3) (0,2,2) clc'1 + 620'1 + 01026’2 + 016’10'2 + 020'16’2 + clcg + c'lcg + clcécg + c’lcgcg 4+ c1my 4+ creamy + c'lrn
F Oty 12,45)=(1,0,0) (C1C2€3 + Cac3€] + c3¢h + cacscy + creach + cac) ¢y + chchy + cacyy + crcacamy + cacscimy + ¢y
+ 0t 2,45)=(1,0,1) (C2 + C1C2¢3 + €a€] + cacsc] + cacy + crcach + €3¢y + c1¢3¢h + cacsch + ¢ ¢h + cacich + ¢3¢ ¢ -
+ 0t t0,45)=(1,0,2) (€2 + c1C2¢] + ¢ + e16h + c1¢) ¢ + cacich + cacy + caciy + ¢y + €1 chcly + creamy + crcacim:

2)
6 / / / / /! / /! /! !/ /!
T 0(ty,t0,t5)=(1,1,0) (€1€2C3 + €2C3C] + €3Cy + €1C3Cy + €2C3C5 + €3C Cy + C1C2C3 + C2C1C3 + CoC3 + C1CaC3 + C2C5C3 +
! / ! / / / !/
+ 0(t1,t0,t5)=(1,1,1) (1 + €102 + €3 + cacg + c1cacs + c1¢] + creac) + c1¢3¢] + €16y + Cacy + C102¢y + 101 ¢h + crcac:

/ / / / /N4 /! / / /N4 /AN
+ 6 (t1,t2,t3)=(1,1 €1+ o + ¢ + cacy + €y + C1CaCy + C1Cy + CaCCy + C1C3 + C1Cac3 + € C3 + CaCiC3 + My + camyg

/ / / / !/ / /
+ 6(t17t27t3) (1,2 €3 + cac3 + c1cac3 + c1c3C] + 3 + CaC3 + €1C2C3 + €1C1C3 + C1Cacg3My + C2C3C M + C1C2C3M -

/ / / / / /AN !l / / !l /! AN
+ 6(t1,t2’t3 =(1,2,2)(€1 + €1 + cacy + c10207 + €165 + 1020y + ¢y F €161Cy + C3 + €105 + €1C5 + €161C3 + Coc5 + 1

/ / VN4 /A4 ) AN / / N, VN4
+ 5(,51,,52,153) (2,0,0 (€3¢ + 13¢5 + c3¢1C5 + CaCy + C1CoCs + €1CoCa + C3Camy + c1c3CyMy + CacgMy + C1Cyc3my +
/ / / / / /]
+ 5(,51,,52)753) (2,0,1) (€2 + c1C2 + Ccac3 + €1C2C3 + €1C2C] + €1Cy + €1C2Cy + €1C3Cy + CaC3Cy + C1C1Cy + C1CaMy + C2C31
/ / / /! / / /! !/ /) VAN
-+ 5(,517,527753) (2,0,2) (€2 + c1¢c2 + C2C1 + €1Cy + C1CaCy + C2C1Cy + CaC3 + C1CaC3 + C2C1C3 + CoC3 + C1C5C3 + C1CoC3 + ¢

2)
0)
1)
/ / / / /N !/ / /
CoC3 + €1C2C3 + €1C3Cy + CaC3Cy + CoCg + C1CaC3 + €1C5C3 + CaCyCy + CacgMy + C3CoMy + CaC3m
1)

/ / / / / / / /
141 4¢3+ cic3 4+ cacs + cicacs + ¢ + cacy + cicacy + ¢3¢y + cacscy + ¢y + cacy + crescy +

+ 0ty ta,t5)=(2,1,0)
+5(t17t27t3) (2,
2)

1,
/ / / / / ) ) / / / / )
+ (5 (t1,60,t3)=(2,1,2) (L + €1 + €] +c16] + c1cacy + &5 + crcacy + €165 + e1¢1¢5 + €5 + cre5 + cacy + c1cac3 + cieg +

/ / / / !l / / /
€3 + €1C3 + CaC3 + €1C2C3 + €3C| + C2C3C] + €1C3C5 + €2C3C5 + €3C1Cy + C3 + C1C3 + C2C3 + €1 CaC

+ Oty 2 t5)=(1,2,1) (1 + co + c102 + c1cac3 + €1¢) + cach + creach + cacscy + c1ch + c3ch + cacsch + ey + c1c)ch A

+ 5(t1,t2,t3 (2 2, O (

+ 8ty ta ta)=(2,2.1) (L4 €1 + €2 + c102 + €] + ¢ac] + ¢4 + 16y + cach + creachy + €365 + c1e3¢y + cacidy + cacich +
(t1,t2,t3)=( )

/ / / / / / /) ) /) )
y(I+c1+co+erea+ ¢ +ei1c) +cacy + creacy + ¢ + 16y + ey + cre165 + cacicy + creic3 +
(124)

+ 5(751 it2,t3)=(2,2
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We define
C¢(91792,93)|Td = Cib’ (glag2a93)|Td + Csw(91,92793)|Td7 (125)

where

Cyr (91592, 93) 1Ty = Oty t2,t5)=(0,0,0) (010203 +crcocy + 0'10/203) +0(t t2,t3)=(0,0,1) (010203 +cac) + e ch +ercich +creach +
ol cyFe1chChFch eheh) F0(ty b t5)=(0,0,2) (CLe2FC1C2C3HC1ChFC1¢) chercach+ead] chtcrchh+E) cheh) 404, 12 ,45)=(0,1,0) (C3Ct +
cre3c] + c3dich + crch + creach + chch + crcich + eacich 4 cichch) + 8ty by t9)=(0,1,1) (C102 + c1€] + e3c] + cresch + cjch +
3 + 1020 + AUCs) + Oty 45 ,15)=(0,1,2) (€] + 2t + chch + crchch + eschch + cr1ca6y) + 8ty 1y 05)=(0,2,0) (c1C2C3 + cacsc) +
c103¢h + esc)ch + cac ch + erchch + c’lc’zcg) + 0ty t,t5)=(0,2,1) (01 +c1ea +ereacs + cresc) + cacsch + e1ch + cresch + e chch +
cschch +crch + e+ A ches) + 0ty 1y ) =(0,2,2) (1 FC1C2 103+ Creacs + ) 4 ¢r1¢) + cacsc] +eresch + ¢y 4 escich 4+ s+
s+ c’lc’ch) + (1 t2,t5)=(1,0,0) (0203 + cac3) 4 cach + cach c + ik + e chels + c'lc’20'3) F 0ty t2,t5)=(1,0,1) (62 +ci1eo+cocs+
2] + cacsc] + c1cich + crcach + clcécg) 4 Oty ta,t5)=(1,0,2) (02 + cac3 + cad) + cacsc) + erchy + e1cich + creach + clc’ch) +
O(tr ta.ts)=(1,1,0) (C1C3€1 + C3¢h + cresch + 3 ch + ch + creach + ¢l ey + e1ch ¢y + chcl + chchch) + 04, 0 15)=(1,1,1) (L + 1+ e +
A+ crch + ead) + cresc] + ch + e1ch + csch + cresch + chch + escich + ¢ + ey + cach + chch + eachch) + 81y 4y 0 =(1,1,2) (1 +
€1+ ca + crea + ¢ + o) + esch + cresch + eacich + escich + cach + 020'10’3) + O(ty ta,t3)=(1,2,0) (010203 + cresch + cach +
C102C5 + cacich + clcgcg) F 0ty ta,t5)=(1,2,1) (1 + ot e+ cies+ereacs + )+ cac) +esc) +eresc) + a1y + eresch +ercich +
105 + chch + crcheh + Aheheh) + 8ty 1y ) =(1,2,2) (L + 2 + c3 + crccs + ¢f 4 e1¢) + cac) + c3c] + ¢ + crch + cresch + chch +
161l + chch 4 e1cheh + A hel) + Oty 1 ,15)=(2,0,0) (C1C2€3 + Cac3ch + 1026k + cadch + cheh + c1hch) + Oty t15)=(2,0,1) (€2 +
€162 + c1ea03 + cacsc + ch + e1ch + ¢y + er iy 4 each + cacich + cheh + c’lc’ch) 0ty t0,45)=(2,0,2) (0102 + cicacs + each +
cacsc) + e1ch + crchch + cach + cachch + chch + AL chel) 4 Sty a0 =(2,1,0) (3 + c103 + c3€] 4 cresch + csch 4 cresch + h +
Cally + c1¢)y + coci 4 erchch + heheh) 4+ 8ty by ) =2,1,1) (C12 + €3 4 c1e3 4 €] + c1¢] + cac] + esc] + cresch +ch +each +
036/2 + 01630/2 + Cé + C1Cé + 610265 + C2C/10§,) + 5(t1,t27t3):(2,172) (1 +c1+c2+cieo+ 0/2 + 610’2 + 830'2 + 01638/2 + C’lc/g + C1c'lcl2 +
c1020s+ CQC’lcg) F 0ty k2, t5)=(2,2,0) (0203 + cacsc) + c3ch + cscich + cach +cicach + chel + c&cécg) F 0ty k2, t5)=(2,2,1) (61 +cieo+
Cac3 + €] + coc) + 3ch + cre3¢] + cacsc] + crch + esch + e1dch + escich + cy + ¢l ch + dhch 4 e16hes) + 8ty 1 1s)=(2,2,2) (1 +
c102 4 c1e3 + eacs + 1) + cad] + esch + cacsc) + h + c1ch + each + escich 4 ¢ + cich + ¢ich + iy + bl + crchdh),

and

Cop(91, 92, 93) 10 = V& ™ (91, 92, 93)-

22.2 Twisted coefficients H?(Ga7,7Z)

we know that there are in total four actions we can define, depending on whether Cs and S complex conjugate U(1) i.e.
whether they orientation-reverse Z. Note that this is equivalent to asking whether inversion P and mirror M orientation-
reverse Z. We have give in the above the case where both do not, and both reverse, corresponding to a trivial action on
Z and the action Z°". One can check the mixed case where only M reverse or only P reverse.

To see that there are in total four actions determined by the sign of C's and S: note that using the standard generator
given in our LSM paper, which are Ty, T, T3, Ca, Ch, C3, M, P, we have

S =C,MP,

and o .
Ch =TeCsSCsS, Co=CxSCsSCy .

Now, the code to check the twisted cohomology with po1(Cs) = +1, po1(S) = —1 is:
LoadPackage ("cryst");

LoadPackage("hap") ;
LoadPackage ("polycyclic");

T1227 = [[1’0’011],[051,010],[O,O’lio]’[o’o’o’l]];
T2227 = [[1’0,0,0]’[0,1’0,1],[0,0,1’0],[0,0,0’1]];
T3227 = [[1)0,010],[Oil’oio]’[010’1’1]’[030’0’1]];

c2227 := [[0,1,0,0],([1,0,0,0],[-1,-1,-1,1/2],[0,0,0,117;
C2p227 = [[0,0,1,0],[_1,_1,_1,1/2],[1,0,0,0],[0,0,0,1]];
C3227 := [[050:1:0] > [150,010] > [051’():0] > [0’0’051]],
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M227 = [[03130:0] H [1309030] ) [010,1,0] H [0,0,0,1]],
P227 := [[-1,0,0,0],[0,-1,0,0],[0,0,-1,01,[0,0,0,11];

G227raw := Group(T1227,T2227,T3227,C2227,C2p227,C3227,M227,P227) ;

# 1. Convert to GAP right-action affine crystallographic group
A227 := AffineCrystGroupOnRight (Generators0fGroup(TransposedMatrixGroup(G227raw)));
gensA := Generators0fGroup(A227);
isoA := IsomorphismPcpGroup(A227);
PcpA := Image(isoA);
R227 := ResolutionAlmostCrystalGroup(PcpA,5);

SignGrp := Group([[-1]11);
plus := One(SignGrp);

minus := GeneratorsOfGroup(SignGrp) [1];

gensPcp := List(gensA, g -> Image(isoA,g));
rhoPcp := GroupHomomorphismByImages (
PcpA, SignGrp,
gensPcp,
[ plus, plus, plus, plus, plus, plus, minus, plus ]
)3
if rhoPcp = fail then
Error("The requested sign assignment is not compatible with the relations.");
fi;
Crho := HomToIntegralModule(R227, rhoPcp);
Print ("H"2_rho(G,Z)

", Cohomology(Crho,2), "\n");
Print("H"3_rho(G,Z) = ", Cohomology(Crho,3), "\n");

The result we get are

H~2_rho(G,Z) = [ 6 ]

and
H~3_rho(G,2) = [ 2, 2, 2, 4]

Let me remind that the above is action pg;, namely Cg has trivial action while S has nontrivial action.
Let us also give the other three actions:
rhoPcp := GroupHomomorphismByImages (
PcpA, SignGrp,
gensPcp,
[ plus, plus, plus, plus, plus, plus, minus, minus ]
)5

gives
H"2_rho(G,Z2) = [ 2 1]

H"3_rho(G,2) = [ 2, 2, 2, 2, 0]
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Let me remind that the above is action p1o (same as orientation reversing), namely C has nontrivial action while S has
trivial action.
and [ plus, plus, plus, plus, plus, plus, plus, minus ] gives

H2_rho(G,Z) = [ 2 ]
H"3_rho(G,Z) = [ 2, 2, 2, 2]

which is the action p;1, namely both Cg and S have nontrivial action.
while [ plus, plus, plus, plus, plus, plus, plus, plus ] gives

H"2_rho(G,Z) = [ 2, 2 ]
H~3_rho(G,Z2) = [ 2, 2, 2]

Note: previous we had some wrong code, by defining the action to be the determinant sign of the entry-wise absolute
value of the rotation matrix obtained from the upper left 3 x 3 block of the matrices:

Z10:=GroupHomomorphismByFunction(G,ZZ,x->[[Determinant (x) *Determinant ([ [AbsInt(x[1,1]) ,AbsInt(x[1,2]),
AbsInt(x[1,3]1)], [AbsInt (x[2,1]),AbsInt(x[2,2]),AbsInt(x[2,3])], [AbsInt(x[3,1]),AbsInt(x[3,2]),AbsInt(x[3,3])]

and
Z01:=GroupHomomorphismByFunction(G,ZZ,x->[[Determinant ([ [AbsInt(x[1,1]),AbsInt(x[1,2]),
AbsInt (x[1,3])], [AbsInt(x[2,1]) ,AbsInt(x[2,2]),AbsInt(x[2,3])], [AbsInt(x[3,1]),AbsInt(x[3,2]),AbsInt(x[3,3])]

Then we can take
C10:=HomToIntegralModule(R,Z10);;

and
CO1:=HomToIntegralModule(R,Z01);;

these are wrong actions: the Z10 defined here has the sign (—1,—1,4+1,+1,—1) on the generators (Cs, C%, C3, M, P),
while Z01 has (—1,—1,+1,—1,1). Apply Cohomology(C01,3); and Cohomology(C10,3); to gives trivial for H1:234 i.e.
trivial at degree 1,2,3,4; but in fact it is not clear that they are well defined.

The things is that the action “the action to be the determinant sign of the entry-wise absolute value of the rotation
matrix obtained from the upper left 3 x 3 block of the matrices” is basis dependent, and we really need to use the cartesian
basis to achieve this. (Note that the matrix generators defined above are in the affine basis.) So the code below will in
fact give the correct result (albeit much slower than the code above with our own generators defined):

G227 := SpaceGroupIT(3,227);
ZZ1 := GL(1,Integers);

Z01 := GroupHomomorphismByFunction(G227, ZZ1,x -> [[ Determinant([[ AbsInt(x[1,1]),
AbsInt(x[1,2]), AbsInt(x[1,3]) 1,[ AbsInt(x[2,1]), AbsInt(x[2,2]), AbsInt(x[2,3]) ],
[ AbsInt(x[3,1]), AbsInt(x[3,2]), AbsInt(x[3,3]) 11) 11);

Print("Is Z0l1 a homomorphism? ", IsGroupHomomorphism(Z01), "\n");
150227 := IsomorphismPcpGroup(G227);
P227  := Image(iso0227);
R227pcp := ResolutionAlmostCrystalGroup(P227,4);
ZOlpcp := GroupHomomorphismByFunction(P227, ZZ1,g -> Image(Z01, PrelImage(iso227, g)));
Print("Is ZOlpcp a homomorphism? ", IsGroupHomomorphism(ZOlpcp), "\n");
COlpcp := HomToIntegralModule(R227pcp, ZOlpcp);

Print ("H"3_rho(G, Z) on pcp copy = ", Cohomology(COlpcp,3), "\n");
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23 Fd3m: the original spectral sequence

With the above sections, we finally have a better, much more correct, understanding of spectral sequence. So let’s go back
to our original spectral sequence 0 =+ N — G = Q — 0,, where G = Fd3m, Q = Oy = Sy X Zo, N =T =73, A = Z,.
We have

q=3 H3(N7A)Q Hl(Q7H3(N7A)) H2(Q7H3(N’A)) H3(Q7H3(N7A)) H4(Q7H3(N’A))

g=2 | HA(N.A)? H'(QHAN.A)) HAQ.HX(N.A) HQHN.A) HYQ.H'N.A) - (1)
g=1| HY(N AR HYQH'(N,A) HAQH'N A)) HYQ H\(N,A) HHQHYN,A) -

q=0 A Hl( 7AN) HQ(QaAN) HB(QvAN) H4(Q5AN)

B3 p=0 p=1 p=2 p=3 p=4

We have
O TPTYT;Cs = T{TYT; = TY TS TS

CoTETYT; Cy = (T “To)* (T3 "0V Ty = TY TS T, "V,
CyTYTYTECy = (Ty " To)* Ty (T, )" = T4 T, V13,
MT{TYT; M = T TS TS,

(127)

Now, H'(N, A) = (x1, X2, X3), where X123 are the character function for 17, Ts,T5. Setting g = T7T3T5. We have
x1(C5'9C3) — x1(9) =y — = = x2(9) — x1(9), 50 Cs.x1 = X2, C3.x2 = x3, C3.x3 = X1, x1(C29C2) — x1(9) =y — x =
(X2 = x1)(9); x2(C29C2) —x2(9) = z—y = (xa —x2)(9), and x3(C29C2) —x3(9) = —z—y—2—2z=—z—y = (X1 +x2)(9),
so that Ca.(x1+x2+x3)— (X1 +Xx2+Xx3) = X1+ X2. Similarly we have x1(C5gC%) = z = x1(g), x2(Cg9Ch) = —x—y—z =
(x1+ x2 + x3)(9), and x3(ChgC%) = = = x1. Therefore, the actions of Cy and C3 together shows that H(N, A)? = {0}.

Next, we look at H2(N,A)?. We have H?(N,A) = (b1,bs,b3) = Z3 where bi(g1,92) = 2192, b2(g1,92) = Y129,
and bg(gl,gg) = X1%292. Now we have bl(Cg_lgng,C’g_lggCg) = Y122 = bg(gl,gg), bg(oz;lgng,Cg_ngOg) = 21T =
bs(g1, g2) up to coboundary, and bs (Cglgng, C;lggCg) = y122 = b1(g1, g2) up to coboundary. And by (Cag1Ca, C2g92Cs) =
Y172 = b1(g1,92) up to coboundary, ba(C2g1C2, C2g2C2) = x1(22 + Y2 + 22) = (b1 + b3)(g1,92) up to coboundary, and
b3(C291C2,C292Ca) = (w1 + y1 + 21)y2 = (b1 + b2)(91, g2) up to coboundary. by(C591C5, C592C5) = z1(x2 + Y2 + 22) =
(ba + b3)(g1, 92) up to coboundary, be(Chg1Ch, CLgaCh) = (x1 + y1 + z1)x2 = (b1 + b3)(91,92) up to coboundary, and
b3(C391C5, C592Ch) = z1x2 = b3(g1,92,93) up to cobundary, by(MgiM, MgaM) = bi(g1,92), ba(MgiM,MgaM) =
bs(g1,92), bs(M g1 M, MgaM) = ba(g1, g2). This shows that Q.(by + ba + b3) — (b1 + ba + b3) = 0 up to coboundary and
that it is the only one that survives in H2(N, A)%.

Note that H*(N, A) = Z3 generated by Y123 and Q = O, = Sy x Zs. In order to calculate HP(Q, H'(N, A)) for
p = 1,2, we can again use our Mathematica code. The starting point is to write @ in standard form. This has been done
before, from Eq. , setting z; = y; = z; = 0, we get

gi = C,2cz CQC;C’?M“PW, i=1,2, G192 = C§1+(82[m1])2t1+1 C,;c/lJr(sz[m1])2t1+2C,;t))ht(ljtml)b]\47,11_;.7;12Pp1_|.pz7 (128)

where
silm] = (¢; + mdci, i ci + (1 +m)cl), i, ciym,p € Zo, t; € Zs.

The generators have action C3.x1 = X2, C3.x2 = X3, C3.x3 = x1, Co.x1 = X2, C2.x2 = x1, C2.x3 = X1 + X2 + X3,
Poxi = x4, 1 =1,2,3, and Ch.x1 = x3, Chxa = x1 + X2 + X3, and Ch.x3 = x1. What this really means is that, define
(a1,a2,a3) € Z3. Now, these y; are actually basis. Transferring the action to coordinates (a1, as, a3) where a1 23 = 0,1,
we have

P: (a1,a9,a3) — (a1, a2, as),

M: (o1, a,03) = (a2, a1, a3),
Cg: (al,a27a3) — (OZ370417042)7 (129)
Cé: (alaa27a3) = (OQ +O{3,042,CM1 + a?)a
Cy: (a1, a9, a3) = (ag + a3, a1 + a3, as).
or in matrix notation
1 1 1 1 1 1
P=13x3, M= 1 , C3= 1 , Cé = 1 , Oy = 1 1 . (130)
1 1 1 1 1

We can then use the brutal force method in Mathematica to compute H!(Q, H'(N, A)), equipped with the action
(129). Turns out we find H'(Q, H'(N, A)) = Z,. The detail can be found in Mathematica notebook. Furthermore, in
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Mathematica we showed that the do map ds: E21’1 — E23 0 s nontrivial, this makes use of the definition of the do map
that for f € HY(Q, H'(N, A)), we have (daf)(q1,g2,q3) = f(l(qg))((l(qlqg))_ll(ql)l(qg)), where [: Q — G is a lifting (see
Rotman for the definition of a lifting). This shows that E 1 =o.

Similarly, for E;® = H'(Q, H%(N, A)), we have C3.b; = by, C3.by = bs, Cs.bg = by, Cy.by = by, Cy.by = by + bs, and
CQ 3 = bl + bQ, C2 bl = b2 + bg, CQ bQ = bl + bg, Cébg = bg, Mb1 = bl, Mb2 = bg, Mbg = b2. Again these are action
on the basis. Transferring the action to coordinates (81, 52, 83) where 8123 = 0,1, we have

P: (b1, B2, 03) — (b1, B2, B3),

M: (51752763) (51753762)3
Cs: (B1, B2, B3) — (B3, B1, B2), (131)
Cé (ﬁ 627ﬁ3) = (/82761aﬁ1 +62 +B3)a
Co: (B1, B2, B3) — (b1 + B2 + B3, B3, B2).
or in matrix notation
B . 1 B 1 . 1 B 1 1 1
P=1343, M= 1], C3= 1 , Oy = 1 , Oy = 1 ]. (132)
1 1 1 1 1 1

Again using the Mathematica code we find that H'(Q, H?(N, A)) =

Then we calculate H3(N, A)%: note that H3(N, A) = Zs = () with the only nontrivial element v(g1, g2, g3) = T1Y223-
We have v(Cy5 ' 91C3, C5 ' 9203, C5 1 g303) = y12223, 7(C291Ca, CogaC2, CogsCa) = y1x2(v3+ys+23), 7(Chg1Ch, ChgaCh, Chg3Ch) =
21(xa+yo + 22)x3, and (M gy M, Mgo M, M g3 M) = yy 2223, which all equal 13223 up to coboundary. About coboundary:
note that the following are all coboundary: (y221 + y122)23, T2y123 + T1Y223, 21(X322 + T223) and so on. Since the action
is trivial, H*(Q, H*(N, A)) = H'(Q, (7)) is just the number of homomorphisms, and using Mathematica we find there
are 2 independent ones, meaning that H*(Q, H3(N, A)) =

qgq=4 0 0 0 0 0
(=3 1 2 4 HYQHYNA) HYQ.HN,A)
¢=21 L3 5 8 HYQ,H*(N,4)) - (133)
g=1] 0 1 3 HNQHN,A) HQH)N.A) -
q=0 1 2 4 7 10 ..
qu p=0 p=1 p=2 p=3 p=4 ...
where the calculation of E' = H2(Q, H'(N, A)), E3* = H*(Q, H*(N, A)) and E>* = H?(Q, H*(N, A)) is calculated
using brutal force Mathematica and will be mentioned around Eqgs. (142)), (144), and .
g=4 0 0 0 0 0
q=3 ? ? ? ? ?
q= 1 ? ? ? ?
q= 0 0 k=0 ? ? (134)
¢g=0] 1 2 4 6 T+k=T
Eg’q p=0 p=1 p=2 p=3 p:4 ......
Conjecture for the co page:
q=4 0 0 0 0 0
q=3 0 0 0 ? ?
q=2 1 3 4 6 ?
g=1| 0 0 0 ? ? (135)
q=0 1 2 4 6 7
E&q p=0 p=1 p=2 p=3 p=4 -----.
Which is that
EL? =0,
EP? = dim(H?, Ay) — dim(H? "2, A3), B! =0, (136)

EPRO = dim(H?, Ay) — dim(HP 2, Ay),
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which means that

dimE™° Zf

n—2 n—4 (137)
dimE% 2% =14 (n —2) + Z fi—1)— [Z f(i)] ,

i=0

Table 4: Conjectured stabilized spectral sequence EY'? = EP:4 for Fd3m (I am very confident this is the corret one).

E§’3 o o o60o0o0o0 0 0 0 o0 o0 o0 o0 o0 o0 o o o o0 o

E§’2 1 3 4 6 8 9 11 13 14 16 18 19 21 23 24 26 28 29 31 33 34

Eg’l o o o0o0o0o0 0 0 0 o0 o0 o o0 o0 o0 o o o o0 o

Eg’o 1 2 4 6 7 9 11 12 14 16 17 19 21 22 24 26 27 29 31 32 34
p 01 2 3 4 5 6 v 8 9 10 11 12 13 14 15 16 17 18 19 20

so that for sufficiently large n, we conjecture that

dim(Fd3m, Zs) = dim(EX’ @ BV @ B2 @ B2 3)
= dimE%° + dimE? 22

n—2 n—2 n—4 (138)
—Zf 1+ (n=2)+ > f(i-2) +1+(n—2)+Zf(i—1)—lZf(i)]
=0 =0 =0

:2f(n* 3+ fn=2)+f(n—1)+ f(n) - f(-2),

for n > 2, the above gives 5,9,11,15,19,21, 25,29, 31... which is the correct dimension given in GAP.

Let us try to calculate the above E5'? = HP(Sy x Zs, A,) where we have denoted A, = H?(Z3,Zs) the g-th cohomology
of just the translation group. We know A; = (x1, X2, X3) = Z3, Az = (b1, b2, b3) 2 Z3 and A3 = (y) = Zy. Let’s attemp
to calculate H*(S4 X Zs, Aq) using spectral sequence. Generally, using 0 — S4 — O = Q — (P) = Zy — 0 we have

q=3 | H(S;, A)\") H1(<P>,H3(S4, W) HA((P). HY(S4, A)) HY(P), HY (S5, A))  H(P), HY(S4, A))

q=2| H*(Sy, A H'((P),H*(S1,A)) H>((P),H*(S4,A)) H3((P),H?(Sy, A)) H'((P), H(S4, A))

g=1|H' (8, AP Hl(( ) H'(53, A)  H>((P). H'(S4, A)) H3(<P>7H1(S4, A)) HY(P), H(S4, A))

¢=0 A% H'((P), A%) H2((P), A%) HP((P), A%) H'((P), A%)

By p=0 p=1 p=2 p=3 =4 -

(139)
where A = A; 23 for the rows ¢ = 1,2,3 in Eq. (133). The Ag“ = AqQ is just the first column of Eq. (133]), which is
Af = {0}, A§4 AS = (b + by + b3), and A3* = A = (7). Also, since (P) = Zy commutes with every element in Sy,
it is easy to see that its action on HP(Sy,.A) is always trivial. Using the fact that

H™(Z5, A= (Zy)") = A"/(hnA— A), forn>1, (140)

where we the notation Z% = (h) means the group of order two generated by h, and we used the short hand A" = A"
If we further have trivial h-action, then the denominator is trivial while the numerator is just A, and we have

H™(Z}, A) = A.
Using this, we can simplify the spectral sequence Eq. (T41)) to a form that E2 = E? for any p:
3(S4, A)  H?(S4, A) H®(S4,A)

¢=3| H3(Si, A) H3(Sy,A)

H H H
q=2| H?*(S;,A) H?(Sy, A) H?(S4, A) H?(S4, A) H?*(S4, A) (141)
q=1|HY(S;,A) H'Y(Sy, A) H'Y(S4, A) HY(S4, A) HY(S4, A
qg=0 AS A AS AS AS
ED1 p=0 p=1 p=2 p=3 p=4 -

So the first task is to compute H*(Sy4, A) for A = Ay 23. Let’s try to use GAP. First, the command

G:=Image (IsomorphismPcpGroup (SymmetricGroup(4)));
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will give
Pcp-group with orders [ 2, 3, 2, 2 ],

and it is important to know the correspondence with our definition of generator. Let’s list as many group relations
as possible: C3CyCy " = CoCh, C3C5C5 = Oy, C31CoCy = Ch, C3'04Cs = CyCh, MC3M = C3', MCoM = Co,
MCIM = CyCY, and so on. Every of these relations indicate that we have

G.1=M, G.2=C3, G.3=0C5 G.4=CCY,

where G.1,G.2,G.3,G.4 corresponds to in order the four generators listed in Pcp-group with orders [ 2, 3, 2, 2 1.
I wanted to use the code I used in our projects with Yuan-Ming and Yangi, but it seems the code does not work: the step
h2:=TwoCohomologyCR(cr) ;; raises some error.

For A = A, we have ES%=0 = A% = {0} (from the action of S; on A;), ELY=" = Z, (from the fact that
Zo = HYQ, A)) = Ey' UEy" = H'(Sy, Ay) since Ey® = AP is trivial so Ey' = Ey°), ED9=* = H?(S,, A)) = 73
(through the Mathematica brutal force calculation). Now, the dy maps coming from the ¢ = 1 row are zero maps, meaning
the (p,q) = (1,1) element on E5 is stablized. We still need to see if the Eg’Q element is stabilized.

Using Mathematica brutal force, we actually find

H?*(On, HY(T,Zs)) = H*(Q, H*(N,Z3)) = H*(On, A1) = H?*(On, (x1, X2, X3)) = Z3, (142)

this means that the spectral sequence (141)) for the case of A = A; = HY(T,Z2) = (x1, X2, x3) has the following form

¢q=3| 2  H3Si; A1) H3(Sy, A)) H3(Sy, Ay) H3(Si, Al -

¢q=2| 2  H?*Ss A1) H?*(Sy, A) H?*(Sy, Al H?*(S4, A) - (143)
g=1 1 1 H1(54,A1) HI(S4,.A1) Hl(S47A1)

q=0] O 0 0 0 0

Eg’q p:O p:1 p:2 p:3 p:4 ......

(this E> page actually collapses — see below)
Next let’s check the case of A;. We know that A2S4 = Zy and H'(Oy, A3) = Z3. Using brutal force in Mathematica,
we also find that H'(S4, Az) = Z2, and H?(S4, A3) = Z3. We also calculated in Mathematica that

H*(On, H*(T,Zy)) = H*(Q, H*(N,Zy)) = H?*(Ow, As) = H?*(On, (by, by, bs)) = Z3, (144)

This shows that the the (p,q) = (0,1), (1,1), (2,0) and (0, 2) elements are all stabilized at Es, and we have the spectral
sequence revealed as in Eq. (145]).

q=3| H*(Sy,A2) H>(Sy, Az) H?(Sy, Az) H?(Sy, Az) HP(Sy, Az) -

q=2 2 H?(Sy, Az) H?(S4, Ay) H?(Ss, Az) H?(S4, Az) - (145)
q = 1 2 2 Hl(S4,A2) HI(S4,.A2) H1(547.A2)

qg=20 1 1 1 1 1

Eg,q p=0 p=1 p=2 p=3 p=4  .oe.

(this E5 page actually collapses — see below)
Finally, similar to the calculation of H?(Oy,.A;) and H?(Oy, As), we used Mathematica to get

H?*(Oy, H3(T, 7)) = H*(Q, H*(N,Zy)) = H*(Oy, A3) = H*(On, (7)) = Z3, (146)

Update: note that after we did the systematic computation for all the 230 groups, we know something more: in Table
|§| we give our guess of H*(Oy, A1) and H*(Oy, As). Taking A; = (x1, X2, x3) for example (corresponding to the action
t1,dr), the cohomology dimenson for H™(Oy, A;) is

l+n+ > f(i—2)
=0

(this is a conjecture that I think it’s correct); note that

f(n) = [n/2)+[(n = 3)/6] + 2 = n=4 moa 6
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and we have
f(=2)=-1, (=) =0, fO)=1, f)=1, [f(2)=2 [fB)=3, [f(4) =3, [f(5)=4 [(6)=5,..
Compare with the spectral sequence , we see that the prediction is that
H"™(Sy, Ay) = 2y 072,
which has also been listed in Table [6] Explictly,
HP=0L2345.6. (G, A1) = 70122344

We see that it would be very beneficial to obtain the ring structure of H"(S4, A1) and H™(Sy, As).

First, note that H'(S4, A1) = Zo = (x3), here x5 reduces to nontrivial elements of V; and V, both. We see this is very
different from the case of H*(Sy,Zs).

Is H*(S4, A1) aring? https://mathoverflow.net/questions/243061/ring-structure-on-cohomology-of-groups

https://math.stackexchange.com/questions/3025528/how-does-group-cohomology-behaves-where-coefficient-is-dire
https://math.stackexchange.com/questions/1835972/troubles-to-understanding-notation-and-some-terminology-on-

1835982#1835982 See below: we are indeed able to give it a ring structure. However, it seems we cannot give a ring
structure to H*(Sy4, As).

The place to learn cup product is Ken Brown’s book P110. Recall that before when we take cup product we directly
take the product on Zs, we were implicitly using the fact that Zo ® Zo = Zo where 1 ®0 -0® 1 —-0and 1®1 — 1, so
the tensor structure actually can be simply treated as integer multiplication in Fy. MOre generally, cup product is a map
HP(G,M) x HY(G,N) — HPT4(G,M ® N, so what we need to work out is A; ® A;, where A; = Z3 as abelian group
but A; contains more structure since it is a Z@) module.

Write .A1 = ]FQ [X17 X2, Xg] = ZQ (Xl)@ZQ (XQ)@ZQ (X3) FiI‘St7 using distribution we see that ./41 ®.A1 = @i7j=1,273Z2 (X1®
X;). Using the generator Sy which is C5 = (123) and CoM = (12)(34).(12) = (34), we have

C3: xi @ x5+ C3xi @ C3Xj = Xit1 @ Xj+1,

CoM: x1 ® X1+ CoMyx1 ® CoMx1 = X2 @ X2, X2 ® X2 = X1 ® X1,

and so on. We find that
A1 @ A = A (147)

as a Z() module under the map
Xi @X; = Xin 4,7 =1,2,3, (148)

In other words, the tensor product induces a “product” for the coefficients

(a1, Br,71) (a2, B2, 72) := (a1(ag + B2 +72), Bi(ae + B2 + 72), M(a2 + B2 +72)). (149)

Under the above defined product we can endow H*(Sy,.A;) a ring structure.
However, note that we have not found a ring structure for H*(S4,.As). Below is our attempt:

C3: b; @ bj = (C3b;) @ (C3bj) = biy1 @b,

CoM = (34): (b1, b2, b3) = (b1,b1 + ba, b1 + bs3),

SO
CQMI b1 X b1 — (OQMbl) ® (C’QMbl) = b1 & bl,

C2M2b1®b2'—)b1®b1+b1®62, b1®b3'—)b1®b1+b1®b3, b2®b1®b1®b1+b2®b1;
CoM: by ®bs+— b1 @by +by @by +ba @by +by®by, by R@b3+—= by @by +bs @by + by ®b3 + by ® b,
CoM:b3R@by by @by +b3@b1 +b1 by +b3 @by, by ®b3z +— by @by + b3 by + b1 Q bz + by ® bs,

and whether there is an isomorphism between Ay ® As and As as a ZS,; module is left for future work.
Below we will try to work out the ring struture of H*(S4,.41). Using mathematica, we obtain the representative
cochain for the nontrivial element v of H'(Sy, A1) & Zy = (v): for g = CSCY CLM™ € Sy,

v(9) = @12c46¢/+2t4+ms (150)
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where

,23 :(0707 O)u (17 17 1)7 (1707 1)7 (07 170)7 (Oa 17 1)7 (17 07 0)7 (17 1u 0)7 (17 03 0)7

Qao,...

(151)

(0,1,1),(0,0,1),(1,0,1),(1,1,1),(0,1,1),(0,1,0), (1,1,0), (1,1, 1),

(0,0,0),(0,0,1),(1,0,1),(0,0,1),(0,0,0), (1,0,0), (1,1,0), (0,1,0).

and under the above cup product (and specifically, the product on the coefficients (149))) we define

(152)

v(91)-(91.v(g2)),

w1(91792) :

where g1.v(g2) denote the matrix action of g; on the vector v(gs). we can verify that

(153)

(0’ 0’ 0)7

g1-w1(92,93) — w1(9192, 93) + w1(91, 9293) — w1(91, 92)

Z3. We write

We also checked in mathematica that it is not a
(V2 1),

o~

v(g1).(g1-v(g2)) is satisfies the cocycle condition.

coboundary, so w1 (g1, gz) is a geniuine cocycle and lives in H?(Sy, A7)

so wi(g1,92) :

(154)

2 _
5 =

Z

2l

H2(S4a-’41)

where

(155)

otherwise,

ifep=ci=ti=mp=00rce=ch =ty =my =0,

A(23(12¢1 +6¢, +2t1+m1 —1)+12ca+6c,+2t2+ma—1)+15

:{0

P(91,92)

where
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07 1)7 (07 07 1)7 (07 07 1)7 (07 07 0)7 (07 07 0)7 (07 07 1)7 (07 07 0)7 (07 O? 0)7 (07 07 0)7 (07 07 0)7 (07 07 0)7 (07 O? 0)7 (07 07 0)7 (07
0’ 0)’ (07 07 1)’ (0’ 0’ 1)’ (07 07 1)’ (0’ 0’ 1)’ (07 07 1)’ (0’ 0’ 1)’ (07 07 1)’ (0’ 0? 1)’ (07 07 0)7 (0’ 0? O)? (07 O? 0)7 (0) O? 1)’ (07
0, 1), (0, 0, 1), (0, 0, 0), (0, 0, 0), (0, 0, 0), (0, 0, 0), (0, 0, 0), (0, 0, 0), (0, 0, 0), (0, 0, 0), (0, 0, 1).
We checked that v? is a true cocycle but v® — v is a coboundary. Therefore
H3(Sy4, Ay) =2 72 = (03, 1) (156)

for some 3-cocycle 7.
https://www.gap-system.org/ForumArchive2/2015/005108.html lists some code that can be used for our purpose:

LoadPackage ("HAP") ;

G:=SymmetricGroup(4);

V:=AbelianGroup(IsPcGroup, [2,2,2]);;

gensV:=Generators0fGroup (V) ;

w:=GroupHomomorphismByImages(V,V,gensV,gensV{[2,3,1]1});
x:=GroupHomomorphismByImages (V,V,gensV, [gensV[1],gensV[2],gensV[1] *gensV[2] *gensV[3]]);
G1:=Group([w,x]);

iso:=GroupHomomorphismByImages(G,G1,[(1,2,3),(3,4)], [w,x]);

action:=function(g,v); return v~ Image(iso,g"-1); end;; (157)
A:=GOuterGroup();;

SetActedGroup(A,V);;

SetActingGroup(A,G);;

SetOuterAction(A,action);;

R:=ResolutionFiniteGroup(G,12);;

C:=HomToGModule(R,A);;

Cohomology(C, 1) ;Cohomology(C,2) ;Cohomology(C,3);Cohomology(C,4);Cohomology(C,5);
Cohomology (C,6) ; Cohomology (C,7) ; Cohomology(C,8) ; Cohomology (C,9) ; Cohomology(C,10);

The output is of the form [ 2 ] and so on. They give the Z, dimension 1,2, 2,3,4,4,5,6,6,7...forn =1,2,3,4,5,6,7,8,9, 10...,
we see our conjectured form 1+ f(n — 2) is correct.

Note that in the above w and z correspond to the generators (1,2,3) and (3,4) in S4, and operation-wise they
correspond to C3 and Co M, see analysis in the previous section. In the above code we need to use the transformation
on the basis functions, not coordinates. We have Cy = (12)(34) and M = (12), and that Cs: (x1, X2, X3) — (X2, X3, X1),
Cy: (X13X27X3) = (X2, X1, X1 Fx2+x3), M= (x1, x2, x3) = (X2, X1, X3), so that (34) = CoM : (x1, x2, x3) — (X1, X2, X1+
X2 +Xx3)-

Similarly, we can look at H*(S4,.A2). We have 032 (bl, bQ, bg) — (bg, bg, bl) and CQI (bl, bg, bg) — (bl, b1 + bg, b1 + bg)
and M : (by,bs,ba) so that CoM: (b1, by + ba, by + b3), so we just have to change the above operator x to

x:=GroupHomomorphismByImages(V,V,gensV, [gensV[1],gensV[1]*gensV[2],gensV[1]*gensV[3]]); (158)

we get dimension 2,2,3,4,4,5,6,6,7,8forn =1,2,3,4,5,6,7,8,9, 10..., so we see our formula 1+ f(n—1) again is correct.
(1243) = (34)(123) = (CaM)C3: (x1, X2, X3) — (X2, X3, X1) = (X2, X3, X1-FX2+X3), 50 that (14)(23) = (1243)%: (x1, X2, x3) —

(X3, X1 + X2 + X3, X1), and (13)(24) = C3: (x1, X2, X3) —~ (X1 + X2 + X3, X3, X2)-
We have also checked the restriction of Sy to A4 and Vo = (Cq, C%) = ((12)(34), (13)(24)). The relevant lines are

G:=Group((1,2)(3,4),(1,3)(2,4));

G:=AlternatingGroup(4);
c3:=GroupHomomorphismByImages (V,V,gensV, [gensV[2],gensV[3],gensV[1]]);
c2:=GroupHomomorphismByImages(V,V,gensV, [gensV[2],gensV[1],gensV[1]*gensV[2]*gensV[3]]);
cp2:=GroupHomomorphismByImages(V,V,gensV, [gensV[1]*gensV[2] *gensV[3],gensV[3],gensV[2]]);

we have
H"(Va, Ay) = 252,
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H™(Ayg, Ay) =z

where m|n] is the function defined before. These results are in agreement with Table [6]
Changing the above c2 to

c2A2:=GroupHomomorphismByImages(V,V,gensV, [gensV[1],gensV[1]*gensV[3],gensV[1]*gensV[2]]);

G1l:=Group([c3,c2A2]);
iso:=GroupHomomorphismByImages(G,G1,[(1,2,3),(1,2)(3,4)],[c3,c2A2]);

we check the following is true for n =1, ..., 10
H™(Ag, Ay) = 2311

Hn(A4,.A2) _ Zng:0+5n,>om[n—1]’

We can further check Op,: using (
Oh:=Group((1,2,3),(3,4),(5,6));

as a side comment, we can construct its resolution using
ROh:=ResolutionFiniteGroup(0Oh,6);

Then we define
w:=GroupHomomorphismByImages(V,V,gensV,gensV{[2,3,1]1});

x:=GroupHomomorphismByImages (V,V,gensV, [gensV[1],gensV[2],gensV[1]*gensV[2] *xgensV[3]]);
y:=GroupHomomorphismByImages(V,V,gensV,gensV) ;
oh:=Group([w,x,yl);
iso:=GroupHomomorphismByImages (Oh,oh, [(1,2,3),(3,4),(5,6)]1, [w,x,y]);
R:=ResolutionFiniteGroup(Oh,10);;
for n in [0,1,2,3,4,5,6,7,8,9] do
Print (Cohomology(C,n),";;");
od;

we see that dimension is 0,1, 3,5,8,12,16,21,27, ... which agrees with 1 +n+ > .- f(i — 2), so we see that the spectral
sequence does collapse at FEo. Similarly, by using the x for Ay (see (158)) ) we get dimension 1, 3,5,8,12,16, 21,27, ...
which agrees with 1 +n+ Y " f(i — 1), so also collapses at Es.

As another example, let us calculate the cohomology for Cy, = Z32 under the action ds, dg and dy, ds, relevant for the
group No. 42, Fmm2 (we are interested in as the E5 page of the LHS spectral sequence does not collapse). The action
ds, dg applies to the ¢ = 1 line and dy4, d3 applies to the ¢ = 2 line of the spectral sequence.

The code for ¢ =1 is

LoadPackage ("HAP") ;

G:=Group((1,2)(3,4),(1,3)(2,4));

V:=AbelianGroup(IsPcGroup, [2,2,2]);;

gensV:=Generators0fGroup (V) ;

c2:=GroupHomomorphismByImages(V,V,gensV, [gensV[2],gensV[1],gensV[1]*gensV[2]*gensV[3]]);
m:=GroupHomomorphismByImages(V,V,gensV, [gensV[3],gensV[1]*gensV[2]*gensV[3],gensV[1]]);
G1:=Group([c2,m]);

iso:=GroupHomomorphismByImages(G,G1,[(1,2)(3,4),(1,3)(2,4)],[c2,m]);
action:=function(g,v); return v~ Image(iso,g"-1); end;;

A:=GOuterGroup() ;;

SetActedGroup(A,V);;

SetActingGroup(A,G);;

SetOuterAction(A,action);;

R:=ResolutionFiniteGroup(G,12);;

C:=HomToGModule(R,A);;

Cohomology(C, 1) ;Cohomology(C,2) ; Cohomology(C,3) ; Cohomology(C,4) ; Cohomology(C,5) ;
Cohomology(C,6) ;Cohomology(C,7) ;Cohomology(C,8) ;Cohomology(C,9);Cohomology(C,10);
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and we get H"(Cy,, H(Z%,Zy)) = 752,

The code for ¢ = 2:

CyThCo ==1515_% CoT5C, ::717;‘{ CyT5C, ::QE_H A[]HA4’::]5]E‘R MToM =Ty, MT5M = ToT Y,

For g; = Ty TY' Ty with ¢ = 1,2, define the three translation 2-cocycles as by (g1, g2) = y122, b2(g1, g2) = 2122, and
b3(91,92) = z1y2. We have

(C2.01)(g1, g2) = b1(Cag1Ca, CagaCs) = by (ToTy )™ (ThTy ) Ty ™, (ToTy ) ™2(Th Ty )2 Ty 72) = o1 (2a+yat22) = (ba+b3)(g1, g2)

(C2.b2) (g1, g2) = b2(C2g1Ca, C292C2) = by (To Ty )™ (T Ty ") Ty # (To Ty )2 (T Ty )2 Ty *2) = (z14y1+21)y2 = (b1+b3) (g1, 92)
(C2.b3) (g1, g2) = b3(Cag1Ca, C292Cs) = bs(ToT5 )™ (Th T3 ")V Ty =, (ToTy )2 (A Ty )2 Ty *2) = yrava = bs(g1, g2),

(M.b1) (g1, 92) = bi (Mg M, MgsM) = by (T T3 ") T3 (ToTy )~ (T Ty )P T (T Ty ) 772) = (mi+yi+21)22 = (ba+bs3) (g1, 92),

(M.b2)(g1,92) = ba(Mgi M, Mgy M) = by(ToT5 ) T (115 )™ (T Ty )2 TH (1o ) ™) = @120 = ba(g1, 2),
(M.b3)(g1,92) = b3(Mgi M, MgsM) = bs(ToT5 ") Ty (T 1)~ (To Ty )2 T2 (T Ty 1) ™) = z1(za+ya+z) = (bi+b2) (g1, 92),

In summary, we have Co.(b1, b, b3) = (ba + b3, by + b3, bg), and M.(b1,ba,b3) = (ba + b3, ba, by + ba), writing the general
form as j1b1 + jabo + j3bs, we have CQ.(]1b1 + jabo +33b3) = Joby + J1bs + (]1 + o +j3)b3 and M.(j1b1 + jobo + j3b3) =
Jab1 + (j1 + ja2 + ja)b2 + j1bs, therefore

J1 010 Ji1 J1 0 0 1 Ji
Cs. Jo = 1 0 0 J2 , M. J2 = 1 1 1 J2 ,
J3 111 J3 Ja 100 Ja

G:=Group((1,2)(3,4),(1,3)(2,4));

V:=AbelianGroup(IsPcGroup, [2,2,2]);;

gensV:=Generators0fGroup (V) ;
c2:=GroupHomomorphismByImages (V,V,gensV, [gensV[2] *gensV[3],gensV[1]*gensV[3],gensV[3]]);
m:=GroupHomomorphismByImages (V,V,gensV, [gensV[2] *gensV[3],gensV[2],gensV[1]*gensV[2]]);
G1:=Group([c2,m]);

iso:=GroupHomomorphismByImages(G,G1, [(1,2)(3,4),(1,3)(2,4)],[c2,m]);
action:=function(g,v); return v~ Image(iso,g"-1); end;;

A:=GOuterGroup() ;;

SetActedGroup(A,V);;

SetActingGroup(A,G);;

SetOuterAction(A,action);;

R:=ResolutionFiniteGroup(G,12);;

C:=HomToGModule(R,A);;

Cohomology(C,1) ;Cohomology(C,2) ;Cohomology(C,3) ;Cohomology(C,4) ;Cohomology(C,5);
Cohomology (C,6) ;Cohomology (C,7) ;Cohomology(C,8) ;Cohomology(C,9) ;Cohomology(C,10);

and we get H"(Ca,, H2(Z3,Zy)) = Z5=0T".

The HAP package documentation chater 7 contains many useful comments: https://gap-packages.github.io/
hap/tutorial/chap7.html, https://gap-packages.github.io/hap/tutorial/chapll.html, and this paper by Ellis
https://www.sciencedirect.com/science/article/pii/S0747717104000343; a Chinese Physics Letters paper is a
very good complement to it:https://arxiv.org/pdf/2005.06572.pdf

Now we study along the line of the Chinese Physics Letters paper, for the Sy group. In GAP, using the HAP package
one can obtian a resolution for Sy. There are basically two commands we can use:

R:=ResolutionFiniteGroup(G,15);

or
Rsmall:=ResolutionSmallGroup(G,15);

I think the ResolutionFiniteGroup command uses Algorithm 3.2.2 (see Graham’s book P230), which is the classifying
space/ CW-space method; while the ResolutionSmallGroup command uses Algorithm 3.2.1 (P228), which is more related
to the bar resolution (but only keeping the linearly independent basis). First all, checking R!.elts=Rsmall!.elts; gives
true, so the elements of Sy are numbered the same way in both resolutions.

59


https://gap-packages.github.io/hap/tutorial/chap7.html
https://gap-packages.github.io/hap/tutorial/chap7.html
https://gap-packages.github.io/hap/tutorial/chap11.html
https://www.sciencedirect.com/science/article/pii/S0747717104000343
https://arxiv.org/pdf/2005.06572.pdf

The R has first dimensions (for n =0,1,...,12) 1,3,6,10, 15, 21, 26, 29, 30, 32, 37,42, 48... while Rsmall has first dimen-
sions 1,2,3,4,6,7,7,7,7,7,7,9,10.... Since for Sy the ResolutionSmallGroup command gives significantly smaller chain,
we will work with it.

We have f: F — F, where F is the small resolution from GAP. F is stored in the form of - - - aki) Ry AN Ry 8k—71>

-+, where each Ry is several copies of ZG with basis denoted as ey, ..., ei’“, where {;, = Rsmall!.dimension(k). The
boundary map O is accessed via Rsmall! .boundary (k, j) for j = 1,2, ..., ¢}, and the output is Rsmall! .boundary (k, j) =
{a1 e Ay W } telling the basis and the group element the basis e maps to.

Flrst note that Sy is now labeled as: g1 = (), g2 = (34), g3 = (23), g4 = (234), g5 = (243), g6 = (24), g7 = (12),
gs = (12)(34) g9 = (123), gio = (1234) g11 = (1243) g12 = (124), g13 = (132), g14 = (1342), g15 = (13), g16 = (134)
917 = (13)(24), g1 = (1324), g19 = (1432), g2o = (142), g21 = (143), ga2 = (14), g2z = (1423), g2y = (14)g23)-

To work out f for the first few degrees: note that the basis for Rsmall are e}, e, e3>, e§’2’3’4, ey > %% and so on.
The chain map can be extracted from Rsmall!.boundary(k, j), and we list the first few of them:

del =
861 -

(=91 + g5)eq,

(=91 + g23)€p,

dey = (912 + 916 + gaa)el,

de3 = (9o + gr0)er — (g5 + go + 9o + g10 + 913 + gra)ed,

de3 = (g4 + g12 + 915 + g10)ed,
(
(—
(—

des = (910 — g1a)es,

de3 = (=93 + gs)e3,

des = (—ga + gr)es,

dez = —(go + g10 + g12 + 915 + 16 + 918 + gas + g2a) €3 (159)
+ (g1 + 93+ 94 + g7 + 9o + g10 + 913 + g1a + 915 + g16 + 917 + g18)€3
+ (g7 + g8 + go + 910 + g11 + g12 + 913 + g1a + g15 + G16 + 917 + g18 + G1o + G20 + g1 + g2z + a3 + gaa)ed,

dey = —(g10 + g2a)e3,

(
3642; =—(g1 + 912+ 920)€§7

det = (g1 + gio + g17 + gig)es,

ey = (—gs + ga)es — (g3 + grs)es + (—g1 + ga)es,

deq = (=92 + g5 + 913 — g15)es — (92 + g16)e3 + (—g1 + g3)es,

de§ = (—g3 + g13)es — (911 + gr2)es + (91 + 92 — g7 — s — 911 — 912 — 13 — G1a)es + (—g1 + g7)es,

and so on. We checked that 9% = 0. For example:

326% = 361(99+910)*36%(95+96+99+910+913+914) = (—g91+95)(99+910) — (—91+923) (95 + 96 + 9o+ 910+ 913+ g14) = 0.

Note: here it is very important to formally put the basis e} on the left of the group elements: only this way after taking
differential the newly obtained group elements appear on the left of the existing group elements, and only this way the
product of group elements agree with the usual convention. In other words, it seems to be more appropriate to write

€ g1 +go)
g1+ g23),

(=
(=
(912 + 916 + g24), (160)
(
(

(&

€

e1(g9 + g10) — 61(95 + g6 + 9o + g10 + 913 + g14),
e1(g4 + g12 + 915 + 919)

1 1
€1 0
2 1
€1 0
1 1
€2 1
2 1
€2 1
3 2
€2 1

and so on. Accordingly,
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Using f(e}) = sp—1fx—1(e}), we have (note below has used mod-2 reduction)

filel) = sofo(Oer) = sofo((—g1 + g5)ep) = so((—g1 + g5)[]) = —[g1] + [g5],
fi(e]) = sofo(0e) = Sofo( g1+ g23)eg) = so((—g1 + g23)[]) = —[g1] + [g23),
fa(e3) = s1f1(9e3) = s1f1(

[924]91] + [912195] + [g16]95] + [g24]95],

(-
(-
(912 + 916 + g2a)e1) = s1((g12 + g16 + g24) (—[g1] + [g5]))
—[g12]91] — [916|91]
(

fz(eg) = 51f1(8€2) =s1f1((g0 + 910)61 (95 + 96 + 9o + 910 + 913 + 914)6§) (161)
= 51((99 + 910)(—=[91] + [95]) — (95 + g6 + g9 + 910 + 913 + g14)(—[01] + [923]))
= [95191] + [96]91] + [913]91] + [914]91] + [9095] + [g10g5]
= [g51923] — [961923] — [90]923] — [910l923] — [913923] — [914]925],
fz(eg) = 81f1(3€§) = s51f1((gs + 912 + 915 + 919)6%) = 51((94 + 912 + 915 + 919)(—[91] + [923]))

—[94l91] — [912]91] — [915]91] — [919]91] + [94|923] + [912|923] + [915]923] + [g10]923],

We will also need the other contracting homotopy. However, the resolution above, constructed via ResolutionSmallGroup,

does not give a contracting homotopy. Instead, the othe rresolution ResolutionFiniteGroup does give a contracting ho-
motopy. We will use that to construct the map — see later.

For [a] € H*(G, M) corresponding to the (normalized) bar resolution, we have & € Homgzg(Fy, M). Using f: F — F
we have f*: Homgg(Fy, M) — Homgzg(F), M), then for = € Fy, (f*(a))(x) = a(f(x)), this way we can convert a cocycle
that is a inhomogeneous function (i.e. obtained from the normalized bar resolution) to a cocycle in F.

We can also use the map f to see if a cocycle is a genuine one one a coboundary. we can construct the most general
coboundary 3 using the (normalized) bar resolution: write the map 3 to get ao(y) = (dB)(y) for y € 4 Then the question
is if there is a solution for ag(f(z)) = a(f(x)).

We tried using the coboundary of the (normalized) bar resultion F' (Basically any set-theoretical function @(gy, ..., grn_1)
and make (d@)(g1, g2, -, gn)) and map it to F via f: F — F (using the induced map f*@). We hope that the condition
we used to check whether a cocycle @& is a coboundary (whether there exists 3 s.t. & = df) can be directly mapped to
F and solve it. However, it seems that the image of the function in F' cannot serve as the criterion that a cocycle is a
coboundary (see mathematica for detail).

To check whether a cocycle is a coboundary (in F'), let’s use the criterion outlined in the Chinese Physics Letters
paper: suppose o € Homzg(Fy, M), the task is to determine whether there exists 8 € Homyg (F—1, M) s.t. a=dB. We
take (a, et) = (dB,el), which gives (o, el) = (B,0et). Recall that det = > eiilgsz, so {a,el) = Zj<ﬁ,ei71g53), which
is (o, el) = > R(gs;)w7 ei_1>, where R(g) is the matrix corresponding to g, obtained from the action of G on M. Note
that we have used the fact that (o, gx) = g.{a, z) for x € F), and o € Homgg(Fy, M). From this we can construct the

matrix A as mentioned in Eq. (47) of the paper. To be more precise: we construct the following matrix Aqeg(k—1),deg(k)
where for any GAP entry [j,1] that lies in Rsmall!.boundary(k,i);, we write

[Adeg(k—1),deg(k)]3j:3j+3,3i:3i+3 += R(g1), (162)

note the += sign as in Rsmall! .boundary(k,i); there are usually several entries with the same j. j runs over the basis
of Fy—; while i runs over the basis of Fj. After obtaining Ageg(x—1),deg(k), We do Smith decomposition for the transpose

of Adeg(k—1),deg(k):
T
L (Adeg(h—1),des(ky) R = A, (163)

where A is diagonal and L, R are matrices with integer entries. Following the Chinese paper, we check the zero diagonals
of A, say the last r entries of the diagonal of A; then we look at the last  entries of the vector

La, (164)

where a is the value of the cocycle & (that we want to check wether is a genuine one), i.e. a = (@,e}) for i = 1,2, ...,
(note that for our H*(S4,.A1) calculation each (@, e}) is a three component vector so we just flatten all these vectors as
i=1,2,... to get a). If the last r entries of La are all zero, then & is a coboundary, not a cocycle; if at least one of the
last 7 entries of La is nonzero then & is a genuine cocycle.

Using the above method, we have checked that v® and v are the same cocycle, and that v* and 1?2 are also the same
cocycle.

So we have v? = v1) and v* = 2.

General lesson learned: using contracting homotopy, one can establish the mapping between the bar resolution and
the resolution given by GAP. The latter has the advantage of being very small while the former has the advantage of
having an explicit cup product. Furthermore, there is an effiicient algorithm (given above) in the latter to check whether

61



a cocycle is a coboundary. By combining all these tools (and furthermore, the spectral sequences), we have a complete
way to determine the cohomology ring structure.

Now let us construct the map from the bar resolutino to the resolution given by ResolutionFiniteGroup, using the
contracting homotopy provided by the latter. Denote this map by ¢g: F' — F. Then we have

9([9:]) = 5090([gi]) = s0g0(g:l] — [1) = so(gieg — €5) = so(gieq) — s0(€g),

note that the contracting homotopy in GAP is given in the form of sk(giei) = R!.homotopy(k, [j,1i]), where ¢ =
1,2, ...,24 runs over all the elements of Sy.

We have written code in Mathematica so that a cocycle in F (obtained now from ResolutionFiniteGroup) can be
converted using the contracting homotopy of F to an inhomogeneous function associated with the bar resolution F. We
first find the most general form for degree-3-cocycle in F, then map it to F, then map it to F’ which is obtained from
ResolutionSmallGroup. Then we were able to check that 7 is a genuine cocycle and that vt is also a genuine cocycle.
So so far we have

n=1:(v); n=2:0%¢); n=3:0=vY,1); n=4:(@=¢> v k),

where we have introduced the 4-cocycle k. For n = 5, upon checking we guess

5

n=5: (U5 vk = v = Y1, W, W)

6

For n = 6, we should have v%, vk, Yk, v, vw, 72, we know only four of them survives. Let’s see. We get 72 = vw = vw

abd v2k = ¥k, so we have
n=6: (% vk =YK, 7° = vw = vw, )

3

where we have introduced a new generator £. Then for n = 7: we need to check v7, v3k, v72, V€, Yw, Yw, and Tk. It

turns out we have v72 = v€ = Y = Yw = TkK, so we have

n="7 W,k v =0 = Yw = Yw = TkK,0,5),

where there are two new generators, ¢ and g.
2,2 4, .22

We find at n = 8 the following relation: 7w = 7w, v272 = k*; the following four are independent: v®,v*k, v?72, Tw.

For the other two, vo and vs, we have not checked whether any relation exists among them and v®, v*k, v272, Tw exist as

the computation takes too much time. We will come back to it later.
Conjecture (the n = 8 seems to be against this):

H*(S4, A1) = Fa[v,9), 7] U [Fafa, pj72] 87942 / (),

where the action Zsz on a,b is a — b,b — a + b; the relation ~ is ¢v = v? and 1? = v? and that that any elements of the
[F3[a, b)%s]des=dee+2 must equal to the element in Fo[v, 7] with the highest power of 7.
For our convenience it’s idea to construct the space group from scratch:
Tti:=[[1, O, O, 01, [0, 1, O, 1/2], [0, O, 1, 1/2]1, [0, O, O, 111;
T2:=[[1, 0, O, 1/21, (O, 1, O, O], [0, O, 1, 1/2]1, [0, O, O, 111;
T3:=[[1, 0, O, 1/2], [0, 1, O, 1/2], [0, O, 1, O], [0, O, O, 111;
c3:=[[0, 0, 1, 0], [1, O, O, O], [0, 1, O, O], [0, O, O, 111;
p.=[[-1, 0, O, 01, [0, -1, O, O], [0, O, -1, 01, [0, O, O, 111;
c2:=[[-1, 0, O, 1/4], [0, -1, O, 1/41, [0, O, 1, 0], [0, O, O, 11];
c¢2p:=[([-1, 0, O, 1/4], [0, 1, O, O], [O, O, -1, 1/4], [0, O, O, 117;
M:=[[0, 1, O, 01, [1, O, O, O], [0, O, 1, O], [0, O, O, 111;
G:=Group(T1,T2,T3,C2,C2p,C3,M,P);
Gp:=IsomorphismPcpGroup (AffineCrystGroupOnRight (Generators0fGroup (TransposedMatrixGroup(G)))) ;
R:=ResolutionAlmostCrystalGroup(Image(Gp),5);

The last command gives a resolution for the space group of length 5, with contracting homotopy. The second last
command gives
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[(Pcé)Ta(MCB)T;Cgv(CQCZ)/T7057T2T7Tira(TlTQTs_l)TH -> [ gl: g2: g3, 84, g5: g6’ g7’ g8 ]

n—Modg (n)
),1)%

So we have (using MOy = 032M, (PC’é)Zm _ TQ_m and (PCé)Qerl _ PT{“C’é so that (PCé)" — PMon(n)T2(2Mod2(n
91" 95295 95" 957 96° 97" 95"

T
_ <T{L8+1’L7 T;8+n6 T3_n8 0515-&-714 Cém; C§Lg+2n2 M2 PMOd2(n1)T2(2MOd2 (n1)-1) %dz(nl) C;Modg(nl)) (165)

which can be find with the help of Eq. . See Mathematica for result.
Note that when computing No. 141 (14, /amd), it turns out we have [(PC4Cy)", (M), C5T, CT T4, TL , (W TxTy )T -> [ g1,

.\ n—=Mods (n)
hence the only nontrivial task is (PC5Cy)*™m*! = PMOd?(”)Tl(QMOdz(n) R C2CY,

To get contracting homotopy, we use (below we have executed R:=ResolutionAlmostCrystalGroup (Image (Gp),4);
which gives R!.elts of length 1621):

homotopy0:=List([1],j->List([1..1621],i->R! .homotopy(0, [j,1]1)));
homotopyl:=List([1..6],j->List([1..1621],i->R!.homotopy(1,[j,1i]1)));
homotopy2:=List([1..18],j->List([1..1621],i->R! .homotopy(2,[j,i]1)));

It is worth looking at the function ResolutionAlmostCrystalGroup a bit in more detail, give it is the only one that
is capable of producing (a partial list of) contracting homotopy. Such a function can be found in https://github.com/
gap-packages/hap/blob/e5e5a27ef66790490847b695924231d6a798744f/1ib/Resolutions/resACgroup.gi#l4. The
only input is the crystallographic group (in pcp format) G and the order of resolution K. Then this function automatically
gives the point group P, the translation group T, their respective resolutions RP and RT, the sujective mapping from space
group to point group, GhomP. Note that the point group resolution RP is obtained using RP: =ResolutionFiniteGroup(PC,K) ;.
Note that using GhomP : =NaturalHomomorphismOnHolonomyGroup (Image (Gp)) and P:=Image (GhomP) ; and PhomPC:=IsomorphismP
and PC:=Image(PhomPC); and RP:=ResolutionFiniteGroup(PC,4); we can get the resolution of point group used in
ResolutionAlmostCrystalGroup. We see it’s dimension List([1..4],x->RP!.dimension(x)); is [ 3, 6, 11, 18 1,
which is a different resolution from the one obtained using Oh:=Group((1,2,3),(3,4),(5,6)) and Oh:=ResolutionFiniteGroup (Ot
which gives resolution dimensions [4,10,20,35] and so on. On the other hand, the finite group resolution associated
with oh:=SmallGroup(48,48); has dimension [4,10,20,36], so all these are different resolutions produced by Gap.

Back to the point group resolution given in ResolutionAlmostCrystalGroup, which has dimension for p = 0,1, 2, 3, 4:
[1, 3, 6, 11, 18 1. The translation has dimension [1,3,3,1] so we have, for the tensor dimension at (p,q): (0,0) :
1,(0,1) = (1,0) : 3,(0,2) : 3,(1,1) : 9,(2,0) : 6,(0,3) : 1,(1,2) : 9,(2,1) : 18,(3,0) : 11, and so on, and there-
fore the dimension for n = p + ¢ is [1,6,18,39,72], and so on. This is indeed confirmed in gap by looking at
List([1..4],x->R!.dimension(x)) ;.

Then it uses the function ResolutionExtension(GhomP,RT,RP,"Don’t Test Finiteness");) to output the desired
resolution for GG. Therefore our next focus is on this function ResolutionExtension(GhomP,RT,RP,"Don’t Test Finiteness");).
This function is given at https://github.com/gap-packages/hap/blob/e5eba27ef66790490847b695924231d6a7987441%/
lib/Perturbations/resExtension.gi#L4. Note that the following website constains basic information about group co-
homology of space groups: https://docs.gap-system.org/pkg/hap/www/SideLinks/About/aboutSpaceGroup.html.

Note that now we have EEhomGG:=arg[1];, RN:=arg[2];, and RG:=arg[3];. Now the total group has been called
E:=Source (EEhomGG) ;, where the quotient group is called G:=Image (EEhomGG) ; and the translation is now called N:=RN! . group;.

We see that in ResolutionExtension(GhomP,RT,RP,"Don’t Test Finiteness");) thereisaline: for gn in Generators0fGz
which tells how elements of the total group are appended to the group element list. Then there is this ELtsE:=SSortedList (E1tsE) ;
which sorts the elements, and the additional three lines (we omit them here) makes sure that the identity element is always
the very first element.

The out put of ResolutionExtension(GhomP,RT,RP,"Don’t Test Finiteness");) is T, which is calculated via
T:=TwistedTensorProduct (RG,RN,EhomG, GmapE, NhomE,NEhomN,E1tsE,MultE, InvE) ;.

The only thing between this line and the return T; line is appending element line T! . appendToElts:=AppendToElts;
Therefore we will care about the function TwistedTensorProduct, which can be accessed in https://github.com/
gap-packages/hap/blob/e5e5a27ef66790490847b695924231d6a798744f/1ib/Perturbations/twistedTensorProduct.
gil

Note that in the function TwistedTensorProduct, there inputs are R,S,EhomG, GmapE , NhomE , NEhomN ,E1tsE,Mult, InvE.

We see that R is the resolution RG, i.e. resolution of the point group, where S is the resolution RN, i.e. the resolu-
tion of the translation. The only type that the point group contracting homotopy is substantially used is this line
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htyl:=HomotopyR(p, [r,g1]); where there are three types the contracting homotopy of the space group is used: twice
r:=ShallowCopy (HomotopyS(q, [tensor[2],g]));, and once hty:=HomotopyS(q, [s,g2]) ;.

Here the important function is HomotopyGradedGen:=function(g,p,q,r,s,bool): here p and q specify the entry,
and r and s specify the index of basis for the p and q entries, respectively; and g is an element of the total group E.
The function starts with g1:=EhomG(g) ;g2:=EmapN(g) ;Egl:=GmapE(gl) ;Eg2:=NhomE(g2) ;, where gl lives in the point
group and g2 lives in translation, and Egl, Eg2 are like their liftings.

Note that the final output for contracting homotopy is given in the line homotopy : =FinalHomotopy, which is a function,
that outputs the function Homtpy(n,x) whenever we have the contracting homotopy available for both the translation
and point groups. Therefore we just need to focus on the function Homtpy. Note that FinalHomotopy uses Homtpy once,
which uses the function HomotopyOfWord, which makes use again the function Homtpy, i.e. Homtpy is applied recursively.

To start with, let’s first take down the homotopy and boundary map for translations. The translations are obtaine by
taking

GhomP : =NaturalHomomorphismOnHolonomyGroup (Image (Gp)) ;
which out puts [ g1, g2, g3, g4, gb, g6, g7, g8 1 -> [ g1, g2, g3, g4, gb, id, id, id ];thenP:=Image(GhomP);
and T:=Kernel (GhomP) ; gives the point group and translation group. Next we take nilpotent group resolution to get the

resolution for translation:
RT:=ResolutionNilpotentGroup(T,K);

where we set e.g. K=5. the resolution RT has dimension 1,3,3,1; and the group elements RT! .elts gives [ id, g6, g7, g8 1;
We then have RT!.boundary(3,1) gives [ [ -3, 11, [ 3,21, (2,11, [-2,31, [-1,11, [1,47]]1,
meaning that
17}
ez — (g8 — 1)ed + (g7 — 1)e3 + (g6 — 1)e3, (166)
and List ([1..3],x->RT!.boundary(2,x));gives[ [ [ -2, 11, [ 2,27, [ 1,11, [-1,311,[C-3,11,TI3,:
which are

e 4 (=97 + ey + (g6 — et
e3 % (—gs + el + (g — Ded, (167)
€5 % (g8 + Vel + (g7 — Dl
Then List([1..3],x->RT!.boundary(1,x));givesl{ [ [ -1, 11, [ 1,211, (C-1,1]1, 01,311, [[-1,11,
e 2 (g5 — Do,
2 % (g7 — eo, (168)
et % (gs — eo,

and finally one can check RT! .boundary(0,1); that eg 3> 0.
Then, contracting homotopy. Using List ([1..4],x->RT! .homotopy(0,[1,x])); and so on we get
eo =0, geeo —>ei, greo — €7, gseg — e,
e1 >0, geey >0, gre] = —e3, gse] — —e3,
el =0, geel =0, grel —0, gged — —es,

3 3 3 3
€1 — 07 ge€1 — 07 grel — 07 gsey — 07

(169)
e% — 0, ggeé — 0, g7e§ — 0, gge% — €3,
6% - Oa gGeg — 07 9763 — 07 9863 - Oa
eg — 07 g6eg — 07 9763 — 07 ggeg — Oa
ez — 0, ge€z — 0, gres — O, gses — 0.
We can extend ot to obtain a full contracting homotopy:
6‘?, T3 S g
2
et, T3¢9, Tr€y
ey — 170
ge0 el, Ts¢gTa¢gTicyg (170)
0, g=1d
—6%, T;5 € g —e3. The
whod —d meames oo { T oo (a7)
0, g = rest ’
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1 —e3, Izeyg 2 3
ges; — { 0, g = rest ge; — 0, ges; — 0. (172)

I think if we use the polycyclic notation (i.e. if we define symmetry matrices and then convert to pcp group and use
ResolutionAlmostCrystalGroup then the translation part should always be as above (the only change is the subscript
of translation generators g;i1, gi+2, gi+3, where i is the number of point group generators).

With this it is obvious for arbitrary g € T, how the homotopy looks like.

A few more functions: first set the notation as in twistedTensorProduct, https://github.com/gap-packages/hap/
blob/ebe5a27ef66790490847b695924231d6a798744f/1ib/Perturbations/twistedTensorProduct.gi. Recall that to-
tal group is called E, translation N and point group G. p labels row which runs the resolution R for the point group G and
translation resolution is called S. The resolution for the total group E at place n is formed by all the tensor product of basis
of the two smaller resolutions at all p+q = n. The indexing can be see in the functions DimPQ, Int2Pair and Pair2Int: the
sum if over for j in [0..q] do, meaning that the increasing indexing gomes for ¢ = 0 first, then ¢ = 1, then ¢ = 2, and
so on; for the m’th basis, 0 < m < n—1, we have the unique decomposition m = DimPQ(p+1,q-1) +7-DimensionS(q) +s,
ie. m — (p,q,7,s), where (r,s) describes the indexing within the E{*? entry, with the convention that it takes e ® e,
where e;, € R is a basis vector for the point group resolution and e € S is a basis vector for translation group resolution.
Note that gap indexes things from 1 onwards.

Note that the following commend can access the cocycles. As an example, consider F222:

T1:=[[1’ O, O, 0]’ [0’ 1) o, 1/2]’ [o, 0, 1) 1/2], [O) o, O, 1]];;

T2:=[[1, 0, O, 1/2], [0, 1, O, O], [0, O, 1, 1/2], [0, O, O, 111;;
T3:=[[1, 0, O, 1/2], [O, 1, O, 1/2]1, [0, O, 1, O], [0, O, O, 111;;
c2:=[[-1, 0, 0, 1/4], [0, -1, 0, 1/4], [0, O, 1, 01, [0, O, O, 111;;
c2p:=([-1, 0, O, 1/4], [0, 1, O, O], [O, O, -1, 1/4], [0, O, O, 111;;
G:=Group(T1,T2,T3,C2,C2p);
Gp:=IsomorphismPcpGroup (AffineCrystGroupOnRight (Generators0fGroup (TransposedMatrixGroup(G))));
R:=ResolutionAlmostCrystalGroup(Image(Gp),10);
List([1..8],x->Cohomology (HomToIntegers(R) ,x));
which gives the cohomology with Z coefficient. The first ones are n =0: Z, n = 1: 0, n = 2: Z3, n = 3: Z2Zy7Z, n = 4: 7§
and so on. Let’s continue towards getting the cocycles:

TR:=TensorWithIntegers(R);;

M1:=CocycleCondition(R,1);;
M2:=CocycleCondition(R,2);;
M3:=CocycleCondition(R,3);;

and so on. Note that these matrices M1,M2,M3 are not themselves the coboundary matrices. In fact, as we checked, these
matrices are the row reduced versions of the boundary matrices that we get from the boundary maps, which give the
same nullspaces, i.e. they do give the correct cocycles, including all the coboundaries. These cocycles are be obtained by

SolutionsMod2:=NullspaceModQ(TransposedMat (M3),2);

keep in mind again that these include all the coboundaries. But the true cocycles are easy to obtain once we transcribe
these to Mathematica.

Then, after finding a cocycle which we call uCocycle, one can use the following to obtain the cup product of it with
another cocycle say vCocycle. We use the basics of gap system to define such a function (See https://docs.gap-system.
org/doc/ref/chap4.html#X815F71EA7BCOEB6EF| for how to define a function).

ucupv:=function(R,uCocycle,vCocycle,p,q)

local w,sw,i,x,uvCocycle;
uChainMap:=CR_ChainMapFromCocycle(R,uCocycle,p,q);
uvCocycle:=[];

for i in [1..R!.dimension(p+q)] do
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w:=uChainMap([[i,1]11);
sw:=0;
for x in w do
sw:=sw+SignInt (x[1])*vCocycle [AbsoluteValue(x[1])];
od;
uvCocycle[i] :=sw;
od;
return uvCocycle;
end; ;

where on the first line one substitute uCocycle with any cocycle to be cup with, and p is its degree; then the other cocycle
to cup is denoted vCocycle, having degree q.

See the function cupProduct at the page https://github.com/gap-packages/hap/blob/47189249ba64d39a4d4edf lafeebbaT:
1ib/Rings/cupProduct.gi#L5| for details.

23.1 Final results for Fd3m

Here we look at the maximal symmetry group Fd3m. This group is generated by three translations T} 23, two twofold
rotations Cy and C} along two perpendicular axes with axis (1/8,1/8,0) + 2 and (1/8,0,1/8) + g, respectively, a Cs
rotation, a mirror reflection M and inversion I. They act on the coordinates (z,y, z) in the following manner:

Cy: (z,y,2) > (—x+1/4,—y+ 1/4, 2),
Ch: (x,y,2) = (—x+ 1/4,y, —z + 1/4),
Cs: (z,y,2) = (2,2,y), (173)
M: (z,y,2) = (y, 7, 2),
I: (z,y,2) = (—x,—y, —2).

We have the following relations among the generators,
CoT Coy = Ty ' Ty, CoTyCy = Ty ' Ty, CyT3Cy =Ty ',
CyChH =Ty ' Ty,  CyTCL=T,",  CyI3C, =T, 'Ty,  CyCh = CCs,
C3TCyt =Ty, C3ToCy 't =Ty, C3T3C5 " =Ty, C3CoC5 = CoCh, C3CH05t = Cy, (174)
MT\M =Ty, MToM =T, MT3M =T, MC3M =C;"', MCyM = Cy, MC,M = CyC%,
ITMI =T, ITyI=Ty"' ITyI=T;' ICyI=T;'Cy, ICLI=T,'Cl IC3I=C3, IMI=M.
An arbitrary element in Fd3m can be written as g = TFTYTFC5(C)¢ (Cs)EM™I?, with x,y, z € Z, ¢,¢/,m, i € {0,1} and

d € {0,1,2}.
The Zy cohomology ring of Fd3m is given by

H*(Fd3m,Zs) = Zs[Am, Ai, Bs, Bo 4, Csy, Cnnl/ (R3, R4, Rs, Re), (175)
where the relations are

Rz: A;Bs =0, (
Ryt AiCyy = ApCoy =0, Bj,,=DBsioAi(Am +A;), BaieBs+ ApChpy = AiCpy =0, (
Rs:  BpigCsy = BayeCy =0, (176¢
Re:  C2 =CoyCy. (

6+4+4+24242+5+5 = 30-5-3-2-2-1 = 17 - 2 = 15, so 2 relations at R5.
When restricting to the subgroup F43m, we have

Bﬁ+¢|F13m = BB + B¢7 On'y‘FZLSm = C’y + C’y' +Csw, . (177)
We list the elements in each degree:

HY(Fd3m, Zs) = (A, Ai) = (L)%, (178a)
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H*(Fd3m,Zy) = (A2,, A, A;, A2, Bg, Bs) = (Z,)®, (178b)
Hg(ngmaZQ) = <A73naA$n,A77AmA125A?a AmB57 OS?/); AmBﬁ7A1B57 O’Y'> = (22)97 (178C)
H*(Fd3m,Zy) = (A}, A3 A;, A2 A? A, A3 A}, A2 Bs,Bj; A2 Bs, AmA;Bg, A7Bg;  BsBg) = (Z)"; (178d)
HS(ngma ZQ) = <A§naAiqu,AzzA%aAgnA?aAmAvafv A?nBzi,AmBg; B5Csw>

U (A2 Bg, A2 A;Bg, A A?Bg, A?Bg; A BsBg;  BsC.) = (Z2)", (178e)

HMF23(Fd3m, Zy) = (A, AR A, AR U | ) (48,BY) U Bkca,)
p+2q=Fk 2p+3q=Fk
g1 g1

U (A} *Bg, AP AiBg, . A2 Bgyu | | (45,BIBg) | U U (BsBjCL)

p+2q+2=k 2p+3q+2=k
q>1 g1
U ( U <CZ[/1307/>> ~ (ZQ)1+f(k)+f(k—1)+f(k—2)+2f(k—3)’ (178f)
k=0 mod 3

The first line gives the ¢ = 0 row of the spectral sequence E%0 = E;f’o = (ZQ)P("): with P(k) given by the number of
solutions to the first line

Plk)=k+2+ E} + [lg} — 0k=1mod 6 — Ok=0 mod 2 =2 — k+ f(k) + f(k = 1)+ f(k = 2) + f(k — 3),

while the second line gives the ¢ = 2 row of the spectral sequence E¥2:2 = E§_2’0 = (Z)?™ with

k—2 k—2
Q(k)zk‘—l—i—(l—i— [2] —1)+<1+ [6} _5%@2—1mod6_5k—0mod2>+6k—0mod3:k_1+f(k_3)

see Eq. (?7?) for definition of f(k).

24 About differentials

24.1 Pyrochlore d,

Recall that H'(Oy, H'(T,Z3)) = Zs = (v), and that H*(Oy,Zs) = Falz,71,y,c|/(yc), with H?(On,Z2) = Z} =

(23, 2221, w23, 23, vy, 19, €). It turns out that

dy': HY Oy, H\(T, Zy)) — H>(Oy, Zs) (179)
sends
dy': vz, (180)
which was worked out in Mathematica.
We also checked that
d>': H(On, H\(T, Z3)) — H*(On, Zs), (181)

with H?(Oy, HY(T, Z2)) = (v?,4,v1), where we defined vt to be the third cocycle that lives in H!((P), H!(Oy, A1)). We
also have H*(Oy,Zy) = 730 = (x*, 232y, 2222, 223, 21, y?, 2%y, 23y, 21y, v1¢). The map dg’l has the form

Kerdy!' =0, (182)

dg’l cvt e amy, U xry +rie, vl Ty, (183)

Using the method of Qing-Rui Wang, Cheng Meng, arXiv2104.13233 (see the next subsection), i.e. Eq. (192), we were
able to verify our conjecture for F'd3m for the following entries:

ker(dy®: EQ® — E3?) =0, ker(dy®: Ey® — E3?) =0, ker(dy®: E3® — Ey?) =0, (184)

This uses the following code:
Application to da'': H?(Oy,, H3(T, Zy)) — HP2(0y,, H*(T, Zs)):
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LoadPackage ("HAP") ;
Oh:=Group((1,2,3),(3,4),(5,6));
ROh:=ResolutionFiniteGroup(Oh,8);
List([0..8],R0Oh!.dimension);

which gives
[ 1, 4, 10, 20, 35, 55, 77, 101, 131 1]

To print the boundary, take degree-7 for example:
for i in [1..101] do

Print (ROh!.boundary(7,i),",");
od;

As a side note, we can print the contracting homotopy. Take degree-4 for example:
for i in [1..35] do

for j in [1..48] do
Print (ROh!.homotopy(4,[i,31),",");
od;od;

24.2 General d,

The paper by Qing-Rui Wang, Cheng Meng, arXiv2104.13233, gives a very explicit account for the differentials. Now
let’s look at d5? for simplicity. First of all, for 1 — N — G % Q — 1, define the notation n; € N, ¢; € Q, and the
element of G is written as (n,q). This is basically the way that Rotman writes, and in 2104.13233 this is written as
ng. First note that (m,p)(n,q) = (mp,(n)v(p,q),pq), and (n,q)~* = (¢ 'n"'v=1(q,q 1)g,q '), where we have assumed
that the group action p: Q@ — N is py(n) = gng~!. Then, one can easily check that (n,q) - (n,q)~' = (1,1), while
(n,q)~t - (n,q) = (1,1) requires that ¢~ 'n=1v=1(q,q " )nqv(¢~t,q) = 1 € N. If further N is abelian as is our case, then
we have ¢~ 'v(q,q " )g =v(q7 ", q).

Recall a lifting ¢: @ — G is any function (not necessarily homomorphism) that satisfies pf = 1 € Q. It’s easy to see
that ¢(q) = (1,q) is a (actually the standard) lifting. This lifting is also denoted £(¢) = ¢* in Bill’s notes and Serre’s

original paper. Using this lifting, one can then check that

(p)* ' = (Ulpg) ™" = (Lpg) " = (¢ ' v pa.q ' g, g 'p7 1), (185)
therelore P = 1M p0) " = 1L a0 = (0.0)p0) U
w(p,9),pa) (¢ ' v (g, ' g, ) (186)
wp,q)v~ ' (pg,q ' " vlpg,q '), 1)
(v(p,q),1),
and
(pq)*'p ¢ = (l(pCI) HU(p)l(q) = (Upq)) " (v(p,9), pq)
(¢ ' v Npg, g o Dpg, o) (w(p, 9), pa)
= (¢ "p v pg.q o g q o v(p, @)pa - v(gT o pg), 1) (187)
= (¢ 'p v pg,a o pg - q o v @pg - q ' 1V(pq ¢ 'p")pg, 1)
= (¢ ' 'w(p,9)pg, 1),

where v(p, q) is the factor set as defined by Rotman, and it is an element of H?(Q, Z(N)). In the above we calculated
1(p)l(q)(I(pq))~1 and (I(pq))~t1(p)l(q). It is crucial to realize that they are very different, which is crucial to the form of
differential below.
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ArXiv2104.13233 gives the differential ds in Eqs. (22-23) and Appendix B. Note that his d2 is basically our ds.
For f € HY(Q,H’/(N,M)), we have (f(q1,q2-.-,4:))(n1,...,n;) € M. (d5?f) should have argument (qi,...,gi+2) and
(n1,...,n;-1). We have

[(d5 £)(qrs -oes Gin2)] (01, o1 —1)
= [(q1a2)- (f (@35 -, Giz2))] (W(q1, @2) s mas ey mj—1) = [(@12)- (f(G3, oo @ig2))] (1, 0(q1, @2), 2y ooy mm1) + -+ (=177 [(q1g2)- (f(gs,
= (1¢2)- {[(f(Q?n e Gir2))] ((102) " '(qr, @) (@102), (102) "' (qiga), ... (Q1QQ)_1nj—1(Q1QQ))}
—(0192)- {[(f (g3, - qir2)] ((0102) " n1(0102), (0102) ' (a1, 42) (01 42); -+ (0142) "1y —1(q142)) }
+ o (D) N aqqe)- {[(f (@35 - @i2))] ((g2) " i (qag2)s -y (@102) " nj—1(1a2), (01g2) ' v(a1, 42) (@102)) } -

(188)
For j = 1: this reduces to
(57" F) a1, - ai2) = [(@162)- (f(g3, s Gi2))] (V(a1, 42) (159)
= (@102)- {[(£ (g3, s @i+2))] (0262) "'v(q1, 42) (102)) }

For us, since the action of G on M is trivial, we have

(A5 ) qrs s Gig2) = [(F (@3, @i42))] (@102) " 001, @2) (0162)), (190)
This seems to differ from the one we have been using (first introduced by Bill in his notes), which is

(dy? T ) (@rs s iv2) = [(£(g35 s div2))] (102)" a1 a3), (191)

But they the above two equations are actually equal, by virtue of Eq. (187)). This checks that all our differential calculations
are so far correct.
To summarize: the do differential that we will be using is: for f € HY(Q, H' (N, M)),

[(d57 £)(q1yoes Gig2)] (P11 1) = F(G3y oo Gig2) (0102) T 0165, (0102) M1 (q1G2), oo, (0102) " 0j—1(q162))

— (@3, tir2) ((q102) "1 (q102), (q12)* ' 455, o (@102) ' 1j—1(q102))
_|_ “ee

+ (=177 f(g3s s Gi2) ((qra2) "' (q1g2);s - (0102) "' nj1(102)s (1a2)* a1 65).
(192)
We further list a few that will be useful to use: for (i,j) = (0,3): f € HY(Q, H*(N, M)) = H3(N, M)% is nothing but
a three-cocycle of N. Denote it as ws(n1,ng,ng) € M for ny,ng,ng € N. We have

-1

[(dS F)(ar, @2)](n1,m2) = w3 ((q142)* " 415, (@102) "' na(qra2), (0102) "' n2(q1a2))

*W3((Q1Q2)71”1(Q192)’(111%) 1‘1?‘157((]1!12) 1n2(Q1Q2)) (193)
+ ws((q192) "'n1(q142), (q102) ' n2(q1q2), (q1q2)* " aias),

Similarly, for (i,7) = (0,2): f € H°(Q, H*(N,M)) = H?(N, M)® is a two-cocycle of N. denote it as wy(n1,n2) € M for
ny,ne € N, we have

[(dy? F) (a1, a2)](n) = wa((q12)" 4103, (q12) "' nlq142)) — wo((q102) "' (q1a2), (0142)" G5 a5)- (194)

(
Note that (q1g2)~*n(g1q2) should be calculated as (¢;q3) " 'n(qqs).
Finally, we list (i,5) = (1,2):

[(dy )41, 42, 03))(n) = f(a3)((q192) " 0165, (102) " (araz)) — f(as)((a1642) " nlqra2), (4192)" "aidd). (195)
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24.3 Some d;
We will be using the expression of d§'? for (p,q) = (0,3). Using (B39) of Qing-Rui’s paper, we have

[(d3” £) (a1, 2, 43)) ()

= [(q19243)-f1(n, v(q142, 43), (a1, 42)) — [(919203)-f1(¥(q142, G3), s v(q1, @2)) + [(919203) - F1(v (9142, g3), v(q1, 42), 1)

— [(q1243)-f1(n, v(q1, 4203), v (a2, 43)) + [(q19243)- f](V(q1, q2q3),m, v(q2, q3)) — [(q192q3)-f](V(q1, 4243), v(q2, q3), ™)
=1 ((1192q3) " nq1423, (019243) "' v(0102, 43) 1423, (q1243) ™' v(q1, 42)q1G243)

— FW(q142,43) 410203, (019203) " nq1q203, (q14293) ™", (q14243) ™ v(q1, 42)q14243)

+ f((19203) " 'v(q102, 43) 01923, (019203) ™ (@1, 42) 019243, (910243) ' ng1¢2q3)

— F((q19203) ' nq1q203, (q14243) " v(q1, 4243) 414243, (919203) ™ (42, 43) 91 9243)

+ f((q192a3) "' (a1, 4203) 114243, (119203) " 110203, (0192q3) ™ (02, 43)q10203)

— fq14203) " (@1, 4203) 110203, (914203) " (02, 43) 01423, (914243) ™' 1q1q243)
=1 ((1192q3) " nq14203, (q14243)* " (q142)* 05, 45 ' (q12)" "5 a3q3)

— F((019243)" 1 (0142)" 45, (014243) "' nq1q2a3, 45 (142) " 41 4303
+ f((019203) (01a2) @50 a5 (0102) a1 G5 a3, (010243) ™' nq1g2q3)
— F((919293) "' nq19203, (919243) " ¢7 (9293) ", 45 a5 01 4545 (923)" ' 4i 4503
+ [((19203) "0} (a203)", (0102a3) " 'nqraegs, @5 a5 0y ' 505 (a2a3)" 41 5 45)
— f(q19243)"" qr(fh%)*vq; q§ 1QT q;“qé‘(qzqg) Q1QQQ3a(Q1Q2Q3) 71%‘]26]3)7

(196)
where we have used (Q1Q2Q3)711/(Q27QS)91Q2(]3 =450 "0 203(0203)* 1 50505 45 P q10243)

*—1 x—1 *x— * * ok % —1 % % %

=3 0 T 0303 (020s) T GGG 6T GG =4 6T G 445 (02a3)" T 6365
Parallel to Eq. (B38-B40) in Qing-rui’s paper,we should have

Ly 7\ o m Lo ) V(KD Pu (k1) 1

v () hge) (MF) (tn F)

(03F12)(h, k,1,m) = t(,gu)(—a, (hk1) (PF = —— = (197)
(v@v)(—Ax( ) ( ) Lo (hle). (b k) (Lmia ) Im (1hle)u(hk,1),u(h,k),1m

We also have

1 i, 1m 1
(02F%1) (b, X, 1, m) = oy maey (F) T = (tne ) I I L (198)

y(h:k))lhlm

and notice that for our case we have (1hkF) — k™ v(hk)hk 1 1m) F(q1,92)(q192)* ' g5 q3).

24.4 SPT

New discovery: in a split extension as in the symmorphic group case: 0 =T — G — @ — 0 with G = T x @, where T
is translation and @ is point group; as mentioned before, the equivalent statement of symmorphism is that there is an
isomorphic copy of Q := G/T in G. In this case, actually all the dy: EP?=' — E2T29=0 maps are trivial. This is very
nicely explained in the book “Cohomology of Number Fields”. But note that in general, even for this split case, d2 maps
that starts from ¢ > 1 rows can be nontrivial, as explained in the Burt Totaro paper “Cohomology of semidirect product
groups”.

Note that Bill's definition of dy: Ey"' — E3® has been applied in the Fd3m case (with HEY = HP(Oy, HY(T, Z)) to
show that Ey' = Z, while E3"' = 0. See above.

According to the LHS spectral sequence, associated with the group extension 1 - N - G — Q@ = G/N — 1 we
have the Fy page EY? = HP(Q,H?(N,A)). Now we consider the special case of A = U(1) and a central extension
1—=Zn— Gy =Gy —1,ie. N:=2Zy, G:=Gyand QP : Gy, and Gy acts trivially on Z,. Any such group extension is
labeled by an element [\] € H?(Gy, Zy,). Our goal is to have an expression for H%(G, U(1)) and study its connection to the
Fermionic SPT result given in Eqgs. (8)-(11) in https://journals.aps.org/prx/pdf/10.1103/PhysRevX.10.031055.

The Es page can be written explicitly
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(199)

where we have used the crucial result that the two differential maps dg’l and dé’l have the form of cup product AU,
where X\ € Z%(Q, N/[N, N]) is the element that determines the group extension 1 — Z, — Gy — G, — 1. Such a result
is standard and can be found in e.g. the book Cohomology of Number Fields by Neukirch, Schmidt, and Wingberg,
Theorem 2.4.4, P114. ‘

Below we define Z,, = {z = e*",22,..., 2" = 1} and the characters x;(z) = 2" for H'(Zp,U(1)) = {X1s - Xn} = Zn.
Here we are using the multiplicative notation for Z,, as Kyle did. We have

H*(Gy,U(1)) = Ey' © E° = ker(dy") @ (E3° /Im(dy™))
= {n1 € ZY(Gy,Z,)|\Uny = du, for some vy € C*(Gy, U(1))}
@ H*(Gy, U(L))/{AUxilxi € HY(Z,, U(1)) = Z} (200)
= {(n1, )| AUny = dva,n1 € Z(Gy,Zy,),v0 € C*(Gy, U(1))}/{(0,10)|v2 € Z*(Gy, U(1))}
& H*(Gy, U(1)/T,

Note that for any g1,92 € Gy and 27 € Zp, AU xi(91, 92, 27 ) = Mg1, 92) @ xi(27) = xi(M(g1,92)) = (A(g1, 92))". Therefore
[ :={AUxi|xi € H(Z,,U(1)) =2 Z,} = ()\) is the abelian group generated by ), as defined in Eq. (11) of the PRX
paper (note that their ws is what we call \).

In the last line of Eq. we have noted that for a given ny there are multiple solutions of v for A Un; = dv which
differ by the elements in the cocycle Z2(Gy, U(1)) and has to be quotient out (this is the equivalence relation that Kyle
defined). These elements nevertheless appear in the second summand. Therefore the last line has an expression identical
to Egs. (8)-(11) of the PRX paper, and we have shown that the FSPT data is in one-to-one correspondence with the
bosonic SPT data H?(Gf,U(1)).

25 Combining GAP with spectral sequence calculation: a complete guide
Main reference:

e Computing classification of interacting fermionic symmetry-protected topological phases using topological invariants,
China Physics Letters, by Ouyang, Wang, Gu, Qi, https://arxiv.org/abs/2005.06572. This paper gives way to
map between the bar resolution and the resolution given by GAP. The crucial thing about this mapping is that (1)
this can greatly reduce the computation cost, and (2) the cup product as a simple form only in the (computationally-
costly) bar resolution/inhomogeneous resolution; the mapping allows us to examine whether the cup product is a true
cocycle or a coboundary in the (computationally-cheap) resolution given by GAP, hence allowing us to determine
the ring structure.

e Domain Wall Decorations, Anomalies and Spectral Sequences in Bosonic Topological Phases by Wang, Ning, Cheng,
https://arxiv.org/abs/2104.13233, The key result is an explicit form for the differentials of the LHS spectral
sequence. Also, the differential is given concrete physical meaning,.

e To extract the resolution computed in GAP, a good guide is given in Ellis Graham’s book, Chapter 3, section 1-3.
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e In the future we will aim at completing all the computations within GAP and not resorting to Mathematica
anymore. The tutorial for HAP contains further information: https://gap-packages.github.io/hap/tutorial/
chap7.html.

For a finite group G with nontrivial action on M, the H*(G, M) can always be directly computed in GAP, see the

examples starting from Eq. (157]).
The very method has been implemented in our Mathematica file. We need the following information:

e Denote the resolution by R. We distinguish two cases, finite groups and crystallographic groups:
— For finite groups, usually the resolution is obtained by
ResolutionFiniteGroup(G,8);

or
ResolutionSmallGroup(G,8);

The former computes a resolution and also outputing the contracting homotopy. The latter computes via the
standard bar resolution (i.e. the degree n-cochain is a set-theoretic mapping G™ — M) and hence is very slow;
also, it does not give contracting homotopy. However, it usually gives the smallest size Resolution one can get.

— If SG is a crystallographic group in pcp notation (see previous examples), then we can construct its resolution
using
ResolutionAlmostCrystalGroup (Image (SG),5)

where SG is stored as a polycycle group, or
R:=ResolutionSpaceGroup(SpaceGroupIT(3,Num),15);

Note that the latter uses polymake and is such faster, however it does not give contracting homotopy. Nev-
ertherless, we have not found the contracting homotopy of a crystallographic group of much use, as the bar
resultion cannot be recovered from it for infinite groups.

e Resolution size; this can be accessed by e.g.

List([0..8],R!.dimension);

e How the group elements are indexed in the resolution. Usually, we will prefer writing group elements as permutation
cycles (for finite group such as Sy or Oy or matrices (such as for crystallographic groups). Then, the index of the
group elements can be found by

R!.elts;

Note tha the generator of the group can also be accessed by G.1, G.2, and so on. The product of elements g;go
is written as G.1*G.2, i.e. in GAP they also observe the “action from the left” rule. However, as we have noticed
several times in Mathematica, this group multiplication often has to be swapped for some reason. One simply has
to be cautious about it during the implementation, and only the correct order gives the correct coboundary and
cocycles.

e Boundary. This is the most important information that determines a resolution. Here boundary is the differential
map O: Cy — Ck_1, where C} is a ZG chain complex, meaning that C}, is several copies of ZG. We will always
work with a free ZG resolution, meaning that each Cy, is a free ZG-module that is several copies of the ring ZG, and
hence we only need to specify the basis (i.e. the number of copies of ZG so that Cj is completely determined. In
the resolution constructed by GAP, this basis is formally denoted as ey, eg, ..., €y, Where by is the number of copies
of ZG that Cy, is ismomorphic to. On the other hand, in the reduced bar resolution, Cj has basis whose number (of
copies of Z@ is as large as (|G| —1)¥: the basis are denoted as e; = [g1]g2| - - - |gx] for g1, g2, ..., gx € G and we usually
choose to use the reduced bar resolution, meaning that [g1]|gz| - - - |gx] = 0 when any of g; is the identity in G. Back
to gap. The number of basis ey, ..., ey, at Cj is specified by the size of resolution given above; in other words, the
command List([0..8],R!.dimension); tells the number of basis by, for k = 0, 1,...,8. Then, each basis ¥ in Cj
is sent to a linear combinations of group element-product with-basis gs;c_le?_l in Ck, and this is specified by

R!.boundary(k,i);
Quite often we will out put this differential map using the command

for i in [1..6] do
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Print (ROh!.boundary(7,i),",");od;

where in the above we take as example k = 7 and by, = 6. The output of the above command is a collection of
b, 2D lists, where each of these 2D lists (¢ = 1,2,...,b;) is a list of ordered pairs [j,1] where j is the basis e;?*l
in Cj,_; that is a summand in def and [ is the index of group element that appears before 6?71. In other words,
del contains a term gle?_l; and by summing over all these terms in this 2D list one gets the image de¥; and then

7

letting ¢ to run from 1,2, ... to by one gets the complete chain differential map 0: Cy — Ci_1. We always repeat the
above command for k = 1,2, ... and copy the printed output on the screen to Mathematica as an association (e.g.
in Mathematica, ROhboundary1to8).

e Contracting homotopy. This is needed for the following goal: if we want to obtain the inhomogeneous cocycle (as
output) when given (as input) G a finite group, a resolution from GAP, and a cocycle expressed as a vector within
in this resolution. In this case, we need to choose before hand the command that produces resolution along with
a homotopy, i.e. the ResolutionFiniteGroup, and not ResolutionSmallGroup as it does not give a contracting
homotopy. The contracting homotopy has been implemented in Mathematica, see the relevant codes there.

The above is the part relevant to GAP. After downloading (i.e. copying) the above information to Mathematica, the
rest of the job is done in Mathematica. Important steps are:

e Writing the action G — M in matrix form.

e Writing the boundary map in matrix form My ;1. This uses the Mathematica association for the boundary
ROhboundarylto8 and the action in matrix form mentioned above. The matrix My_,;_1 will be having dimension
number of rows times number of columns mby x mby_1, where m is the vector space dimension of M. each m x m
block of the matrix is filled with the representation matrix for the group action. Note that I think here we need to
put the transpose of this matrix (while although in all the existing Mathematica codes so far we have been putting
the matrices themselves which I think is the reason why we need to reverse the order of group multiplication). As
an example, we have

Table[Table [E210hmatinv\ [LetterSpaceldeg2\ [LetterSpacel x\ [LetterSpaceldegl [[3ii-2;;3ii,3Abs[jj[[11]1]1-2;;

3 Abs[jj[[1]1]1]1]1]+=GactionmatrixA2[Ohgindtoccptminv[jj[[2111[[;;4]11]1,{jj,R0hboundarylto8[2] [[11]]1}],{ii,1

After that we should check that My_,;—1.Mp_1-,1—2 gives zero (in the mod 2 sense if it is the mod-2 cohomology
that we calculate), and that the nullspace dimension of Mj_,;_1 minus the matrix rank (again, both in the mod 2
sense if necessary) gives the correct cohomology dimension, with the code being something like

Length[NullSpace [E210hmatinv\ [LetterSpace]deg2\ [LetterSpacelx\[LetterSpaceldegl,Modulus->2]]
-MatrixRank [E210hmatinv\ [LetterSpace]ldegl\[LetterSpacel x\ [LetterSpace]deg0,Modulus->2]

e The information so far has enabled us to compute all the cocycle and coboundary within this resolution, hence from
the GAP point of view the cohomology computation is completed. However, there are still several tasks one can do,
especially if we are looking for the cup product/ring structure of the cohomology, or if this cohomology computation
is just one row of the spectral sequence calculation. We list some of the further tasks below:

e To map an inhomogeneous cochain to a cochain in the resolution given by GAP: this is achievable thanks to the fact
that the contracting homotopy for the bar resolution is always known. Recall that bar resoution is a ZG resolution
for the chain complex, while the inhomogeneous resolution is a ZG resolution for the cochain complex. We know
that taking the functor Homzg (-, M) to the chain — Cj RN Ci_1 — gives the cochain resolution from which one
computes the cohomology, and this functor has been implicitly applied in our Mathematica code, by constructing the
matrix My, ;1 (this matrix consists of blocks of the representation matrix for G — M, and this exactly amounts to
taking Homgzg (-, M)). Back to the main question. To map an inhomogeneous cochain to a cochain in the resolution
given by GAP, f +— f*, one needs to specify how the basis of the latter, e¥ for i = 1,2, ..., by, is mapped to the basis
of the (reduced) bar resolution: e¥ — Y [g1]---|gk] so that f*(ef) = flg1] - |gx]) = 3 f(g1, -, gk). The basis
map is implemented in Mathematica via the reduced bar resolution contracting homotopy, see the China Physics
Letters paper for detail. Here we only present the code: it is something like

Fbarhomotopyind[gind_,a__]:=Table[Join[{gind},b]l,{b,a}];

OhFfntbasisdeglind = {{{1}, {2}}, {{1}, {3}}, {{13}, {53}, {{1}, {13}}}
OhFfntbasisdeg2ind = Table[Flatten[Table[Fbarhomotopyind[i[[2]],

73



OhFfntbasisdeglind[[Abs[i[[1]111111, {i, ROhboundarylto8[2]1[[j11}], 11, {j, 1, 10}]

Then for any inhomogeneous function f(gi, gs, ..., gx), we can use the following code to get a vector that is the image
of the map in the GAP resolution basis:

Table [Expand [Sum[f [Ohgindtoccptminv [gggg[[1]11],
Ohgindtoccptminv [gggg[[2]11]],{gggg,0hFfntbasisdeg2ind [[i]]1}],Modulus->2],{i,1,20}]

e Other possible steps are: mapping a GAP cocycle to an inhomogeneous cocycle function using the contracting
homotopy given in GAP; implementing the differential map in Mathematica. See corresponding codes.

26 Powerful code: checking ring structure for any space group

LoadPackage ("HAP") ;
G:=SpaceGroupIT(3,227);
Gp:=IsomorphismPcpGroup(G) ;
R:=ResolutionAlmostCrystalGroup(Image(Gp),3);

This construction is very slow in GAP. So let’s use back our old code:

Ti:=[[1, 0, 0, 01, [0, 1, O, 1/2], [0, O, 1, 1/2], [0, O, O, 111;
T2:=[[1, 0, O, 1/2], [0, 1, O, O], [0, O, 1, 1/2], [0, O, O, 111;
T3:=[[1, 0, O, 1/2], [O, 1, O, 1/2], [0, O, 1, O], [0, O, O, 11];
¢s:=[[0, O, 1, O], [1, O, O, O], [0, 1, O, O], [0, O, O, 11]1;
p:=[[-1, 0, 0, 0], [0, -1, O, 0], [0, O, -1, 0], [0, O, O, 11];
c2:=[([-1, 0, O, 1/4]1, [0, -1, O, 1/4], [0, O, 1, O], [0, O, O, 111;
c2p:=([-1, 0, O, 1/4], [0, 1, O, O], [0, O, -1, 1/4], [0, O, O, 11];
M:=[(0, 1, 0, 0], [1, O, O, O], [0, O, 1, O], [0, O, O, 117;
G227 :=Group(T1,T2,T3,C2,C2p,C3,M,P);
G216:=Group(T1,T2,T3,C2,C2p,C3,M);
G196 :=Group(T1,T2,T3,C2,C2p,C3);
Gp227 :=IsomorphismPcpGroup (AffineCrystGroupOnRight (Generators0fGroup (TransposedMatrixGroup(G227))));
Gp216:=IsomorphismPcpGroup (AffineCrystGroupOnRight (Generators0fGroup(TransposedMatrixGroup(G216))));
Gp196:=IsomorphismPcpGroup (AffineCrystGroupOnRight (Generators0fGroup (TransposedMatrixGroup(G196))));
R227:=ResolutionAlmostCrystalGroup(Image (Gp227),4);
R216:=ResolutionAlmostCrystalGroup(Image (Gp216),4) ;
R196:=ResolutionAlmostCrystalGroup(Image (Gp196),4);

Then, execute
Read ("~ /Downloads/CR_Mod2CocyclesAndCoboundaries.gi");

which imports the file CR_Mod2CocyclesAndCoboundaries.gi. The code of this file is attached below. Then we execute
List([1..3],x->Mod2RingGenerators(R227,x));

List([1..3],x->Mod2RingGenerators(R216,x)) ;
List([1..3],x->Mod2RingGenerators(R196,x));

To get the generator of the mod 2 cohomology ring.

Then, we can check if there are degree 4 generators for the mod-2 cohomology ring for small space groups, using the
following code:
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for i in [1..100] do
> G:=SpaceGroupBBNWZ(3,1);
> Gp:=IsomorphismPcpGroup(G) ;
> R:=ResolutionAlmostCrystalGroup(Image(Gp),5);
> Print([i,Length(Mod2RingGenerators(R,4))]);
> od;
Note that we have chosen to use > G:=SpaceGroupBBNWZ(3,1i); instead of > G:=SpaceGroupIT(3,1i); as the former
appears significantly faster than the latter. For example, the former runs 4’46” while the latter runs 7°57”. We find that
there is no degree 4 generators. We can check that out of 17 wallpaper groups there is only one group having degree 3
generator;
for i in [1..17] do
> G:=SpaceGroupIT(2,i);
> Gp:=IsomorphismPcpGroup(G) ;
> R:=ResolutionAlmostCrystalGroup(Image (Gp),4);
> Print ([i,Length(Mod2RingGenerators(R,3))]1);

> od;

Output is
[1,01[2,01[3,0104,01[5,01C6,01[07,010[8, 0109, 01010, 01011, 01[ 12, 1]

(13, 0]1[ 14, 010 15, 0 J[ 16, 0 1[ 17, 0 ]

Officially, let’s run

for i in [1..230] do
if i=133 or i=138 or i=210 then
R:=ResolutionAlmostCrystalGroup (Image (IsomorphismPcpGroup (SpaceGroupIT(3,1i))),6);
else
R:=ResolutionAlmostCrystalGroup (Image (IsomorphismPcpGroup (SpaceGroupBBNWZ(3,1))),6);
fi;
> Print ([i,List([1..5],x->Mod2RingGenerators(R,x))]) ;Print("\n");

> od;

HEHSHH AR B HBR SRR BSHH B RS R B H AR R R R
HEHHHA R R R R

CR_Mod2CocyclesAndCoboundaries:=function(arg)
local
R, n, toggle, Dimension, Boundary,
M1, M2, row, sol,
kerdim, imgdim, cohdim, Mod2Cohomologydim,
BasisKerdl, BasisImaged2, Rels, CobandCoc,
#Smith, SmithRecord, TorsionCoefficients,
ColMat, InvColMat,
RemoveRowsMat, InsertRowsList,
GF2ToZ,
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CycleToClass, ClassToCycle,
i, j, k, x, sum;

R:=arg[1];

n:=argl2];
Dimension:=R!.dimension;
Boundary:=R!.boundary;
toggle := true;

if n <0 then return false; fi;
if n=0 then return [0]; fi;

HHHHHHBH R HHBH SR HH R R RS R H R R R R R R R TS
GF2ToZ:=function(v)
local vO0,k;

v0:=[];
for k in [1..Length(v)] do
if v[k] = 0*Z(2) then
v0[k] :=0;
else
vO[k] :=1;
fi;
od;

return vO;
end;
it S

###H###S##HH#H#A###CONSTRUCT BOUNDARY MATRICES M1 AND M2########
Mi:=[];
M2:=[];

#M1 is Dim(n) x Dim(n-1);
#M2 is Dim(n+1) x Dim(n);

for i in [1..Dimension(n)] do

row:=[];
for j in [1..Dimension(n-1)] do
sum:=0;
for x in Boundary(n,i) do
if AbsoluteValue(x[1])=j then
sum := sum + SignInt(x[1]);
fi;
od;
row[j]:= RemInt(sum,2);
od;
M1[i] :=row;
od;

if Dimension(n+1)>0 then
for i in [1..Dimension(n+1)] do
row:=[];
for j in [1..Dimension(n)] do
sum:=0;
for x in Boundary(n+1,i) do
if AbsoluteValue(x[1])=j then
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sum := sum + SignInt(x[1]);

fi;
od;
row[j]:= RemInt(sum,2);
od;
M2[i] :=row;
od;
else
row:=[];
for j in [1..Dimension(n)] do
row[j]:=0;
od;
M2[1] :=row;
fi;

#HERHHHHHHHHHHH#H#HAMATRICES M1 AND M2 CONSTRUCTED###############

#M1 is Dim(n) x Dim(n-1);

#M2 is Dim(n+1) x Dim(n);
#BasisKerdl:=LLLReducedBasis(TransposedMat (M2),"linearcomb") .relations;
#BasisImaged2:=LLLReducedBasis (TransposedMat (M1)) .basis;

if M2 = [ [ ] ] then

BasisKerdl:=[];

else
BasisKerdl:=BasisNullspaceModN(TransposedMat (M2),2);
fi;

if M1 = [ ] then

BasisImaged2:=[];

else

BasisImaged2:=BaseMat (TransposedMat (M1)*Z(2));
fi;

#Print (BasisKerdl);
#Print (BasisImaged?2) ;

imgdim:=Length(BasisImaged?2) ;
kerdim:=Length(BasisKerdl);
cohdim:=kerdim-imgdim;

CobandCoc:=[];
for i in [1..imgdim] do

Append (CobandCoc, [BasisImaged2[i]]);
od;

if cohdim >0 then
for i in [1..kerdim] do
if imgdim = O then
Append(CobandCoc, [BasisKerdl [i]1*Z(2)]);
else
sol:=SolutionMat (CobandCoc,BasisKerd1[i]*Z(2));
if sol=fail then
Append (CobandCoc, [BasisKerd1[i]1*Z(2)]);
fi;
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fi;
od;
fi;

for i in [1..kerdim] do
CobandCoc[i] : =GF2ToZ (CobandCoc[i]);
od;

if toggle=false then

return rec(

#cocyclesBasis:=BasisKerdl,

#boundariesCoefficients:=Rels,

#torsionCoefficients:=fail,
cocyclesBasis:=CobandCoc,
Mod2Cohomologydim:=cohdim,

cocycleToClass:=fail,

classToCocycle:=fail );

fi;

HERHHHHHH R R R R R R R R
CycleToClass:=function(v)
local u;

if cohdim = 0 then
return [];
fi;

u:=GF2ToZ (SolutionMat (CobandCoc*Z(2) ,v*Z(2)));
return List([1..cohdim],x->u[Length(u)-cohdim+x]);

end;
it S S S

HHHAHBHHAHHAHBHHAH R HBHHAH B HBHHAH B HBH R H RS HAEH R HBHHAH R H B R AR H R H
ClassToCycle:=function(u)
local v,w, i, temp;

w:=List([1..Dimension(n)],x->0);

if cohdim>0 then

for i in [1..Dimension(n)] do

temp := O;

for j in [1..cohdim] do

temp := temp + CobandCoc[Length(CobandCoc)-cohdim+j] [i]*ul[j];
w[i] := temp mod 2;

od;

od;

fi;

return w;
end;
fis s i e e e e e e e e R e e e e e R e S S R e e

return rec(

#cocyclesBasis:=BasisKerdl,
#boundariesCoefficients:=Rels,
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#torsionCoefficients:=TorsionCoefficients,

cocyclesBasis:=CobandCoc,

Mod2Cohomologydim:=cohdim,
cocycleToClass:=CycleToClass,
classToCocycle:=ClassToCycle );

end;
S
H

HEHSHHAHHHBHHHBR SRR BFHH B RS R R H RS H BB R R R
B R A R R R R R

Mod2CupProduct :=function(arg)
local

R, u, v, p, q, P, Q, N,

uCocycle,

vCocycle,

uvCocycle,

uChainMap,

DimensionR,

i, w, x, sw;

H## B HAH R H A HAH#EH#H#BEGIN TO READ THE INPUT##########H#EH#HH#H
R:=arg[1];
DimensionR:=R!.dimension;
u:=argl2];
v:=argl[3];
p:=argl4];
q:=argl[5];

if Length(arg)>5 then P:=arg[6];

else
P:=CR_Mod2CocyclesAndCoboundaries(R,p,true);
fi;

if Length(arg)>6 then Q:=argl[7];

else
Q:=CR_Mod2CocyclesAndCoboundaries(R,q,true);
fi;

if Length(arg)>7 then N:=arg[8];
else
N:=CR_Mod2CocyclesAndCoboundaries (R,p+q,true) ;
fi;
HH#HHHEHEH SRS HHHHEHEHFINISHED REAQDING THE INPUT#H#######EH#HEHHE

uCocycle:=P.classToCocycle(u);
vCocycle:=Q.classToCocycle(v);
uChainMap:=CR_ChainMapFromCocycle(R,uCocycle,p,q);

uvCocycle:=[];
for i in [1..DimensionR(p+q)] do
w:=uChainMap([[i,1]]);
sw:=0;
for x in w do
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sw:=sw+ SignInt(x[1])*vCocycle[AbsoluteValue(x[1])];
od;

uvCocycle[i] :=sw mod 2;

od;

return N.cocycleToClass(uvCocycle);

end;
HAFHHHBHHAHBEHAHHAHBHHAHHEHBHHAFHEHBHHAH B HBHH AR RS H R H AR B HAH RS H B H RS
HHHAHBHHAH B HBHHAHHEHBHHAH B HBHHAH B R R R RS H ARG R B HAH RS R B R AH B H R H

HEHSHHAHHHBHHHBR SRR BFHH B RS R R H RS H BB R R R
HEHHH A R R R R R

Mod2RingGenerators:=function(arg)

local
R, n, GG, IT,
Gens, GensBasis, Cups, Cupped, cupped, CuppedBasis, spacedim,
uCocycle, vCocycle, uvCocycle, ww, uChainMap,
sol, CB, CohomologyBasis, TR,
BasisP, BasisQ, GF2ToZ,
i, p, 9, u, v, 1ln, iu, iv, w, X, sw;
n:=argl2];

spacedim:=3;

if Length(arg)=3 then
spacedim:=arg[3];
fi;

if IsInt(argl[1]) then
IT := argl1];
if IT = 133 or IT = 138 or IT = 210 or IT = 222 or IT = 224 then
GG := Image(IsomorphismPcpGroup(SpaceGroupIT(spacedim,IT)));
else
GG := Image(IsomorphismPcpGroup (SpaceGroupBBNWZ (spacedim,IT)));
fi;
R := ResolutionAlmostCrystalGroup(GG,n+1);

else if IsGroup(arg(1]) then
GG := Image(IsomorphismPcpGroup(arg(1]));
R := ResolutionAlmostCrystalGroup(GG,n+1);
else
R:=arg[1];
fi;
fi;

TR:=HomToIntegersModP(R,2);

if Cohomology(TR,n) = O then return []; fi;

HHHAHBHHHH R HBHHAH R HBHHAH B HBHBAH B H R H RS H ARG H B HAH RS R B R AR H RS H
CohomologyBasis:=function(Torsion)

local i, v, Basis;

Basis:=[];

for i in [1..Length(Torsion)] do

v:=List([1..Length(Torsion)], j->0);

v[i] :=Torsion[i];

Append(Basis, [v]);
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od;

return Basis;

end;

B e e s s
GF2ToZ:=function(v)

local vO0,k;

v0:=[];
for k in [1..Length(v)] do
if v[k] = 0*Z(2) then
v0 [k] :=0;
else
vO[k]:=1;
fi;
od;

return vO;

end;
H

Cups:=CohomologyBasis(List ([1..Cohomology(TR,n)],i->1));
if n = 1 then

return Cups;

fi;

CB:=[1;

for p in [1..n] do

CB[p] :=CR_Mod2CocyclesAndCoboundaries(R,p,true);
od;

Cupped :=[];

for p in [1..QuoInt(n,2)] do

q:=n-p;

BasisP:=CohomologyBasis(List ([1..Cohomology(TR,p)],i->1));
BasisQ:=CohomologyBasis(List([1..Cohomology(TR,q)],i->1));

iu :=1;

for u in BasisP do
uCocycle:=CB[p].classToCocycle(u);
uChainMap:=CR_ChainMapFromCocycle(R,uCocycle,p,q);
ww:=[];

for i in [1..(R!.dimension(n))] do

Append (ww, [uChainMap([[i,1]11)1);

od;

iv :=1;
for v in BasisQ do

vCocycle:=CB[q] .classToCocycle(v);
if ((p < q) or (p=q and iv>=iu)) then

uvCocycle:=[];
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for i in [1..(R!.dimension(n))] do
#w:=uChainMap([[i,1]1]1);
wi=wwl[i];
sw:=0;
for x in w do
sw:=sw+ SignInt(x[1])*vCocycle[AbsoluteValue(x[1])];
od;
uvCocycle[i] :=sw mod 2;
od;

cupped := CB[n].cocycleToClass(uvCocycle);

Append (Cupped, [cupped*Z(2)1);

#cupped :=Mod2CupProduct(R,u,v,p,q,CB[p]l,CB[q],CB[n]);
fi;

iv = iv+1;
od;

iu := iutil;
od;

od;

if Cupped = [] then

CuppedBasis := [];

else

CuppedBasis := List(BaseMat (Cupped) ,ShallowCopy) ;

fi;

#Append (CuppedBasis, [List ([1..Cohomology (TR,n)],x->0%Z(2))]1);
#Gens := List(BaseOrthogonalSpaceMat (CuppedBasis) ,ShallowCopy) ;
#Print (Cups) ;

Gens := BaseSteinitzVectors(Cups+*Z(2),CuppedBasis)!.factorspace;
GensBasis :=[];

for i in [1..Length(Gens)] do

GensBasis[i] :=GF2ToZ(Gens[i]);
od;

return GensBasis;
end;

HEHBHHAFHHBHHHBR SRR BSHH B HHAFH BB H RS H RSB H B SHRBSHH RS H R AR RS
HEHSHH B H B H R RS H R R R R R R
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Mod2RingGeneratorsitob:=function(arg)
local
R,n,GG,IT,Genl,Gen2,Gen3,Gen4,Genb,Gens,
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cupped, Cups,
Letters, TR,
i, p, 9, r, u, v, 1ln, iu, iv, w, X, SW;

if Length(arg)=1 then
n:=5;

else

n:=argl2];

fi;

if IsInt(argl[1]) then

IT := argl1];

if IT = 133 or IT = 138 or IT = 210 or IT = 222 or IT = 224 then
GG := Image(IsomorphismPcpGroup(SpaceGroupIT(3,IT)));

else
GG := Image(IsomorphismPcpGroup (SpaceGroupBBNWZ(3,IT)));

fi;

R := ResolutionAlmostCrystalGroup(GG,n+1);

else if IsGroup(arg[1]) then
GG := Image(IsomorphismPcpGroup(argl[1]));
R := ResolutionAlmostCrystalGroup(GG,n+1);
else
R:=arg[1];
fi;
fi;

TR:=HomToIntegersModP (R,2) ;

HERHHHHHH R R R R R R R

Letters = [[IlAlll s IlA2l| s IlA3l| s IIA4I| ’IIASII ,IIA6II ,IIA?II] s [llBlll s l|B2|I , l|B3|I , IIB4|I , IIB5|I , IIB6II s IlB?ll] s [llClll ’|ICQII s |ICSII s IIC4II s IIC

Genl:=Mod2RingGenerators(R,1);
Gen2:=Mod2RingGenerators(R,2) ;
Gen3:=Mod2RingGenerators(R,3);
Gen4:=Mod2RingGenerators(R,4);
Genb:=Mod2RingGenerators(R,5) ;

Gens:=[Genl,Gen2,Gen3,Gen4,Gen5] ;
return [IT, Gens];
end;

HEHBHHBFHHBHHHBRFHHAFHHBRHHHAFH BB H RS H RSB HBR SRR SHH RS HRA SRR
HEHSHHBHHH B H R RS H R RS R R H R R E RH R R
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Mod2RingGensAndRels:=function(arg)
local
R,n,GG,IT,Genl,Gen2,Gen3,Gend,spacedim,
Gens, Cupped, CuppedLetter, CupRels, CupRelsLetter,
CupBase2, CupBase3,CupBase4,CupBase5,CupBaseb,
CupBase2Letter,CupBase3Letter,CupBase4Letter,CupBasebLetter,CupBasebletter,
CupRel2, CupRel2Letter, CupRel3Letter, CupRel4letter, CupRelbLetter, CupRel6Letter,
cupped, Cups,
Letters, AddLetters,
uCocycle, vCocycle, uvCocycle, uChainMap, ww,
sol, cc, CB, CohomologyBasis, TR,
BasisP, BasisQ, SmithRecord, GF2ToZ, IToPosition,
i, p, 9, r, u, v, 1ln, iu, iv, w, X, Sw;

if Length(arg)=1 then
n:=6;

spacedim:=3;

else

n:=arg[2];
spacedim:=3;

fi;

if Length(arg)=3 then
n:=6;
spacedim:=arg[3];

fi;

if IsInt(argl[1]) then
IT := argl1];
if IT = 133 or IT = 138 or IT = 210 or IT = 222 or IT = 224 then
GG := Image(IsomorphismPcpGroup(SpaceGroupIT(spacedim,IT)));
else
GG := Image(IsomorphismPcpGroup(SpaceGroupBBNWZ(spacedim,IT)));
fi;
R := ResolutionAlmostCrystalGroup(GG,n+1);

else if IsGroup(argl[1]) then
GG := Image(IsomorphismPcpGroup(argl[1]));
R := ResolutionAlmostCrystalGroup(GG,n+1);
else
R:=arg[1];
fi;
fi;

TR:=HomToIntegersModP (R,2) ;

HHHHH R R
CohomologyBasis:=function(Torsion)
local i, v, Basis;

Basis:=[];

for i in [1..Length(Torsion)] do
v:=List([1..Length(Torsion)], j—>0);
v[i] :=Torsion[i];

Append(Basis, [v1);

od;

return Basis;

end;
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GF2ToZ:=function(v)
local vO0,k;

v0o:=[1;
for k in [1..Length(v)] do
if v[k] = 0%Z(2) then

vO[k] :=0;
else

vO[k]:=1;
fi;

od;

return vO0;

end;
B g g
IToPosition:=function(v)

local vO0,k;

v0o:=[];

for k in [1..Length(v)] do
if v[k] = 1 then
Append(v0, [ k 1);
fi;

od;

return vO0;

end;

HHHHHHE R R R R R R R

AddLetters:=function(v)

local vO0,k;

if v = [] then

return [];

fi;

vO:=v[1];

if Length(v)>1 then

for k in [2..Length(v)] do
v0:=Concatenation(v0,"+",v[k]);
od;

fi;

return [v0];

end;

HHGHEHFHFHFEH SRR R R R R

Letters = [[IlA1l| , IlAQll , IIA3" s IIA4II ,IIASII ,IIA6II ,llA?"] s [llBlll , llB2ll , IIBBII , IIB4II , IIB5|I , IIB6|I , "B7|I] s [IIC1II ’llc2ll ’IICBII s llc4ll s IIC

Genl:=Mod2RingGenerators(R,1,spacedim);
Gen2:=Mod2RingGenerators(R,2,spacedim) ;
Gen3:=Mod2RingGenerators(R,3,spacedim) ;
Gen4:=Mod2RingGenerators(R,4,spacedim) ;
Gens:=[Genl1,Gen2,Gen3,Gen4] ;

CB:=[];
for p in [1..n] do

CB[p] :=CR_Mod2CocyclesAndCoboundaries(R,p,true);
od;

HERHHHHHHH R R © = 2 #HHHEE R R AR
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CupBase2 := [];
CupBase2Letter := [];

iu :=1;
for u in Genl do
iv :=1;

for v in Genl do
if iv>=iu then
cupped :=Mod2CupProduct(R,u,v,1,1,CB[1],CB[1],CB[2]);
Append (CupBase?2, [cupped]) ;
Append(CupBase2Letter, [Concatenation(Letters[1,iu] ,Letters([1,iv])]);

fi;
iv = iv+1;
od;
iu = iu+l;
od;

CupRel2 := [];
CupRel2letter := [];

if not (CupBase2 = []) then
CupRel2 := List(BasisNullspaceModN(CupBase2,2),ShallowCopy)*Z(2);
for cc in CupRel2 do
Append (CupRel2Letter,AddLetters(List (IToPosition(GF2ToZ(cc)) ,x->CupBase2Letter[x])));
od;
fi;

#CupBase2 := List(BaseOrthogonalSpaceMat (CupRels),ShallowCopy) ;
#CupBase2 := List(BaseMat(TransposedMat (Cupped)*Z(2)),ShallowCopy) ;
####Both are problematic!!!

#iu :=1;

#for cc in Gen2 do

# Append (CupBase2, [ccl);

# Append (CupBase2Letter, [Letters[2,iul]l);
# iu :=iu+i;

#od;

HAFHHAFHHBFHHBHFHHARHHE v = 3 HEHHHHHHRH R

CupBase3 :=[];
CupBase3Letter :=[];

iu :=1;
for u in Genl do
iv :=1;

for v in CupBase2 do
cupped :=Mod2CupProduct(R,u,v,1,2,CB[1],CB[2],CB[3]);
Append (CupBase3, [cupped]) ;
Append (CupBase3Letter, [Concatenation(Letters[1,iul,CupBase2Letter[iv])]);
iv = iv+1;
od;
iu := iu+l;
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od;

CupRel3Letter := [];

iu :=1;
for u in Genl do
iv :=1;

for cc in Gen2 do
cupped :=Mod2CupProduct(R,u,cc,1,2,CB[1],CB[2],CB[3]);
if cupped = List([1l..Cohomology(TR,3)],x->0) then
Append (CupRel3Letter, [Concatenation(Letters[1,iu] ,Letters[2,iv])]);
else
if not (CupBase3 = []) then
sol :=SolutionMat (CupBase3*Z(2),cupped*Z(2));
if sol = fail then
Append (CupBase3, [cupped] ) ;
Append (CupBase3Letter, [Concatenation(Letters[1,iu] ,Letters[2,iv])]);
else
#Print (sol);
sol:=List(IToPosition(GF2ToZ(sol)) ,x->CupBase3Letter[x]);
Append(sol, [Concatenation(Letters[1,iu] ,Letters[2,iv])]);
Append (CupRel3Letter,AddLetters(sol));
fi;
fi;
fi;
iv = iv+l;
od;
iu := iu+i;
od;

HESHHHHE R T = 4 HEHEE R R

CupBase4 :=[];
CupBase4letter :=[];

iu :=1;
for u in Genl do
iv :=1;

for v in CupBase3 do
cupped :=Mod2CupProduct(R,u,v,1,3,CB[1],CB[3],CB[4]);
Append (CupBase4, [cupped]) ;
Append(CupBase4Letter, [Concatenation(Letters[1,iu] ,CupBase3Letter[iv])]);
iv = iv+1;
od;
iu := iu+i;
od;

CupReldletter := [];

iu :=1;
for u in Genl do
iv :=1;

for cc in Gen3 do
cupped :=Mod2CupProduct(R,u,cc,1,3,CB[1],CB[3],CB[4]);
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if cupped = List([1..Cohomology(TR,4)],x->0) then
Append (CupRel4Letter, [Concatenation(Letters[1,iul ,Letters[3,iv])]1);
else
if not (CupBase4 = []) then
sol :=SolutionMat (CupBase4*Z(2),cupped*Z(2));
if sol = fail then
Append (CupBase4, [cupped]) ;
Append (CupBase4Lletter, [Concatenation(Letters[1,iul] ,Letters[3,iv])]);
else
sol:=List(IToPosition(GF2ToZ(sol)) ,x->CupBased4letter[x]);
Append(sol, [Concatenation(Letters[1,iu] ,Letters[3,iv])]);
Append (CupRel4Letter,AddLetters(sol));
fi;
fi;
fi;
iv = iv+l;
od;
iu := iu+i;
od;

iu :=1;
for u in Gen2 do
iv :=1;
for cc in Gen2 do
if iv>=iu then
cupped :=Mod2CupProduct(R,u,cc,2,2,CB[2],CB[2],CB[4]);
if cupped = List([1..Cohomology(TR,4)],x->0) then
Append (CupRel4Letter, [Concatenation(Letters[2,iul ,Letters[2,iv])]);
else
if not (CupBase4 = []) then
sol :=SolutionMat (CupBase4*Z(2),cupped*Z(2));
if sol = fail then
Append (CupBase4, [cupped]) ;
Append (CupBase4Letter, [Concatenation(Letters[2,iu] ,Letters[2,iv])]);
else
sol:=List (IToPosition(GF2ToZ(sol)) ,x->CupBased4letter[x]);
Append(sol, [Concatenation(Letters[2,iu] ,Letters[2,iv])]);
Append (CupRel4Letter,AddLetters(sol));
fi;
fi;
fi;
fi;
iv = iv+1;
od;
iu := iu+i;
od;

HEHSHH AR HBRAHRAFH R AR © = O HHHHHHHAHH R R R

CupBase5 :=[];
CupBase5Letter :=[1;

iu :=1;
for u in Genl do
iv :=1;

for v in CupBase4 do
cupped :=Mod2CupProduct(R,u,v,1,4,CB[1],CB[4],CB[5]);
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Append(CupBase5, [cupped]) ;
Append (CupBase5Letter, [Concatenation(Letters[1,iu] ,CupBased4letter[iv])]);

iv = iv+1;
od;
iu := iu+i;
od;

CupRelSLetter := [];

iu :=1;
for u in Genl do

uCocycle:=CB[1] .classToCocycle(u);
uChainMap:=CR_ChainMapFromCocycle(R,uCocycle,1,4);
ww:=[];

for i in [1..(R!.dimension(5))] do

Append (ww, [uChainMap([[i,1]11)1);

od;

iv :=1;
for cc in Gen4 do

vCocycle:=CB[4] .classToCocycle(cc);

uvCocycle:=[];
for i in [1..(R!.dimension(5))] do
wi=wwl[i];
sw:=0;
for x in w do
sw:=sw+ SignInt(x[1])*vCocycle[AbsoluteValue(x[1])];
od;
uvCocycle[i] :=sw mod 2;
od;

cupped := CB[5].cocycleToClass(uvCocycle);
#cupped :=Mod2CupProduct(R,u,cc,1,4,CB[1],CB[4],CB[5]);
if cupped = List([1..Cohomology(TR,5)],x->0) then
Append (CupRel5Letter, [Concatenation(Letters([1,iu] ,Letters[4,iv])]);
else
if not (CupBase5 = []) then
sol :=SolutionMat (CupBaseb5*Z(2),cupped*Z(2));
if sol = fail then
Append (CupBase5, [cupped]) ;
Append (CupBasebLetter, [Concatenation(Letters[1,iu] ,Letters[4,iv])]);
else
sol:=List (IToPosition(GF2ToZ(so0l)),x->CupBasebLetter[x]);
Append(sol, [Concatenation(Letters[1,iu],Letters[4,iv])]);
Append (CupRel5Letter,AddLetters(sol));

fi;

fi;

fi;

iv = iv+l;
od;
iu := iu+i;
od;
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iu :=1;
for u in Gen2 do

uCocycle:=CB[2] .classToCocycle(u);
uChainMap:=CR_ChainMapFromCocycle(R,uCocycle,2,3);
ww:=[];

for i in [1..(R!.dimension(5))] do

Append (ww, [uChainMap([[i,1]11)1);

od;

iv :=1;
for cc in Gen3 do

vCocycle:=CB[3].classToCocycle(cc);

uvCocycle:=[]1;
for i in [1..(R!.dimension(5))] do
wi=wwl[i];
sw:=0;
for x in w do
sw:=sw+ SignInt(x[1])*vCocycle[AbsoluteValue(x[1])];
od;
uvCocycle[i] :=sw mod 2;
od;

cupped := CB[5].cocycleToClass(uvCocycle);
#cupped :=Mod2CupProduct(R,u,cc,2,3,CB[2],CB[3],CB[5]);

if cupped = List([1..Cohomology(TR,5)],x->0) then
Append (CupRelbLetter, [Concatenation(Letters[2,iul ,Letters[3,iv])]);
else
if not (CupBase5 = []) then
sol :=SolutionMat (CupBase5*Z(2),cupped*Z(2));
if sol = fail then
Append (CupBase5, [cupped]) ;
Append(CupBase5Letter, [Concatenation(Letters[2,iu] ,Letters([3,iv])]);
else
sol:=List (IToPosition(GF2ToZ(so0l)),x->CupBasebLetter[x]);
Append(sol, [Concatenation(Letters[2,iu] ,Letters([3,iv])]);
Append (CupRel5Letter,AddLetters(sol));
fi;
fi;
fi;
iv = iv+1;
od;
iu := iu+l;
od;

HEHHHHHHEH R R T = 6 #HHEE RN R

CupBase6 :=[];
CupBase6Letter :=[1;
iu :=1;

for u in Genl do

iv :=1;

for v in CupBaseb do
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cupped :=Mod2CupProduct(R,u,v,1,5,CB[1],CB[5],CB[6]);
Append (CupBase6, [cupped]) ;
Append (CupBase6Letter, [Concatenation(Letters[1,iul ,CupBasebLletter[iv])]);

iv = iv+1;
od;
iu := iutil;
od;
iu :=1;

for u in Gen2 do
iv :=1;
for v in CupBase4 do
cupped :=Mod2CupProduct(R,u,v,2,4,CB[2],CB[4],CB[6]);
Append (CupBase6, [cupped]) ;
Append (CupBase6Letter, [Concatenation(Letters[2,iu] ,CupBasedletter[iv])]);
iv = iv+l;
od;
iu := iu+i;
od;

CupRel6Letter := [1;

iu :=1;
for u in Gen2 do

uCocycle:=CB[2].classToCocycle(u);
uChainMap:=CR_ChainMapFromCocycle(R,uCocycle,2,4);
ww:=[];

for i in [1..(R!.dimension(6))] do

Append (ww, [uChainMap([[i,1]11)1);

od;

iv :=1;
for cc in Gen4 do

vCocycle:=CB[4].classToCocycle(cc);

uvCocycle:=[];
for i in [1..(R!.dimension(6))] do
wi=ww[i];
sw:=0;
for x in w do
sw:=sw+ SignInt(x[1])*vCocycle[AbsoluteValue(x[1])];
od;
uvCocycle[i] :=sw mod 2;
od;

cupped := CB[6].cocycleToClass(uvCocycle);
#cupped :=Mod2CupProduct(R,u,cc,2,4,CB[2],CB[4],CB[6]);

if cupped = List([1..Cohomology(TR,6)],x->0) then
Append (CupRel6Letter, [Concatenation(Letters[2,iu] ,Letters[4,iv])]);
else
if not (CupBase6 = []) then
sol :=SolutionMat (CupBase6*Z(2),cupped*Z(2));
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od;
iu
od;

iu
for

if sol = fail then
Append (CupBase6, [cupped]) ;
Append (CupBase6Letter, [Concatenation(Letters[2,iu] ,Letters[4,iv])]);
else
sol:=List(IToPosition(GF2ToZ(sol)) ,x->CupBase6lLetter[x]);
Append(sol, [Concatenation(Letters([2,iu] ,Letters[4,iv])]);
Append (CupRel6Letter,AddLetters(sol));

fi;

fi;

fi;

iv = iv+l;
:= iu+il;
:=1;

u in Gen3 do

uCocycle:=CB[3].classToCocycle(u);
uChainMap:=CR_ChainMapFromCocycle(R,uCocycle,3,3);

wWw:=

for

[1;
i in [1..(R!.dimension(6))] do

Append (ww, [uChainMap([[i,111)1);

od;

iv
for

:=1;

cc in Gen3d do
if iv>=iu then
vCocycle:=CB[3].classToCocycle(cc);

uvCocycle:=[];
for i in [1..(R!.dimension(6))] do
wi=wwl[i];
sw:=0;
for x in w do
sw:=sw+ SignInt(x[1])*vCocycle[AbsoluteValue(x[1])];
od;
uvCocycle[i] :=sw mod 2;
od;

cupped := CB[6].cocycleToClass(uvCocycle);
#cupped :=Mod2CupProduct(R,u,cc,3,3,CB[3],CB[3],CB[6]);

if cupped = List([1..Cohomology(TR,6)],x->0) then
Append (CupRel6Letter, [Concatenation(Letters[3,iu] ,Letters[3,iv])]);
else
if not (CupBase6 = []) then
sol :=SolutionMat (CupBase6*Z(2),cupped*Z(2));
if sol = fail then
Append (CupBase6, [cupped]) ;
Append (CupBase6Letter, [Concatenation(Letters[3,iu] ,Letters([3,iv])]);
else
sol:=List(IToPosition(GF2ToZ(sol)) ,x->CupBase6lLetter[x]);
Append(sol, [Concatenation(Letters[3,iu] ,Letters([3,iv])]);
Append (CupRel6Letter,AddLetters(sol));
fi;
fi;
fi;
fi;
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iv = iv+l;
od;
iu := iu+i;
od;

return rec(GensAtDegN:=List([1..4],x->List([1..Length(Gens[x])],y->Letters([x,y])) ,RelsAtDegN:=[CupRel2Letter,
end;

HHSHEHFHFHHRH R H R R R R R
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Next we can start our work. For any space group, we use

27 Other space groups

27.1 The book: Crystallographic Groups of Four-Dimensional Sapce

Q classes: there are total 2+ 3 +3+ 7+ 5+ 7+ 5 = 32 classes, corresponding to the 32 different point groups (different
in the physical, operational sense). [Note that on the level of abstract groups there are only 18 distinct ones.]
Family (T/M/O/T/H); crystal system (1-7); Q classes (2+3+3+7+5+4 7+ 5 = 32); Z classes.

e Triclinic: 1 crystal system, 2 Q classes
e Monoclinic: 1 crystal system, 3 Q classes

e Orthorhombic: 1 crystal system, 3 Q classes

Tetragonal: 1 crystal system, 7 QQ classes

Hexagonal: 2 crystal systems, 5 Q classes + 7 Q classes
e Cubic: 1 crystal system, 5 Q classes

Below are Crystal system/Q class/Z classes, the first pair of parentheses give the dimension of cohomology for each Z
class; the second pair of parentheses give the actual number of space groups determined from the Z class. One can check
that the number of space groups add up to 219.

o 1/1-2
- 1/1/1(1):(1)
- 1/2/1(1):(1)
e 2/1-3
- 2/1/1-2(2,1):(2,1)
— 2/2/1-2(4,2):(2,2)
— 2/3/1-2(8,2):(4,2)
e 3/1-3
— 3/1/1-4(8,2,1,2):(4,2,1,2)
— 3/2/1-5(16,4,4,2,4):(10,3,4,2,3)
— 3/3/1-4(64,8,2,8):(16,6,2,4)
o 4/1-7
— 4/1/1-2(4,2):(3,2)
—4/2/1-2(1,1):(1,1)
— 4/3/1-2(4,2):(4,2)
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— 4/4/1-2(8,2):(6,2)
— 4/5/1-2(8,4):(8,4)
— 4/6/1-4(4,4,2,2):(4,4,2,2)
— 4/7/1-2(16,4):(16,4)
® 5/1-5
- 5/1/1-2(1,3):(1,2) 146 143,144
— 5/2/1-2(1,1):(1,1) 148 147

1,2,2) 155 149,151 150,152
) 160,161 156,158 157,159
2) 166,167 162,163 164,165

~ 5/4/1-3
~ 5/5/1-3

9

(1,3):(1
(1,1):(1
— 5/3/1-3(1,3,3):
(2,2,2):
(2,2,2):

° 7/1-5
2,1,2):

7/2/1-3(4,2,2):(3,2,2

(2,1,2):(2,1,2)
(4,2,2):(3,2,2)
~ 7/3/1-3(4,2,2):(3,2,2)
(2,2,2):(2,2,2)
(4,4,2):(4,4,2)

7/1/1-3

— 7/4/1-3(2,2,2):(2,2,2

— 7/5/1-3(4,4,2):(4,4,2

27.2 Result for all 230 groups
Isomorphic space groups: (76,78),(91,95),(92,96),(144,145),(151,153),(152,154),(169,170),(171,172),(178,179),(180,181),(213,212)
The command for space group is (need to import HAP using LoadPackage ("HAP") ; and have polymake installed
(note that loading HAP automatically load polymake)
for Num in [1..230] do
> R:=ResolutionSpaceGroup (SpaceGroupIT(3,Num),15);
> for n in [0,1,2,3,4,5,6,7,8,9,10,11,12,13,14] do
> Print("H™",n,"=",Cohomology(HomToIntegersModP(R,2),n),";;");
> od;
> Print("\n");

> od;

The command for point group is (since it takes time, we can just calculate the 32 distinct point group, using instead “for
Num in [1,2,3,6,10,16,25,47,,75,81,83,89,99,111,123,143,147,149,156,162,168,174,175,177,183,187,191,195,200,207,215,221]
do” for the first line)

gap> for Num in [1..230] do
> R:=ResolutionFiniteGroup(PointGroup (SpaceGroupIT(3,Num)),15);
> for n in [0,1,2,3,4,5,6,7,8,9,10,11,12,13,14] do
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> Print("H™",n,"=",Cohomology (HomToIntegersModP(R,2),n),";;");
> od;
> Print("\n");
> od;

Then, the command to obtain the cohomology with Z°" coefficient, where the superscript “or” means that if the
space group G is orientation-reversing then it acts on the coefficient Z by multiplying by —1. In other words, the action
is multiplying by the deternant. According to the crystalline equivalence principle by Ryan and Dominic, this is the
necessary action for crystalline SPT when treating them as internal symmetries. To implement this action, we do:

for Num in [1..230] do

> G:=SpaceGroupIT(3,Num);
> R:=ResolutionSpaceGroup(G,15);
> ZZ:=GL(1,Integers);;
> Zor:= GroupHomomorphismByFunction(G,ZZ,x->[[Determinant(x)]1]);;
> C:=HomToIntegralModule(R,Zor);;
> for n in [0,1,2,3,4,5,6,7,8,9,10,11,12,13,14] do
> Print("H"",n,"=",Cohomology(C,n),";;");
> od;
> Print("\n");

> od;

For example, if we want to work out H*(G, U (1)°") ~ H?(G,Z°") (note only their torsion part equal each other!), then
we do
for Num in [1..230] do

> G:=SpaceGroupIT(3,Num) ;
> R:=ResolutionSpaceGroup(G,6);
> ZZ:=GL(1,Integers);;
> Zor:= GroupHomomorphismByFunction(G,ZZ,x->[[Determinant(x)]]);;
> C:=HomToIntegralModule(R,Zor);;
> Print ("H"5=",Cohomology(C,5),";;");
> Print("\n");
od;

Then, the command to obtain the 3rd cohomology with Z coefficients:

for Num in [1..219] do
> e:=Image (IsomorphismPcpGroup (SpaceGroup(3,Num)));
> R:=ResolutionAlmostCrystalGroup(e,4);
> Print (Num,":H"3=",Cohomology(HomToIntegers(R),3),"\n");
> od;
Note that this finishes at number 219, so this is not the international numbering. So, we should use this (although a bit
slow):
for Num in [1..230] do
> Print (Num,":H"3=",GroupCohomology (SpaceGroupBBNWZ (3,Num),3),"\n") ;

> od;

95



But it turns out the command for point group “ResolutionFiniteGroup” is too slow. For these finite groups, since
we already have results let us address them now. Note that in terms of the abstract group structure, there are only the
following classes: Z,, Dih,, A4, Sq, Zp X Loy Dihy X Lo, Ay X Lo, Sy X Zs, where Dih,, is the dihedral group with order
2n. Note that for n odd we have Z,, = Z,, X Zs and Diho, = Dih,, X Zs. We have T' = Ay, Tq =2 Sy, Ty, = Ay X Zo,
0= S4, and Oh = 54 X ZQ.

Note that if we want we can use different action for the Z coefficient. For the pyrochlore case (No. 227), this is given
in subsec. 2221

From the wikipedia page of Crystallographic_point_group, we see that the building blocks of point groups are Z1 23 4.6,
and Dih273,476.

For finite abelian group, we have

H"(Zg, Z3) = Lgea(q,2), (201)

i.e. when ¢ is even the answer is Zs, and when ¢ is odd the result is trivial.
From Adem Milgram, we have (see P127 for dihedral; see P143 and P179, theorem 2 for symmetric groups)

H™(Dihs, Zy) = H™(Ss3,Zy) = H"(Zs, Z) = 1,

202
Hn(DZhQ,ZQ) :Hn((D’Lh4,Z2) :Hn(DZhG,ZQ) =n+1. ( )

We have also calculated the mod-2 cohomology dimension for A4 and Sy, which we denoted by m(n) and f(n) in

Eq. and . We copy them here:

m(n) =[n/2] +[(n—3)/6] — [(n+2)/3] + 2 — §n=4 mod 6,
f(n)=1[n/2] + [(n —3)/6] + 2 — 6=4 mod 6-

This has be verified up to n < 40 in GAP using “R:=ResolutionSmallGroup(A4,41); 7, “for n in [0..40] do”,
“Print (Cohomology (HomToIntegersModP(R,2) ,n),",")”, “od;”.

Note that f(n) is the number of nonnegative integer solutions to a 4+ 2b + 3¢ = n subject to the condition that when
¢ > 1 then a = 0 (or equivalently, when a > 1 then ¢ = 0).

Now we construct the normal subgroup series. First, we start from No. 221-230: we want to use O = S4 X Zy D
Sy D Ay D, where the first is to break the inversion symmetry.

Point group information:

There are in total 18 distinct abstract point groups:

(203)

1, 79,72, 73, %y, Ty X Lo, Dihy, Dihy x Lo, Ty, Loy X Loy, Ty X 73, Dihsg, Dihg x Lo, Dihg x 73, Ay, Ay X Ly, Sy, Sy X Zy. (204)

Using the code in Mathematica and python for computing the mod-2 rank of a sparse matrix over GF(2), we find
the E% 1 and E% 2 terms in the translation—point group spectral LHS spectral sequence by checking for small p. Those
dimensions with a * symbol are the ones that should be checked more, but I think (with 99% confidence) that what is
written is the final results.

First, look at Z4. Using Theorem 9.27 on Rotman’s book, we define D = x—1 and N = 1+z+22+23 for z = d1, q4, gs,
and A = Z3. We need to calculate

~vA={a€ AINa=0}, NA, A% DA,

We have
r nNA NA A DA HO(G,A) =AY H™ YG,A) =yA/DA AF/NA
di A Trivial Z2 7 2 2 2
@ A Trivial Zo 73 1 1 1
s A Trivial Zo 73 1 1 1

Then let’s look at Zs, with D =2 — 1 and N = 1 + z + 2?2 for x = t, ta,, t3,t4, and A = Z3. We have

x «~A NA AC DA HO(G,A) =AC H¥ G, A)=yA/DA AC/NA

~—

oy 72 Iy T, 13 T 0 0
t3 Z3 Ly Ly 73 1 0 0
ta Z% Zo Zo Z% 1 0 0

Then for Zy, with D=2 —1land N=1+2=1—2x for x = I,d;, and A = Z3:
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Table 5: Point group information. Note that for the group cohomology, x, e, a, b, o1 have degree 1, y and o5 has degree 2,
and ¢ has degree 3. For the form of the function m(n) and f(n), see Eq. (203).

No. International Schonflies  Abstract  Order  Mod-2 Coh. Ring  Coh. Dim. at n Generators
1 1 Cy Trivial 1 Trivial 0 Trivial

3-5 2 CQ ZQ 2 Fg [J?] 1 (2)

6-9 m Cs Zo 2 Fy[z] 1 (2)
10-15 2/m Cgh Z% 4 FQ [I]Jl, 1’2] n+1 (2), (3)
16-24 222 Dy 72 4 Falz1, 23] n+1 (2), (3)
25-46 mm2 CQ»U Z% 4 FQ [1'17 1‘2] n+1 (2), (3)
47-74 mmm Dy, 73 8 Folx1, 22, 73] in+1)(n+2) (2),(3),(5)
75-80 4 04 Z4 4 FQ [.’L‘] 1 (3)
8388 4/m Cyun Ly X Lo 8 Iy [.131, o n+1 (3), (5)
89-98 422 D4 D’Lh4 8 ]FQ [6, g1, 0'2}/(60'1) n -+ 1 (3), (5)

99-110 dmm Cly Dihy 8 Fole, o1, 02]/(eoq) n+1 (3),(5)
111-122 ZQm D2d Dlh4 8 ]F2 [6, g1, 0'2}/(60’1) n+1 (3), (5)
123-142 4/mmm Dy, Dihy x Zy 16 Fsle,01,02,2]/(ecr) 1(n+1)(n+2) (3),(5),(9)
143-146 3 Cs Zs 3 Trivial 0 (2)
147-148 3 Se Zs X 7o 6 Falx] 1 (2),(4)
149-155 32 Ds Dihs 6 Fsle] 1 (2), (4)
156-161 3m Csy Dihg 6 Fyle] 1 (2), (4)
162-167 3m Dsq Dihs x Zs 12 Fale, ] n+1 (2)-(7), (4)
168-173 6 06 Zg X ZQ 6 IFQ [1‘] 1 (2), (4)

174 6 Cgh Zg X ZQ 6 IFQ [1‘] 1 (2), (4)

175-176 6/m C@h Zg X Zg 12 FQ [l‘l, IL’Q] n+1 (2) . (4), (7)
177-182 622 Dg Dihsz x Zo 12 Fsle, z n+1 (2)-(4),(7)
183-186 6mm Cey Dihz x Zs 12 Fsle, x] n+1 (2)-(4),(7)
187-190 6m2 D3y, Dihsz x Zs 12 Fsle, z n+1 (2)-(4),(7)
191-194 6/mmm Dgp, Dihg x 73 24 Fsle, x1, 2] fn+1)(n+2) (2)-(4),(7),(13)
195-199 23 T Ay 12 Fy[a, b)% m(n) (2),(5)
200-206 m3 Ty, Ay X Zoy 24 Fala, b @ Fa[z] Z?:o m(j) (2),(5)-(13)
207-214 432 o Sy 24 Folz,y, c]/(zc) f(n) (5), (13)
215-220 43m T4 Sy 24 Falz,y,c]/(zc) f(n) (2)-(13), (5)
221-230 m3m On Sy X Lo 48 Faolz, 21,9, c]/(zc) > im0 f(n) (13), (5)-(25)
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Table 6: Table for EY 1 and E?Y 2: point group cohomology for coefficients y or b.

PG No. PG Coh. Dim. Gen Reps Coh. Dim.
1 1 0 trivial I 30,—0
29 : & . oo i1
1,1 3(1+n)
dl, I 2 + n
73 10-46 n+1 (2),(3) ds, dg 2+n
dy,ds Op=0 + 1
da, do 2+4+n
I,I,1 %(n+l)(n+2)
73 7 enm+) @O0 o0 i e
dy,ds, I %TI,(TL—FI) +1
1 dy 2
Z4 75-82 (3) q4 1
g5 1
dl, I 2(1 —+ ’fL)
Z4 X ZQ 8388 n+1 (3),(5) 44, I 1+n
qs, I 14+n
dl, I 2(1 —+ TL)
Dih4 89-122 n+1 (3),(5) 44, d3 1+n
g5, dg 1+n
di,I1,1 (n+1)(n+2)*
Dihy x Zy  123-142  I(n+1)(n+2) (3),(5),(9) qa,ds, [ %(n+1)(n+2)*
Q5,d6,l §(n+1)(n+2)*
2‘;2(7’) On=0
Zs 143-146 0 (2) t3 On—0
ty 5n=0
tz r ,I 1
Zs X 7o 147-148, 1 (2),(4) t(g,,)l 1
168-174
ta, I 1
Zs x 73 175-176 n+1 (2)-(4),(7) tar), n+1
Loy, dy 1
Dihs 149-161 1 (2),(4) ts, dy 1
ty,ds 1
t d n+1
. 162-167, (2)-(7),(4); 2(r)> T
DZthZQ n+1 t3,d4 Tl+1
177-190 (2)-(4),(7) ta.ds ntl
Dihs x 25101194 _I(n+ D(n+2) (2)-@(0.(13) bagdl __ Lnt D2y
I, tl 1 + n
Ay 195-199 m(n) (2),(5) ds, t1 m(n + 1)
dy, tq Op=o0 + 6n>0m(n — 1)
t1, 1 s(n+1)(n+2)"
Ay xZy 200206 DT gm(j) (2),(5)-(13) ty,ds >jom(j +1)*
t1,dy4 1+ Z?:l m(j —1)*
tl, d1 1 + n*
tl,d7 1+f(n—2)
S, 207-214, F(n) (5),(13); t1,ds 1+ f(n—1)
215-220 (2)-(13), (5) di,ty 14n*
d7,t1 1+f(ﬂ72)
dg,tl 1+f(n—1)
tl,dl %(n+1)(n+2)*
SyxZy 221230 YT, f(5) (13), (5)-(25) ti,dr 1+n+ Y, f(i-2)
t1,ds L+n+>0 ,fi—1)
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Gen. X (X —1)(a,b,c)T (X —1).(x1,2,3)
I (0,0,0) trivial
di (a+b,a+0b,0) (x1+x2)
ds, dg (a+b+c,a+b+c0), (a+b+c¢,0,a+b+c¢c) (x1+ Xx2,x1+X3)
dy,ds (a+ba+ba+bd), (a+c,a+c,a+c) {x1+ X2+ Xx3)
d27d2 (0,b+c,b+c) <X2 +X3>
4 (b+ce,b+ca+c) (x1 + x2,x3)
s (a+b,c,a+b+c) (x1+ x3,x2 + x3)
qa,d3 (b+c,b+c,a+c), (a+c,a+c,a+c) (x1 + x2,Xx3)
s, ds (a+bc,at+b+e), (a+b+c,0,a+b+ec)  (x1+ X3 X2+ X3)
to (b,a+b,0) (X1, x2)
i3 (b,a+b,a+Db) (x1,x2 + x3)
to, (a+b,a,0) (X1, X2)
t4 ((Z+b+C7a,O) <X1,X2>
to, dy (b,a+b,0), (a+b,a+b,0) (x1, X2)
t3,dy (b,a+b,a+0b), (a+ba+b,a+bd) (X1, X2 + x3)
tor, dy (a+b,a,0), (a+b,a+b,0) (X1, x2)
ta,ds (a+b+c¢a,0), (a+b+c,a+b+¢,0) (X1, X2)
ty (a+c,a+b,b+c) (x1 + x2,x1 +x3)
t1,ds (a+c,a+bb+c), (a+b+c,a+b+c,0) (x1 + X2, X1 + Xx3)
t1,dys (a+c,a+bb+c), (a+ba+ba+b) (X1, X2, X3)
t17d1 (a+c’a+b’b+0)7 (a+b7a’+b’0) <X1+X27X1+X3>
t1,dy (a+c,a+bb+c), (¢,c,0) {x1+ x2, X1+ Xx3)
t17d8 (a+cva+bvb+c)’ (0a07a+b) <X1aX2;X3>
r nNA NA  AC DA HO(G,A) = A% H?1(G,A)=NA/DA AC/NA
I A Trivial A Trivial 3 3 3
di 73 Zs 73 7 2 1 1
Then for Z3 X Zy = Zg, with D =2 — 1 and N = 1+ 2 + 22 + 23 + 2% + 25 for @ = tol, to, [, t31, t4] = to,to,, t3, 14,
and A = Z3:
x NA NA A DA HY(G,A) =A% H>™ I(G,A)=yA/DA AF/NA
ta(r) A Trivial  Zsg Z% 1 1 1
t3 A Trivial Zy 73 1 1 1
ta A Trivial Zy 73 1 1 1

Then, for Z2. We see that there are five cases depending on the generators are (I,1), (di, 1), (ds,ds), (d4,ds), and

(dg,ds3), but there are only three types of spectral sequence. We have G = Z32 so we set N = Zy and Q = Zs, and
examine EY'? = HP(Q, H1(N, A)) where A = Z3 is either (x1, x2, x3) or (b1, b2, bs). For (I,), the cohomology dimension
is 3(1+n) so EY? = 3 for all p,q. For (dy,1), (ds,ds), and (dz, d2) which we have dimension 2 + n, and for (d4, d3) which
we have dimension d,,—g + n, the respective spectral sequences are

q=3 2 1 1 1 q=3 1 1 1 1

q=2 2 1 1 1 ’ q=2 1 1 1 1 (205)
qg=1 2 1 1 1 qg=1 1 1 1 1

q=0 2 1 1 1 qg=20 1 0 0 0

EP?T 1p=0 p=1 p=2 p=3 EY?T I p=0 p=1 p=2 p=3

We know these are the collapsed result, i.e. EY? = EP:4, since the group G = Z3 now is a direct product of @ and N.
This also gives the ring structure (for the row considered):
(206)

Folz1, 2] ® {a1,a2}/x102, Folzq, 2] ® {a1, a2}/ (@121 = asxs),

here {ay,as} depends on the form of the generators. For example, for (ds,dg) we have {a1,a2} = {x1 + X2, X1 + X3}
With this, one can show that for Z3 we already have the ring structure, which is what we have in the Z3 case cup
product with xs.
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For Z4 x Zs and for Z3 x Z3 we have E5'? = 2 or 1 for all p, ¢, depending on the action. So these are also understood.
Similarly, if we can understand Dihy and Dihs, we see that Dihy x Zo, Dihz x Zo and Dihz x Z3 are just simple diagonal
sum. So to understand all No.< 194 all we need to understand is Dihy and Dihs.

For Dihy = Z4 x Zs (so that N = Z,4 and @Q = Zs), the Adem book shows that the spectral sequence collapses at Es,
so all do = 0. And the dimension counting is actually obvious: E5'? =2 or 1 for all p, ¢ depending on the action being
(d1,I) or (qa,ds) or (gs,ds).

For Dihs, it is easy to see that we must have spectral sequence EY'? = §,—.

We can now check the symmorphic space groups. We find that only the following six have a noncollapsing E5 page
(meaning E3 page not the same as the Es page):

42,69, 87,107,121, 139, 202, 217, 225, 229

Note that No. 139 space group’s maximal space groups are precisely 69,87,107,121,139; and 69 has a maximal subgroup
42, so all these groups are connected; similarly we have that 202 has a maximal subgroup 69, 217 has a maximal subgroup
of 121, and 225 of 139 and 202, and 229 of 139, 217. Therefore, in some sense the “problem” starts to appear at No. 42,
which doesn’t have a collapsing E> page. And this results in the noncollapsing of the other five space groups that is built
upon it.

So let’s focus on No. 42 space group, Fmm2. This space group is for FCC lattice type, generator (2) is a Cy axis along
z, and generator (3) is mirror that flips the y coordinate. Note that just keeping the generator (2) gives the subgroup
No.5 C2, whose cohomology ring we have worked out. There, we the point generator Cs is exactly the generator (2) here.
So we just need to add another generator, which let’s call M,. M, commutes with C5, so in our original coordinate we
have My: (z,y,2) = (z,1/4 —y, z). We conjecture that the spectral sequence for Fmm2 has the form at the second page
which gives total dimension 1,4,7,9,11,13,... for n =0,1,2,3,4,5, ...

g=4| 3 2 2 2 2

¢q=3| 3 2 2 2 2

g=2| 3 2 2 2 2 (207)
g=1| 3 3 3 3 3

¢=0] 1 1 1 1 1

EPT 1p=0 p=1 p=2 p=3 p=4

where the p = 0 row is H4(C2, Zy)Mv = (3Mv 4My 4My ) for ¢ = 1,2,3,.... And we conjecture that 3Mv = 3, 4Mv = 3,
4My = 3 for ¢ = 1,2, 3, and so on.
With this, the No. 69 Fmmm collapses at the second page: it is easy to check that we have

H"(Fmmm(No.69),Zs) = z”: H'(Fmm2(No.42),Zs). (208)
i=0

So the corresponding spectral sequence is just B2 = EY'? = HY(Fmm2(No.42), Zs).

Similarly, we have H"(I4/mmm(No0.139),Zs) = 6p—0 + 3n =Y ., H'(S, Zs) for S = No.87,107,121.

No. 42 group is an example of F5 nondegenerate split groups. In Adem’s paper https://reader.elsevier.com/
reader/sd/pii/S00218693080010147token=08323CDB3D96BC53936272B403FE1BD768B73BDFB882AFA4EFDIDEA782CB6477FB5B51¢
originRegion=us-east-1&originCreation=20221024230315 (see Sec. 5), and Ref. [16] therein, which is https://
reader.elsevier.com/reader/sd/pii/S00218693969018177token=AECCI9E42D43AAFA984EE16301FF39656E5FE44CBFO5E91789EC
originRegion=us-east-1&originCreation=20221024231218. According to Sec. 5, for G = Z/2 x Z/2, there exist ZG-
modules M which are not realizable as the cohomology of a G-space, and Ref. [16] construsted concrete examples, but
takes n = 2, so p” = p? = 9. It is not clear if setting n = 3 gives also the result.

So the last task now is to understand the three groups No.87,107,121. The maximal subgruops (of index 2) that have
the smallest cohomology are the ones that have (1,2,3,4,4,4,4,...) forn =10,1,2,3,4,5,6.... To get the corret dimension
On=0 + 3n, it seems the Fy page does not collapse.

Note that we have the theorem (see P247-248 of Graham’s book) that if the point group has periodic cohomology
then so does the space group. For us, these point groups are P = Zo, Z4,Z3,Z3 X Zs, Dihs. We see that indeed they have
periodic cohomology (of period one).

e P2;/m (No. 11), nonsymmorphic. Note that the cohomology ring of finite abelian group (such as Z3) is also compli-
cated, seehttps://central.bac-lac.gc.ca/.item?id=TC-0WTU-7276&op=pdf&app=Library&oclc_number=835911846.

e C2/m (No. 12), symmorphic. Point group is 2/m = Cap = (Ca, M) = Zs X Zo. Note that in the TaTes coordinate,
we write Cy as Cy,, whose rotation axis is along y, and we write M as M,, as it flips (z,y, ) to (z, —v, 2).
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R3m (No. 166), symmorphic. Delafossites. Point group Dsg.

14, /amd (No. 141), nonsymmorphic. LiYbOs, point group Dyy.

e P6scm (No. 185), nonsymmorphic. BYBO; BErBO. Point group Cs,.

P3m1 (No. 164), symmorphic. 1T phase TMD and EuCdyP5. Point group Dsg.

e P63/mmc (No. 194), nonsymmorphic. MnsSn; 2H phase TMD; EulnyAss. Point group Degy,.

Define the following matrices

01 0 1 00 00 1
=100 ),d=[001],ds=[1111|d=
00 1 01 0 100
01 1 01 1 10 1
ds=101|,ds=(0 10 |,dr=[0 1 1],ds=
00 1 110 00 1
00 1 110 010
ti= 100 |, ta=[1 00 |, tor=2=|11 0 |,t5=
01 0 00 1 00 1
01 1 11 1 010
ta=1 10 |,a=]00 1), gs5=(011],1=
00 1 100 110

010
100 ],
111
100
010 |,

11 1 (209)
110
100 ],
111
100
010
00 1

and define x1 23 and by 2 3 as usual. (Note that here we define by (T7 T3 T5*, Ty T3 T5?) = y122 and so on.)
Note that the transitive action of point group on x1,2,3 and by 2 3 are only of the following eight kinds (trivial one not

counted):
1,Zy,73, 7y, 73, Dihg, Dihy, Ay, Sy. (210)

No. Name PG Generators x? E»? PG Sch. PG. abs. Ind. PG, (PG), (PG), dim[H'~(Space Group,Zs)]
1 Pl Trivial v ¢ @) - 1 - T T (3,3,1,0,0,0,0,0,0,0)

2 P1 (2) v v C; Zo 21 - I I (4,7,8,8,8,8,8,8,8,8)

3 P2 (2) v v Cy Zo 21 - I I (4,7,8,8,8,8,8,8,8,8)

4 P2, (2) Cy Zo 21 - I I (3,3,1,0,0,0,0,0,0,0)

5 C2 (2) v o/ Cy Ly 22 Zs dy dy (3,4,4,4,4,44,44.4)

6  Pm (2) VY, C, Zs 21  — I I (4,7888,8383838.8)

7 Pc (2) Cs Zo 21 - I I (3,3,1,0,0,0,0,0,0,0)

8  Cm (2) oV O, Zs 22 Zo d di (3.4,4,4,4,4,44,4.4)

9 Cec (2) Cs Zo 2:2 7y dy dy (2,2,1,0,0,0,0,0,0,0)

10  P2/m (2),(3) v 7 Cap, Z3 4:1 - I.I I,I (5,12,20,28,36,44,52,60,68,76)
11 P2;/m (2),(3) Con 73 4:1 - 1,1 I,T (4,7,8,8,8,838,88,8)

12 C2/m 2,3) v v Ca 72 42 Zy dy, I dy, T (48,12,16,20,24,28,32.36,40)
13 P2/c (2),(3) Cap, 73 4:1 - I,I I,I (4,7,8,8,8,8,8,8,8,8)

14 P2/c (2), (3) Con 72 41 - LI IT (3444444444)

15 C2/c (2),(3) Cap, 73 4:2  Zo dy,I  di,I (3,5,6,6,6,6,6,6,6,6)

16 P222 2,3) v v D 72 41 - LI I,I (51220,28,36,44,52,60,68,76)
17 P222, (2), (3) Do 72 41 - LT IT (478888%888)

18 P2,2,2 (2), (3) Do 72 41 - LI LT (3444444444

19 P2,2,2; (2), (3) Do 72 41 - LT LI (221,0,0,0,00,0,0)

20 €222 (2), (3) D, 7 42 Zy Idy Id (3444444444)

21 (222 2,38 v v Dy 73 42 Z, Idy I.dy (4,8,12,16,20,24,28,32,36,40)
22 F222 2,3 v v D 72 44 7% ds.dg dyds (4,7,10,14,18,22,26,30,34,38)
23 1222 (2),(3) v Dy 73 44 73 dy4,ds  ds,ds (3,6,10,14,18,22,26,30,34,38)
2% 12,2,2, (), (3) Do 72 44 72 dyds ds,dg (3,5,6,6,6,6,6,6,6,6)

25  Pmm2 (2),(3) v v Cay 73 4:1 - I,I I,I (5,12,20,28,36,44,52,60,68,76)
26 Pmc2, (2),(3) Cay Z3 4:1 - I.I I,I (4,7,8,8,8,.8,8,838,8)

27 Pec2 (2), (3) Cy 72 41 - LT IT (478888%888)

28  Pma2 (2),(3) Coy 73 41 - 1,1 I,T  (4,7,8,8,8,8,8,8,.8,8)
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29 Pca2, (2), (3) Cow 732 41 — LI 1,1 (33,1,0,0,0,0,0,0,0)

30  Pnc2 (2),(3) Ca 72 41 — LI LI (3444444444)

31 Pmn2, (2), (3) Ca 72 41 — LI I, (3444444444)

32 Pba2 (2),(3) Ca 72 41 — LI 1,1 (3444444444)

33 Pna2; (2),(3) Ca 72 41 - LI LI (221,000,00,0,0)

34 Pnn2 (2),(3) Ca 72 41 — LI 1,1 (3444444444)

35  Cmm2 (2), (3) v O 72 42 Zy Idy Idy (48,12,16,20,24,28,32,36,40)
36  Cmc2, (2),(3) Ca 72 42 Zy, ILdy ILdy (3444444444)

37 Cec2 (2),(3) Ca 72 42 7y Idy Id (356,6,6,6,6,6,06,06)

38 Amm2 (2),(3) v O 72 4:2  Zo  doydy  day,dy (4,8,12,16,20,24,28,32,36,40)
39 Aem2 (2), (3) Cay 72 42 Zo  dy,dy  dy,dy (4,7,8,8,8,8,88,.8.8)

40 Ama?2 (2), (3) CQ»U Z% 4:2 ZQ d2, d2 d2, d2 (3 5,6,6,676,6,6,6,6)

41 Aea2 (2), (3) C2v Z% 4:2 Z2 dg, d2 dg, d2 (3 3,2,2,2,2,2,2,2,2)

42 Fmm?2 (2), (3) v Ca 72 4:4 72 ds,dg  dy,ds (4,7,9,11,13,15,17,19,21,23)
43 Fdd2 (2),(3) Ca 72 44 72 ds,dg  dyds (2,2,2,2,2,2,2,2,2.2)

44 Imm?2 (2),(3) v O 72 4:4 72 dyds  ds,dg (3,6,10,14,18,22,26,30,34,38)
45 Iba2 (2),(3) Ca 72 44 72 dyds  ds,dg (3,4,4,4,4,4,4,44.4)

46 Ima?2 (2), (3) CQ»U Z% 4:4 Z% d47 d3 d57 d6 (3 5,6,6,6,6,6,6,6,6)

47 Pmmm  (2),3),(5) v v D, 73 81 — I,I,I I,1,I (6,18,38,66,102,146,198258,326,402)
48  Pnnn  (2),(3),(5) Doy, 73 81 — I,I,I I,1,I (48,12,16,20,24,2832,36,40)
49  Peem  (2),(3),(5) Doy, 73 81 — II,I II1I (512202836,44,52,60,68,76)
50  Pban  (2),(3),(5) Doy, 73 81 — LI,I I (48,12,16,20,24,28,32,36,40)
51 Pmma  (2),(3),(5) Doy, 73 81 — I I,I II1I (51220283644,52,60,68,76)
52 Pnna  (2),(3),(5) Doy, 73 81 — III III (356,,6,6,.6,6,06,0)

53 Pmna  (2),(3),(5) Doy, 73 81 — I,I,I I,1,I (48,12,16,20,24,28,32,36,40)
54  Pcca (2),(3), (5) Doy, 73 81 — II,I I,II (47883838383838.%)

55 Pbam  (2),(3),(5) Doy, 73 81 — LI,I II1 (48,12,16,20,24,2832,36,40)
56  Pccn (2),(3), (5) Doy, 73 81 — I,I,I I1,I (356,6,6,6,6,6,6,)

57 Pbem  (2),(3),(5) Doy, 73 81 — II,I I,I1 (478838,383838.%)

58 Pnnm  (2),(3),(5) Doy, 73 81 — I,I,I I,1,I (3,6,10,14,18,22,26,30,34,38)
59 Pmmn  (2),(3),(5) Doy, 73 81 — I,I,I I,1,I (48,1216,20,24,28,32,36,40)
60  Pben (2),(3), (5) Doy, 73 81 — I,I,I I,1,1 (3444444444)

61  Pbca (2),(3), (5) Doy, 73 81 — I,I,I I, (3322222222)

62 Pnma  (2),(3),(5) Doy, 73 81 — III III (356,,6,6,.6,06,06,0)

63 Cmem  (2),(3),(5) Doy, 73 82 Zo I,dy,I I,dy,I (4,812,16,20,24,28,32,36,40)
64 Cmce  (2),(3),(5) Doy, 73 82 Zo [I,dy,I I,dy,I (4,7,9,11,13,15,17,19,21,23)
65 Cmmm  (2),3),(5) v v D, 73 82 Zy [I.dy,I I,dy,I (513,2541,61,85113,145181,221)
66 Ccem  (2),(3),(5) Doy, 73 82 Zy [I,dy,I I,dy,I (49,1521,27,33,39,45,51,57)
67 Cmme  (2),(3),(5) Doy, 73 82 Zy I.dy,I I,dy,I (5,12,20,28,36,44,52,60,68,76)
68  Cecce 2),(3),(5) Doy, 73 82 Zy [I.dy,I Idy,I (4,79,11,13,15,17,19,21,23)
69 Fmmm  (2),(3),(5) Doy, 73 84 7% ds,dg, I dy,ds, I (5,12,21,32,45,60,77,96,117,140)
70 Fddd  (2),(3),(5) Doy, 73 84 72 ds,dg, I dy,ds, I (3,5,7,9,11,13,15,17,19,21)

71 Immm  (2),3),(5) v v  Da 73 84 72 dy,ds, I ds,dg, I (4,10,20,34,52,74,100,130,164,202)
72 Ibam (2),(3), (5) Doy, 73 8:4 72 dy,ds, I ds,dg, T (4,8,12,16,20,24,28,32,36,40)
73 Ibca (2),(3),(5) Doy, 73 8:4 72 dy,ds, I ds,dg, T (4,7,8,8,8,8,838,8,8)

74 Imma  (2),(3),(5) Doy, 73 84 7% dy,ds, I ds,dg, I (4,9,15,21,27,33,39,45,51,57)
75 P4 (3) < o Cy Za 42 7, dy d (3,5,6,6,6,6,6,6,6,6)

76  Ph (3) Cy Za 42 Z, v d (2,2,1,0,0,0,0,0,0,0)

77 Py (3) v Cy Za 42 Z, v di (3,5,6,6,6,6,6,6,6,6)

78 P4, (3) Cy Za 42 7o dq di (2,2,1,0,0,0,0,0,0,0)

79 14 (3) Y Cy Zy 44 7y ¢ (2,344,44444.4)

80  I4 (3) Cy Za 44 Zy  qu s (2,2,2,2,2,2,2,2,2,2)

81  Pi (3) < o Sy Za 42 7, b d (3,5,6,6,6,6,6,6,6,6)

82 Izl: (3) v v 54 Z4 4:4 Z4 qa qs (2 3,4,4,474,4,4,4,4)

83 P4/m (3), (5) Cun  ZuxTy 82 Zy dy,I dy, I (4,9,15,21,27,33,39,45,51,57)
84 Pdy/m (3),(5) Cun  ZuxZy 82 Zy dy,I dy,I (3,7,11,15,19,23,27,31,35,39)
85  P4/n (3),(5) Can  ZuxZy 82 7y dy,I di,I (35,6,6,6,6,6,6,6,06)

86  Pdy/n (3),(5) Cun  ZaxTo 82 Zo dy,I di,I (3,5,6,6,6,6,6,6,606)

87 I4/m (3),(5) v Cann ZyuxZy 84 Zy quI qs,1 (3,69,12,15,18,21,24,27,30)
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88 I41/(l
89  P422
90 P42,2
91 P4,22
92  P4,2,2
93  P4522
94  P442,2
95  P4322
96 P442,2
97 1422
98 14,22
99  P4dmm
100 P4bm
101  Pdyem
102 Pdsnm
103 Pdcc
104  P4nc
105 Pdome
106  P4sbc
107 I4dmm
108 I4em
109 I4;md
110 I4qcd
111 P42m
112 P42c
113 P42;m
114 P42,c
115 P4m2
116 P4c2
117 P4b2
118  P4n2
119 I4m2
120 T4c2
121 I42m
122 142d
123 P4/mmm
124 P4/mcc
125 P4/nbm
126 P4/nnc
127 P4/mbm
128 P4/mnc
129 P4/nmm
130 P4/ncc
131 P4y /mmece
132 P45 /mem
133 P4s/nbc
134 P45 /nnm
135 P45 /mbc
136 P4y /mnm
137 P4y /nme
138 P4y /nem
139 I4/mmm
140 I4/mem
141 I41/amd
142 T4y /acd

143 P3
144 P34
145  P3,
146 R3
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Cap,
Dy
Dy
Dy
Dy
Dy
Dy
Dy
Dy
Dy

C4 v
C(4 v
0411
C4 v
C4 v
C'4 v
C14 v
C14 v
C4v
C4 v
C4 v
CV4 v

8:4
8:2
8:2
8:2
8:2
8:2
8:2
8:2
8:2
8:8
8:8
8:2
8:2
8:2
8:2
8:2
8:2
8:2
8:2
8:8
8:8
8:8
8:8
8:2
8:2
8:2
8:2
8:2
8:2
8:2
8:2
8:8
8:8
8:8
8:8

16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:2
16:8
16:8
16:8
16:8

3:3
3:3
3:3
3:3
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qu, I g5, 1
dy, I dy, I
dy, I dy, I
dy, I dy, I
dy, I dy, I
dy, 1 dy, 1
dy, 1 dy, 1
dy, I dy, I
dy, I dy, I
qa,d3  qs,ds
q4,d3  gs,ds
dy, 1 dy, 1
dy, I dy, I
dy, 1 dy, I
dy, I dy, I
dy, I dy, I
dy, 1 dy, 1
dy, I dy, I
dy, I dy, I
qa,d3  qs,ds
qa,d3  qs,ds
qa,d3  qs,ds
qa,d3  qs,dg
dy, I dy, I
dy, I dy, I
dy, I dy, I
dy, I dy, I
dy, 1 dy, 1
dy, I dy, I
dy, I dy, 1
dla[ dla
qa,d3  qs,ds
qa,d3  qs,dg
qa,d3s  gs,ds
qa,d3 g5, dg

2,3,4,4,4,4,4,4,4.4)
4,9,15,21,27,33,39,45,51,57)
3,5,7,9,11,13,15,17,19,21)
3,5,6,6,6,6,6,6,6,6)
2,2,2,2,2,2.2,2,2.2)
4,9,15,21,27,33,39,45,51,57)
3,5,7,9,11,13,15,17,19,21)
3,5,6,6,6,6,6,6,6,6)
2,2,2,2,2,2,2,2,2,2)
3,6,10,14,18,22,26,30,34,33)
3,5,7,9,11,13,15,17,19,21)
4,9,15,21,27,33,39,45,51,57)
3,5,7,9,11,13,15,17,19,21)
3,6,8,10,12,14,16,18,20,22)
3,5,7,9,11,13,15,17,19,21)
3,5,6,6,6,6,6,6,6,6)
2,3,4,4,4,4,4,4,4,4)
3,7,11,15,19,23,27,31,35,39)
2,3,4,4,4,4,4,4,4,4)
3,6,9,12,15,18,21,24,27,30)
3,5,6,7,8,9,10,11,12,13)
2,3,5,7,9,11,13,15,17,19)
2,2,2,2,272,2,2,2,2)
4,9,15,21,27,33,39,45,51,57)
3,7,11,15,19,23,27,31,35,39)
3,5,7,9,11,13,15,17,19,21)
2,3,4,4,4,4,4,4,4.4)
4,9,15,21,27,33,39,45,51,57)
3,6,8,10,12,14,16,18,20,22)

3,5,7,9,11,13,15,17,19,21)
3,6,10,14,18,22,26,30,34,33)
3,5,6,8,10,12,14,16,18,20)
3,6,9,12,15,18,21,24,27,30)
2,3,4,4,4,4,4,4,4,4)

di,I,T di, 1,1 (514,29,50,77,110,149,194,245,302)
di, 1,1 dy, 1,1 (4,9,15,21,27,33,39,45,51,57)
di, 1,1 dy, 1,1 (4,9,15,21,27,33,39,45,51,57)

dy, I, di, I, T

3,6,9,12,15,18,21,24,27,30)

di, 1,1 dy,I,1 (4,9,16,25,36,49,64,81,100,121)
di, 1,1 dy, 1,1 (3,6,10,14,18,22,26,30,34,38)

di, 1,1 dy,I,1 (4,9,15,21,27,33,39,45,51,57)

di, 1,1 dy,I,1 (3,5,6,7,8,9,10,11,12,13)

di, 1,1 dy, 1,1 (4,11,22,37,56,79,106,137,172,211)
di, 1,1 dy,I,1 (4,10,18,28,40,54,70,88,108,130)
di, 1,1 dy,I,I (3,6,9,12,15,18,21,24,27,30)

di, 1,1 dy, 1,1 (4,9,15,21,27,33,39,45,51,57)

di, 1,1 dy,I,I (3,6,9,12,15,18,21,24,27,30)

di, 1,1 dy, I, (3,7,13,21,31,43,57,73,91,111)

dy, I,T dy, 1,1

3,6,9,12,15,18,21,24,27,30)

di, 1,1 di,I,I (3,7,11,15,19,23,27,31,35,39)

qa, d3a I g5, dﬁa

q4;d37I q5ad67

q4,ds3, I q5,dg, I

qa,ds, I qs,dg, I
ta tor
ta toy
to tor
ts t4

4,10,19,31,46,64,85,109,136,166)
4,9,15,22,30,39,49,60,72,85)
3,6,10,14,18,22,26,30,34,38)
3,5,6,7,8,9,10,11,12,13)
1,1,1,0,0,0,0,0,0,0)
1,1,1,0,0,0,0,0,0,0)
1,1,1,0,0,0,0,0,0,0)
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147 P3 2),4) v Se  Z3xZo 63 Zs to, ]  ta, I (2,34,4,4,4,4444)

148 R3 2,4 v Se  ZyxZo 63 Zg ts, Ity ] (2,34,44,44444)

149  P312 2),4) v v Dj Dihs  6:6 Dihs to,dy  to,dy (2,3,4,4,4,4,4,4,4.4)

150 P321 2),4) v v Dj Dihs  6:6 Dihs to,dy  to,dy (2,3,4,4,4,4,4,4,4.4)

151 P3;12 (2), (4) v Dj Dihs  6:6 Dihs to,dy  to,dy (2,3,4,4,4,4,44,4.4)

152 P3;21 (2), (4) v Dj Dihs  6:6 Dihs to,di  tor,dy (2,3,4,4,4,4,44,4.4)

153  P3,12 (2), (4) v Dj Dihy  6:6 Dihs to,dy ta,dy (2,34,4,4,4,4,44.4)

154 P3,21 (2), (4) v Dj Dihy  6:6 Dihg to,dy ta,dy (2,34,4,4,4,444.4)

155  R32 2),4) v v Dj Dihs  6:6 Dihs ts,dy tg,ds (2,3,4,4,4,4,4,4,4.4)

156  P3ml 2),4) v v  Cs Dihs  6:6 Dihs to,dy  to,dy (2,3,4,4,4,4,4,4,4.4)

157 P31m (2), (4) Vv Cs Dihs  6:6 Dihs to,di  tor,dy (2,3,4,4,4,4,44,4.4)

158  P3cl (2), (4) Cs Dihs  6:6 Dihs to,dy  ta,dy (1,1,1,0,0,0,0,0,0,0)

159  P3lc (2), (4) Co Dihs  6:6 Dihs to,dy  ta.,dy (1,1,1,0,0,0,0,0,0,0)

160  R3m 2,4 v v  Cs Dihs  6:6 Dihs ts,dy tg,ds (2,3,4,4,4,4,4,4,4.4)

161 R3c (2),(4) Cgv DZhg 6:6 DZhg t3,d4 t4,d5 (1,1,1,0,070,0,070,0)

162 P3lm  (2)(7),(4) v v Dsqg Dihg x Zy 12:6 Dihs ta,di  tar,d1 (3,6,10,14,18,22,26,30,34,38)
163 P3lc (2)(7), (4) Dsq  Dihg x Zg 12:6 Dihs to,d1  tor,dy (2,3,4,4,4,4,4,4.4.4)

164 P3ml (2)(7),(4) v v Dsq DihsxZy 12:6 Dihg to,dy  tor,di (3,6,10,14,18,22,26,30,34,38)
165 P3cl (2)(7), (4) Dsq  Dihg x 7y 12:6 Dihy to,d1  tor,dy (2,3,4,4,4,4,4,4.4,4)

166  R3m (2)(7),(4) v v Dsg Dihg x Zy 12:6 Dihy ts,dy ts,ds (3,6,10,14,18,22,26,30,34,38)
167  R3c (2)(7), (4) Dsq  Dihg x 7o 12:6 Dihs  ts,dy  ta,ds (2,3,4,4,4,4,4,4.44)

168 P6 (2), (4) v v CG Zs X Lo 6:3 Zs tQ,I tgr,f (2 3,4,4,47474,4,4,4)

169  P6, (2), (4) Cs ZsxZy 63 Zs to, I ty,I (1,1,1,0,0,0,0,0,0,0)

170 P6s (2), (4) Cs ZsxZy 63 Zs to, I  ty,I (1,1,1,0,0,0,0,0,0,0)

171 P6, (2), (4) v Cs ZyxZy 63 Zg to, ] to, ] (2,34,4,444444)

172 P6, (2), (4) v Cs ZyxZy 63 Zs to, ] to, ] (2,344,444444)

173 P6s (2), (4) Co ZsxZy 63 Zy to,I tor, I (1,1,1,0,0,0,0,0,0,0)

174 PG (2),(4) v Vv Cs Z3xTZy 63 Ty to, ] te, I (2,34,4,4,4,4444)

175  P6/m (2)4),(7) v v Cen ZsxTZ3: 123 Zs  to, I  to, I (3,6,10,14,18,22,26,30,34,38)
176 P6s/m  (2)(4),(7) Con  Zyx72 123 Zs  to, ] tor, ] (2,34,4,4,4,4,4.4.4)

177 P622 2)4),(7) v v D¢ Dihs x Zy 12:6 Dihs to,dy ta,di (3,6,10,14,18,22,26,30,34,38)
178 P6,:22  (2)(4),(7) D¢ Dihg X Zy 12:6 Dihg ty,dy  top,dy (2,3,4,4,4,4,4,4,4,4)

179 P6522 (2)(4), (7) D¢ Dihg x 7y 12:6 Dihg to,di  toy,dy (2,3,4,4,4,4,4,4,4,4)

180 P6522 (2)(4), (7) v D¢ Dihg X Zy 12:6 Dihg to,dy  tor,dy (3,6,10,14,18,22,26,30,34,38)
181 P6,22  (2)(4),(7) v D¢ Dihg x Zs 12:6 Dihy to,dy  tor,dr (3,6,10,14,18,22,26,30,34,38)
182  P6322 (2)(4), (7) D¢ Dihs x Zy 12:6 Dihs to,dy toy,di (2,3,4,4,4,4,4,4,4.4)

183 Pémm  (2)(4),(7) v v Cew Dihg x Zy 12:6 Dihs ta,di  tar,di (3,6,10,14,18,22,26,30,34,38)
184  P6ee (2)(4), (7) Cso Dihs X Zy 12:6 Dihg ty,dy tor,di (2,3,4,4,4,4,4.4,4.4)

185 P6sem  (2)(4),(7) Cso Dihs x Zy 12:6 Dihy to,dy  tor,dy (2,3,4,4,4,4,4,4.4.4)

186 P63mc (2)(4),(7) C6v D’th X ZQ 12:6 Dlhg t2,d1 t2r7d1 (2 3,4,4,4,4,4,474,4)

187  P6m2 (2)4),(7) v v Ds, DihgxZsy 12:6 Dihg to,di  tor,di (3,6,10,14,18,22,26,30,34,38)
188  P6c2 (2)(4), (7) Dsp Dihg x 7y 12:6 Dihs to,dy  top,dy (2,3,4,4,4,4,4,4,4.4)

189 P62m  (2)4),(7) v v Dsp Dihg x Zy 12:6 Dihg to,dy tor,dy (3,6,10,14,18,22,26,30,34,38)
190  P62c (2)(4), (7) D3, Dihg x Ty 12:6 Dihy to,dy  tor,dy (2,3,4,4,4,4,4,4,4,4)

191 P6/mmm (2)(4),(7),(13) v v Dg, Dihs x Z2 24:6 Dihg ty,dy, 1 ta,,dy, I (4,10,20,34,52,74,100,130,164,202)
192 P6/mee (2)(4),(7),(13) Den  Dihg x 72 24:6 Dihg to,dy, 1 tor,dr, I (3,6,10,14,18,22,26,30,34,38)
193 P63 /mem (2)(4), (7), (13) Dgn  Dihs x Z2 24:6 Dihg to,dy, I ta,,dy, I (3,6,10,14,18,22,26,30,34,38)
194 P65 /mme (2)(4), (7), (13) De,  Dihg x 72 24:6 Dihg to,dy, I to,,dy, I (3,6,10,14,18,22,26,30,34,38)
195 P23 2), (5) o T Ay 123 Zg Lty Ity (1,4,88,12,16,16,20,24,24)
196  F23 2),6) v V T Ay 1212 Ay ds,ty  dyty (0,3,6,2,6,10,6,10,14,10)
197 123 2),56) v V T Ay 1212 Ay dyty ds,t; (1,2,4,4,6,8,.8,10,12,12)

198 P23 (2), (5) T Ay 123 Zs  It, Lt (0,0,1,0,0,0,0,0,0,0)

199 12,3 (2), (5) T Ay 1212 Ay dyty ds,ty (1,1,2,2,2,2.2,2.2,2)

200 Pm3  (2),(5)(13) v v Th  AyxTZp 24:33 Zs 1,1 t,] (2,6,14,22,34,50,66,86,110,134)
201  Pn3 (2), (5)(13) Th Ay xZy 243 Zs  t, 1 11,1 (2,4,6,6,8,10,10,12,14,14)
202  Fm3 (2),(5)(13) v Th Ay xZy 24:12 Ay ty,ds  ty,dy (1,4,9,10,15,22,25,32,41,46)
203 Fd3 (2), (5)(13) Th  AsxZy 24:12 Ay t1,ds  t,ds (1,3,5,3,5,7,5,7,9,7)

204 Im3 2),(5)(13) v v Th  AygxZy 24:12 Ay ty,dy  ti,.ds (2,4,8,12,18,26,34,44,56,68)
205  Pa3 (2), (5)(13) Th Ay xZy 24:3 Zs  t, 1 1,1 (1,1,2,2,2,2,22,2,2)
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206 a3 (2), (5)(13) Th Ay xZy 24:12 Ay ty,dy  th,ds (2,34,4,4,4,4,4.4.4)

207  P432 (5),(13) v v O Sy 24:6 Dihs ti,dy t1,dy (2,5,9,11,15,19,21,25.29,31)
208 P4532 (5), (13) v o) Sy 24:6 Dihs ti,dy t1,di (2,5,9,11,15,19,21,25,29,31)
209 F432 (5),(13) v v O Sy 2424 Sy ty,dy  ty,ds (1,4,8,8,12,16,16,20,24,24)
210 F4,32 (5),(13) 0] Sy 2424 Sy ty,dr  t,ds (1,3,5,3,5,7,5,7,9,7)

211 1432 (5),(13) v V 0] Sy 2424 Sy t,ds  t,dr (2,4,7,9,12,15,17,20,23,25)
212 P4532 (5), (13) O Sy 24:6 Dihs ti,di  ti,d; (1,1,2,2,2,2,2,2,2.2)

213 P4,32 (5),(13) O Sy 24:6 Dihs ti,di  ti,dp (1,1,2,2,2,2,2,2,2.2)

214 4,32 (5), (13) o) Sy 2424 Sy ty,ds  ti,dr (2,3,5,7,9,11,13,15,17,19)
215 Pi3m  (2)(13),(5) v V T, Sy 24:6 Dihs di,t; dy,tp (2,5,9,11,15,19,21,25,29,31)
216 Fi3m  (2)(13),(5) v V T, Sy 2424 Sy drty  ds,ty (1,4,88,12,16,16,20,24,24)
217  I43m (2)(13),(5) v T, Sy 2424 Sy ds,ty  dp ity (2,4,6,7,9,11,12,14,16,17)
218 Pi3n (2)(13), (5) T, Sy 24:6 Dihs di,t; dy,ty (1,3,5,5,7,9,9,11,13,13)

219 FZLSC (2)(13),(5) Td 54 24:24 S4 d7,t1 ds,t1 (1,3,4,2,4,6,4,6,8,6)

220  I43d (2)(13), (5) Ty Sy 2424 Sy ds,ty  dp ity (1,1,2,2,2,2,22.22)

221 Pm3m  (13),(5)(25) v v On  SyixXZy 486 Dihg t1,dy ti,dy (3,8,17,28,43,62,83,108,137,168)
222 Pn3n  (13),(5)(25) On Sy xZy 48:6 Dihs ty,dy t1,dy (2,4,6,7,9,11,12,14,16,17)
223 Pm3n  (13),(5)(25) On Sy xZy 48:6 Dihs ty,dy ti,dy (2,5,10,15,22,31,40,51,64,77)
224 Pn3m  (13),(5)(25) On  Six7Zy 48:6 Dihy ty,dy ti,dy (3,7,12,16,21,26,30,35,40,44)
225 Fm3m  (13),(5)(25) v On  Six7Zy 4824 Sy ty,dy ti,ds (2,6,13,20,31,45,59,77,98,119)
226 Fm3c  (13),(5)(25) On  Syix7Zy 4824 Sy ti,dy ti,ds (2,5,9,11,15,20,23,28,34,38)
227 Fd3m  (13),(5)(25) On  Six7Zy 4824 Sy ty,dy t1,ds (2,5,9,11,15,19,21,25,29,31)
228  Fd3c  (13),(5)(25) On  SyxZy 48:24 Sy ty,d7 ti,ds (2,4,5,4,5,6,5,6,7,6)

229 Im3m  (13),(5)(25) v On  SixZy 48:24 Sy ty,ds ti,d7 (3,7,13,20,29,40,52,66,82,99)
230 Ia3d  (13),(5)(25) On  Six7Zy 4824 Sy ty,ds ti,dr (2,3,4,5,6,7,8,9,10,11)

For those point groups that are 2-groups (all the elements have orders that aer powers of 2), we can use the following
code to check the first and 2nd cohomology that appear in E21’1, E21’2, Eg’l, Eg’z. The basic code looks like (for the example
of point group= Z3 = V): (seehttps://math.stackexchange.com/questions/2611736/how-to-compute-group-cohomology-h2

V:=Image (IsomorphismPcpGroup(SmallGroup(4,2)));

d3t:=[[0,1,1],[0,1,0],[1,1,0]1]1*Z(2);
d4t:=[[0,1,1]1,[1,0,1],[0,0,1]11%Z(2);
d5t:=[[0,1,0]1,[1,0,0],[1,1,1]11%Z(2);
dét:=[[0,0,1],[1,1,1],[1,0,011%Z(2);
crl:=CRRecordByMats(V, [d5t,d6t]);
cr2:=CRRecordByMats(V, [d4t,d3t]);
TwoCohomologyCR(crl);
TwoCohomologyCR(cr2) ;
OneCohomologyCR(crl) ;
OneCohomologyCR(cr2) ;

Importantly, note that here the input is the transpose of the matrices d3456. This is because one needs to use
the basis change matrices, rather than the coordinate transformation matrices (which is the one used in our Math-
ematica code). To read the result, simply look at the rels part, where e.g. [2,2] means Z3. See https://docs.
gap-system.org/pkg/polycyclic/doc/manual . pdf| for more detail. The “rels” output of TwoCohomologyCR(crl);
TwoCohomologyCR(cr2); gives [2,2,2,2] and [2,2], respectively, meaning that the cohomology groups are Zj and Z3,
respectively; similarly, we check that the one cohomology gives Z3 and Z, respectively, which match previous table.

On the other hand, let’s try calculating the cohomology of ZZ with coefficient Z: the code is

V:=Image (IsomorphismPcpGroup(SmallGroup(4,2)));

d3tmod0:=[[0,-1,-1],[0,1,0],[-1,-1,0]];
d4tmod0:=[[0,-1,-1],[-1,0,-1],[0,0,11];
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d5tmod0:=[[0,1,0],[1,0,0],[-1,-1,-1]1];
d6étmod0:=[[0,0,1],[-1,-1,-1],[1,0,01];
crimod0:=CRRecordByMats(V, [d5tmod0,d6tmod0]) ;
cr2mod0:=CRRecordByMats (V, [d4tmod0,d3tmod0]) ;
TwoCohomologyCR(crimodO) ;
TwoCohomologyCR (cr2mod0) ;
OneCohomologyCR(crimod0) ;
OneCohomologyCR (cr2mod0) ;

Again looking at the “rels” we get that the second cohomology groups are both Zs, while the first cohomology groups
are Z3 and trivial, respectively.

Lieb-Schultz-Mattis Theorem and the Filling Constraint:

https://arxiv.org/abs/2104.09561

Next, cohomology with Z as coefficient: we checked that H°(SG,Z) = Z and H'(SG,Z) = Z, = {0} for all 230 space
groups.

28 SPT cohomology

Some cohomology with U(1) or Z coefficients: we have (easy to check in GAP)
H(24,7) = 73, (211)

This of course agrees with Eq. . This means that

d
H™(24,0(1)) = Z'nt1, (212)

So For T =73, HY(T,U(1)) = Z3, H¥(T,U(1)) = Z,
Using 0 =T — SG — PG — 0, we have

g=3| 0 0 0 0 0

g=2| z°¢  HYPG,Z)  HPG,Z) HPG,Z)  HYPGZ) - (213)
g=1|(z*P¢ H'(PG,Z% HX(PG,Z%) HYPG,Z%  H*PG,Z°)

g=0|UMWPY HYPG,U() H*PG,U1)) HYPG,U() HPG,U()

EPT ] p=0 p=1 p=2 p=3 p=4

But a more serious question is what types of cohomology classifies SPT.

We know the difference between a finite cyclic group and an infinite cyclic group is that the former has a free resolution
that is infinitely long while the latter has a two-nonzero-term resolution. This directly tells us that the cohomology for
the infinite cyclic group, no matter what the coefficient is, is finite length. In fact the relevant concept here is cohomology
dimension. A good place to look at this is the (excellent and concise!!) lecture notes http://www.ltcc.ac.uk/media/
london-taught-course-centre/documents/Complete-Course-Notes.pdf.

Let us start from the most basic things. We know that (see appendix), for the infinite cyclic group G = (z) = Z, we
have HO(G, A) = A%, HY(G,A) = A/DA, H"Z2(G, A) = 0. Taking A = Z, this means that for trivial action, we have
H%Y(Z,7Z) = 7, in agreement with .

Now, if the action is the magnetic translation for the Neel order (denote the action as “neel”), meaning x™.n = (—1)™n
form € Z and n € A = Z, then DA = 24, so H'-)° "2* = 0 and H}_,(G,A) = Z,. Note that for H' we can
compute Z! and B! separately by definition: note that Z! = {f: G — A|f(zy) = z.f(y) + f(z)}, which for us is
flam™™™) = (=1)™ f(z™) + f(2™). A little algebra shows that we must have f(2?") = 0 and f(2?""!) = for any n,l € Z,
so that Z! 2 Z. The denominator is B! = {f: G — A|f(z") = z".l — 1} = {f|f(z") = ((-=1)" — 1)I} = 2Z, so that
H' = Z'/B' = Z/27 = Z,, with the explicit representative cochain for the cocycle

m

f(@z™)=n mod 2. (214)

We are attempted to conclude that H"(Z% Z)! =! ®pyqn (HP(Z,Z) @ HY(Z,Z))! =\Z20,,—3., but remeber that this
Kunneth is wrong! In fact the Kunneth formula for nontrivial action is more complicated than this, and in fact we have not
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presented this form. So, actually the safest way is again to use spectral sequence: 0 — T, — T — T), — 0, with Ep, g, =
HP(Ty, HY(Ty, Zneer)). From above we know that only the ¢ = 1 row is nonzero. We have Eg’l = HY Ty, Zneer) T, and
since (y.f)(z") = y.(f(y *2"y)) = y.f(z") = y.n = —n =n mod 2, so we see that T}, has trivial action on H' (T, Zneel),
and HY (T, Zneel) T = HY (T}, Znee1) = Zo. Using the result of Eq. for n = 1, we see that H' (T, H(Ty, Zneel)) = Zo
while HP22(T,, H (T, Znee)) = 0. Since E'? already collapses, we have

Zo, n=1,2
n _ 72 _ 2y PR=P)
neel(T =Z 7Z) - { O7 other n. (215)
with representative cochains for the cocycles
CHNT,Z) > f(TiTY) =z +y mod?2, C*(T,Z)>3w(T{HTY, T32TY?) = (z1 mod 2)(y> mod 2). (216)

* o (pdm, Z). Therelation CyT1Cy ' = Ty, C4ToCy =Ty Y, MTYM =T ', MToM = T,
MCM = C; I and the requirement that Cy and M acts trivially on the Z coefficient means that H:L’Q (T, Z)P G —

eel

H'2 (T,7), where PG = (Cy, M) = D, with eight elements. Then fir this spectral sequence we have EL? = H?(Dy, H! (T,7)),

neel

Next let’s use this to compute H*

the only nonzero rows are ¢ = 1,2; we have Eg’Z = Za, Eg’l = Za, E21’1 = 73, E21’O = 0. Now we need to see if the
do: Eg’2 — E22’1 is nontrivial or not. Note that E22’1 =73.

On the other hand, let’s directly calculate H} ., (p4m,U(1)): the relevant terms in EY'? = HP(Dy, H! (T, U(1))) is
Ey° = HY(Dy,U(W)T) = H (D4, Zs) = Z3, and Ey’" = H!_,(T,U(1))"4, here H},_(T,U(1)) = H2,,(T,Z) = Zs. So
essentially the spectral sequence E2? is related to the one with the Z coefficient with E27t! as they should.

Now we need to look at the do map. Since we do not know how ds: Eg 2 Eg 1 1ooks like, we cannot work with
the spectral sequence of HY ., (pdm,Z); we have to work with H__,(p4m,U(1)), and look at ds: Eg’l — ES’O. First,
note that H2_,(D,,U(1)T) = H2,_ (D4, Z2) = Z3, and H} (T,UQ1)) = H2, (T,Z) = Zs, where,

neel “neel neel (T’ U(l))D4 = H’rlLeel neel
using the fact that H(T,Zs) AN H} ., (T,U(1)) is surjective (see Weicheng Ye’s paper), we can find the generator of
H}..,(T,U(1)). Note that f(TZTY) = e™(@+Y) is a coboundary in the case of antiunitary translations (although it was a
cocycle in HY(T, Zy): (TFTY).€?)e " = =D =1)0 — o=2i(@+)0  where we have used the fact that (—1)" — 1 = —2b
for b = 0,1. We see that setting 6 = 7/2 gives f(T;T}) = e™(+Y) meaning that it is a coboundary in HY(T,U(1)).
Since we also know that H!__,(pdm,Zs) — H} ., (p4m,U(1)) is surjective, we know that H}__,(p4m,U(1)) C Z3%, coming

n neel
from the point group. But we know these two copies are true cocycles, so we have

H . (pdm,U(1)) = Z3. (217)

neel

A side note: Note that pdm is a “symmorphic” wallpaper group: we know from the wallpaper lecture notes of Patrick
J. Morandi that H?(Dy4,T) = Zy where the trivial element is p4m, which splits (i.e. is a semidirect product T x Dy), while
the nontrivial element is p4dg. We know that for semidirect product, there is an isomorphic copy of the point group Dy,
meaning that (g192)* tg} goé‘ = 1. Therefore we see that ds f is trivial. But in our particular case of antiunitary translation
action, we already have ]52’1 =0, so we do not even need this information.

More generally: about the differential maps? See the papers by Siegel:https://www.sciencedirect.com/science/
article/pii/0022404995000208, https://www.ams.org/journals/tran/1997-349-04/S0002-9947-97-01747-9/S0002-9947~
pdf, which make use of the theorem by Charlap and Vasquez, https://www.jstor.org/stable/19944327seq=2#metadata_
info_tab_contents.

A simple thing that is relevant for the paper: denote point group as P, then for the spectral sequence for H! (pdm, U (1))
at Ey° we are calculating H'(P,U(1)) or H'(P,U(1)Tmes) = H'(P,Zsy), where the former is for nonmagnetic translation
while for the latter is magnetic translation so that U(1)?mas = Z,. Then going from the first to the second is really a
change of ring: U(1) £ Zy = {1,€'™}. We know if P = Z, = (C4) then the cohomology map is Z4 — Zs, so we must have
{1,i,—1,—i} — {1, -1}, where i — —1.

(Written 2023 May) It seems eventually we will want to calculate the cohomology ring with Z coefficient. This should
contain all the information for finite coefficient of type Z,, according to the universal coefficient theorem. But is of course
a very ambitious goal.

A few recent references: two useful papers by Adem and others https://arxiv.org/abs/math/0406130 https:
//arxiv.org/abs/0704.1823, the second one raises the question of whether symmorphic group spectral sequence has a
terminating Es page; the famosu paper who gives conterexamples was Totaro’s 1996 paper “Cohomology of Semidirect
Product Groups” (which can be easily find online). See also a paper by Petrosyan, “COHOMOLOGY OF SPLIT GROUP
EXTENSIONS AND CHARACTERISTIC CLASSES”, see https://arxiv.org/abs/0707.3526. They also cite a string
theory paper that touches on crystallographic group cohomology without explicit mentioning https://arxiv.org/abs/
hep-th/0103170; the Propitius thesis (which contans many useful things and a bit of spectral sequence calculation) https:
//arxiv.org/abs/hep-th/9511195. The Adem-Pan-et al conjecture was addressed negatively in https://reader.
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The paper https://arxiv.org/abs/math/0406130 can help further understand the spectral sequence calculation.
This paper discusses the cases where a symmorphic crystallographic group in dimension d should have terminating
FE5 page. The examples in this paper is helpful. In particular, it states that for coefficient Z, one should get that
HY(PG,HP(Z, 7)) and HY~ (PG, HP(Z%,7Z)) are isomorphic; and this works for any coefficient module M provided it
satisfies M =2 M*, which is true for M = Z¢. Here M* is the dual module of M. [Recall: M = Z< is a ZG lattice where
G := PG is the point group. See footnote 1 of the above paper: if G is a finite group, a ZG-lattice is a ZG-module which
happens to be a free abelian group of finite rank.

28.1 A special version of universal coefficient theorem

According to Manjunath’s question, https://mathoverflow.net/questions/316499/is-the-following-variant-of-the-unive
we have a version that works for our case

H™(G,Zy) = H"(G,Z°) ® Zy x Tork (H" (G, Z°), Zy), (218)

28.2 pyrochlore

First, let’s calculate the class H?(Oy,T), using Cy 'TPTYT;Co = TYTST, * V77, Oy ' TPTYT;CY = T#T, “ V7 *1T¢,
CyMTFTYT; Oy = TYTETY, MYTFTYT; M = TYT3T;, P~YTPTYT; P =T, T, YTy *: so we have Denote 7 = (z,y,2)7,
then we have

1 1 1 1
Co:ir— | 1 r, Corr—| -1 -1 -1 |, Cs:r — 1 |r, M:ir—| 1 T,
-1 -1 -1 1 1 1

and P: r — —13437. Note that (34) = (12)(34)(12) = Co M = 1
-1 -1 -1
The code is
Oh:=Group((1,2,3),(3,4),(5,6));
ZZZ:=GL(3,Integers);;
Z3:=GroupHomomorphismByImages(Oh,ZZZ, [(1,2,3),(3,4),(5,6)],
tceo,1,01,(0,0,11,11,0,011,((1,0,01, [0,1,0], [-1,-1,-1]],[[-1,0,0],[0,-1,0],[0,0,-1111);
R:=ResolutionFiniteGroup(Oh,11);;
C:=HomToIntegralModule(R,Z3);
for n in [0,1,2,3,4,5,6,7,8,9,10] do
Print("H™",n,"=",Cohomology(C,n),";;");
od;

We get
HOL2345678910(0 ) = Zg,1,2,3,5,7,9,12,10,18,22

, we see that H2(Oy,, T) = Z3.

We can also calculate H2(S4,T). The only change in code is to instead of using Z3 use

Zz3:=GroupHomomorphismByImages (54,227, [(1,2,3),(3,4)],[([0,1,0],[0,0,1],(1,0,0]],[[1,0,0],[0,1,00,[-1,-1,-

and R:=ResolutionFiniteGroup(S4,11);. We get H®12:345.6.7.89.10(G ‘T = 7., 7, Ty, Uy, 7.3, oo x Ly, 73, 73, T3, 7.3 %
74,73,

Using the code

G:=SpaceGroupIT(3,227);
R:=ResolutionSpaceGroup(G,16) ;
ZZ:=GL(1,Integers);;

Zor:= GroupHomomorphismByFunction(G,ZZ,x->[[Determinant(x)]]);;
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C:=HomToIntegralModule(R,Zor);;
for n in [0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15] do
Print("H"",n,"=",Cohomology(C,n),";;");
> od;

we get H™(Fd3m,Z°") for n =0,1,...,15 to be
Z17 Z27 Z27 Z x Zga Z4217 Z; Z§7 Zéo X Zl?? Z%Oa

15 14 16 18 21 20 24
Z2 s ZQ s Z2 X Zlg, Z2 s ZQ s Z2 s ZQ X Zlg.

Using
Oh:=Group((1,2,3),(3,4),(5,6));

rho:=IrreducibleRepresentations(0h) [4];
R:=ResolutionFiniteGroup(Oh,11);;
C:=HomToIntegralModule(R,rho);;
for n in [0,1,2,3,4,5,6,7,8,9,10] do
Print("H™",n,"=",Cohomology(C,n),";;");
od;

or alternatively using
rho:=GroupHomomorphismByFunction(0h,ZZ,x->[[SignPerm(x)]1]);

instead of defiining rho using irreducible representation would give the same result.

Result: we get, for p=0,1,2,..., 10, Eg’o = HP(Oy,Z°") = Zg’l’1’3’4’6’8’11’13’17’20.

Next look at EE' and E2. Using Cy 'TFTYT;Cy = TYTE Ty Y72, Oy TFTY T Oy = TETy “ Y218, O 'TETYT;Cs =
TYTETE, MTYTETYTEM = TYT3T;, PTITETY T P =T °Ty YTy %, therefore

(Cox)(IVTST3) = Cz-(Xl(Cz_leszTézcz)) = Cz-(Xl(Tf/TérTgixiyiz)) =Cy.(y) =y = x2(TYTYT3),
(Cox2)(TTTYTE) = Co.(x2(C3 ' IT T T Ca)) = Co.(x2(TV TS Ty " 777)) = Cau(z) = & = xa (ITTYTE),
(Coxa)(TYTITE) = Co.(x2(C3 TP TYT; Ca)) = Co(a(TYTE Ty "7V 77)) = Co(—a —y — 2) = —(xa + x2 + xa) (TT T TE),
(Cox)(ITTYTS) = xa(T5 Ty, * 797 7T5) = 2 = x3(IY TS T5),

(Cox2)(TVTITS) = x2(T5 T, 77 77T5) = —2 —y — 2 = —(x1 + x2 + xa) (VT3 T5),

(Coxs)(TTT3TS) = xs(T4 Ty, ¥ 7T5) = o = xa (W T3T5),

(Cox)(TTTT3) = xa(VT5T3) = y = x2(TT T3T5),

(Cox)(TTTYTS) = xa(TVT5Ty) = y = x2(TY T3'T5),

Therefore for ¢ = 1, we have

01 -1 0 -1 1 00 1 0 -1 0 1 00
C: 10 =1 ], ¢:(0 -10], ¢s:|{1o00]), M:| -1 0 o0 |, P-loOo10],
00 —1 1 -1 0 01 0 0 0 -1 00 1

Note that Cy = (12)(34), C = (13)(24), M = (12), Cs = (123). The corresponding code to compute EX'"' is
Oh:=Group((1,2,3),(3,4),(5,6));
ZZZ:=GL(3,Integers);;
ZZZor :=GroupHomomorphismByImages(0h,ZZZ, [(1,2,3),(3,4),(5,6)],
treo,o,11,f(1,0,01,(0,1,011,(([-1,0,1],[0,-1,1],[0,0,1]1],[[1,0,0],[0,1,0],[0,0,1111);
R:=ResolutionFiniteGroup(Oh,11);;

C:=HomToIntegralModule(R,ZZZor) ;
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for n in [0,1,2,3,4,5,6,7,8,9,10] do
Print("H™",n,"=",Cohomology(C,n),";;");
od;
We get E2! for p=0,1,...,10 to be % H235 79121518
Next, action on by 2 3. Recall that b1(g1, 92) = z1Y2, b2(91, 92) = y122, and b3(g1, g2) = x122. We have
(C2.01)(g1, 92) = y122 = —b1(g1, g2) + coboundary,

(C2.b2)(91,92) = z1(—22 — y2 — 22) = —(b1 + b3)(g1, g2)coboundary,
(C2.b3)(91,92) = y1(—x2 — y2 — z2) = (b1 — b2)(g1, g2)coboundary,
(C5.61)(91,92) = —21 (22 + Y2 + 22) = (b2 + b3)(91, g2) + coboundary,
(C3.b2)(91,92) = —(x1 + y1 + 2z1)x2 = (b1 + b3)(g1, g2) + coboundary,
(C3.03)(91, 92) = 2122 = —b3(g1, g2) + coboundary,
(C3.b1)(91,92) = Y122 = b2(g1, g2) + coboundary,

(91,92) = z122 = —b3(g1, g2) + coboundary,
(

(C3.b2)

(C3.b3)(91,92) = Y122 = —b1(g1, g2) + coboundary,
(M.b1)(g1, 92) = y1x2 = —b1(g1, g2) + coboundary,
(M.b2)(g1,92) = 122 = b3(g1, g2) + coboundary,
(M.b3)(g1,92) = y122 = ba(g1, g2) + coboundary,

Therefore, for ¢ = 2, we have

N -1 -1 1 - 01 0 N 0 0 -1 /1 0 0 /-1 0
Co: | 0 0o -1, Co: 10 01|, Cs:(1 0 o |, M:[0 0o 1|, P 0 -1
0 -1 0 11 -1 0 -1 0 0 -1 0 0 0

Here instead of ZZZor we use
ZZZZor :=GroupHomomorphismByImages (Oh,ZZZ, [(1,2,3),(3,4),(5,6)],

tcro,o0,-11,I[1,0,01,(0,-1,011,([-1,-1,1],[0,1,0], [0,0,11],([[-1,0,01,[0,-1,0],[0,0,-1111);
CC:=HomToIntegralModule (R,ZZZZor) ;

We get Ep forp=10,1,...,10 to be ZO’1’2’3’5’7’9’12 15,18,22
Flnally, we look at Ep’ . We have 7(91, 92,93) = z1Y223. (C2.7)(g91,92,93) = C2.(7(C2g1Ca, C2g2Cs, Cag3Cs)) =
—1za(r3+ys+z3) = 7(91,92793), (C3.7)(91, 92, 93) = —21(x2+y2+22)23 = 7(91, 92, 93), (C5.7)(91, 92, 93) = T(91, 92, g3),
(M.7)(91,92,93) = M.(T(Mg1M, MgoM,MgsM)) = —(y12223) = 7(91,92, 93), (P.7)(91,92,93) = T(91,92,93). We see
that for the ¢ = 3 row, the group Oy, has trivial action on H3(T,Z), and hence we can simply use the following to get the
cohomology
for n in [0,1,2,3,4,5,6,7,8,9,10] do

Print ("H™",n,"=",GroupCohomology(Oh,n),";;");

od;
We get ) , , ,
Ey® =17, Ey®=1L, Ey*=E}°=15 Ey"=0L3xLs, Ey° =13 (220)
Ey® =175, E}’ =1, E}=1xZ, Ey’ =13 E," =13"

q=3 Z 0 2 2 4,714 5 9 10 13,Zqo 16 21
q=2 0 1 2 3 5} 7 9 12 15 18 22
q= 0 0 1 2 3 5 7 9 12 15 18 (221)
q=20 0 1 1 3 4 6 8 11 13 17 20
EPJZ p=0 p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10------
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Conjectured E3 page

q:3 27, 0 0 0 Zlg 0 0 0 Zlg 0 0

q=2 0 1 1 3 3 5 5 7 6 8 9

g=1| 0 0 0 0 0 0 0 0 0 0 0 (222)
qg=0 0 1 1 3 3 4 5 6 6 8 8

EPY 1\p=0 p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10------

Conjectured F4 page

q=3 27, 0 0 0 YAD) 0 0 0 YAD) 0 0

=21 0 1 1 3 3 4 5 7 6 8 9

g=1] 0 0 0 0 0 0 0 0 0 0 0 (223)
q=0 0 1 1 3 3 4 5 6 5 8 8

EYY ip=0 p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10------

which we further conjecture to be equal to the E., page, hence it should agree with
Zla ZQ, ZZ> Z X Z%a Z%? Z;a Zga Z%O X ZlQ’ Z%Oa
7Y, 73t I3 x Zio, Z3%, Z3', 7Z3°, Z3* X Zia.

According to the special version of universal coefficient theorem that applies to our case, from the short exact sequence

0 — zoF Z2X2, gor pT0d2, ), (224)

we have the long exact sequence

X2

o H2(Z) 2 H3(2) B2 gz

e
iy=Xx2

H3(Zy) 25 HA(2°7) 2222 HA(zor)

ps;=mod 2 pj=mod 2
_— _—

HYZy) — -+,

(225)
where we have suppressed the group Fid3m of the cohomology and only write out the coefficient (either Zs or Z°F). where
all i 5 are multiplication by 2 for coycles and all pj , —are mod 2 for cocycles. We have

kerfls = imp} = 75, impBs = kerij = Z35, s is surjective, (226)
the map p5: H3(Z°) — H?(Zs) is
pi: 7 x 74 BEEmed 2 gs (227)
we see that in the universal coefficient theorem, this is stated in the form of
(Zx73) = (Zx75) ®@Ty = (ZQ L) x (Z3) @ Ly = 73, (228)

“ ”

where “x” means direct product. We have worked out the map in Mathematica. Recall that
HJ(ZQ) = <l’ﬂ7Ilﬂ,Iy,I?’,$2I1,I$§,I?,C,T>, I’ly:(), (229)

where c is the degree-3 generator in H3(S4,Zs), and 7 is another degree-3 generator of H?(Fd3m,Zs). We have showed
in Mathematica, that
imp%: Z5 x Z — (x13, x2? + 23, 23 + 2221, ¢, 7 + ), (230)

where we have that Z is mapped to 7 (reflected in the no-solution of the relevant equation if we just use the eight cocycles

2B, 218, vy, 23, 22wy, 232, 23, ¢ that we have explicit form—see Mathematica).

Using this we can also work out the Bockstein homomorphism. It is defined by 3: H?(Zy) — H?(Z") N R (zer) 2y
HA(Zy), or B: H3(Zy) 2% HA(Z,) 25 HA(Z,).

28.3 Breathing pyrochlore (No. 216, F43m)

Using the code
G:=SpaceGroupIT(3,216);

R:=ResolutionSpaceGroup(G,16);

ZZ:=GL(1,Integers);;

111



Zor:= GroupHomomorphismByFunction(G,ZZ,x->[[Determinant(x)]1]);;
C:=HomToIntegralModule(R,Zor);;
for n in [0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15] do
Print("H™",n,"=",Cohomology(C,n),";;");
> od;

we get H™(F43m,Z°") for n = 0,1, ...,15 to be
Zy, To, T3, TXZ3xZy L5 75 7ISxZs 7L5xZLyxLis, L3,
753, 2P X Zg, LI X Ty x Ly, ZE, T, 73 x Zg, 730 X Zy x Zys.

Then, using

S4:=Group((1,2,3),(3,4));
ZZ:=GL(1,Integers);;
rho:=GroupHomomorphismByFunction(S4,ZZ,x->[[SignPerm(x)1]);
R:=ResolutionFiniteGroup(S4,11);;
C:=HomToIntegralModule(R,rho);;
for n in [0,1,2,3,4,5,6,7,8,9,10] do
Print("H™",n,"=",Cohomology(C,n),";;");
od;
Result: we get, for p=10,1,2,...,10, ES’O = HP(S4,7%) = 7y, Ly, U3, 73, Log, 7.3, ey X L, 73, 72, 75, 73 X Zg.
The corresponding code to compute E¥ g

S4:=Group((1,2,3),(3,4));

ZZZ:=GL(3,Integers);;
ZZZor :=GroupHomomorphismByImages(S4,Z2Z,[(1,2,3),(3,4)],
tffo,0,1]1,(1,0,0],[0,1,0]11,[[-1,0,1],[0,-1,1],[0,0,1]111);
R:=ResolutionFiniteGroup(S4,11);;
C:=HomToIntegralModule(R,ZZZor) ;
for n in [0,1,2,3,4,5,6,7,8,9,10] do
Print("H™",n,"=",Cohomology(C,n),";;");
od;
We get EE' for p=0,1,...,10 to be zy"H 11322333
For ES’Q: instead of ZZZor we use

ZZZZor :=GroupHomomorphismByImages(S4,2ZZ,[(1,2,3),(3,4)],

trco,o,-11,I11,0,01,0,-1,01],[[-1,-1,1],[0,1,0],[0,0,1111);
CC:=HomToIntegralModule (R,ZZZZor) ;
We get E§,2 for p= 0, 1, veny 10 to be Zl,Z4,Z2,Z2,Z%,ZQ X Z4,Z%,Z%,Z%,Z% X Z4,Zg.
Finally, for E5®: we use
for n in [0,1,2,3,4,5,6,7,8,9,10] do
Print("H™",n,"=",GroupCohomology(84,n),";;");
od;
we get Eg’?) for p= 0,1,...,10 to be Z,Zl,ZQ,ZQ,ZQ X Ly X 237ZQ7Z37Z%,Z% X Ly X Zg7Z§7Z%.
The simple diagonal sum on Ey page gives Z1 for n = 0, Zy for n = 1, Z3 for n = 2, Z3 x Zy x Z for n = 3, Z3 for

n =4, Z3 for n =5, Z§ x Zg for n = 6, and so on. We see that out of these checked cases, Ey = E.
Note that for n = 3, No. 227 has a 2Z, while for n = 3, No. 216 has Z.
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28.4 Point Group SPT

We look at polyhedral point groups: T, Ty, O, T4, Op. Note that T2 Ay, Ty, 2 Ay X Zo, O 2Ty =2 Sy, Op 2 Sy X Zo.

For S4: we use the standard cohomology ring H*(S4,Z2) = Falo1,02,03]/(0103). We will use the following ref-
erence for Stiefel Whitney classes: http://dr.iiserpune.ac.in:8080/xmlui/bitstream/handle/123456789/4836/
20151115_thesis.pdf ?sequence=3&isAllowed=y, which lists w; and wsy for any representation of the Klein four group
(Theorem 18), Dihedral group (Theorem 19) and symmetric group.

Cq: trivial.

Ci: we have H*(C;,Z>) = Fa[i], and as it is orientation reversing (see below) we have H*(C;, U(1)°") = (1) & Zs.
Ca: we have H*(Cy,Zs) = Fa[p] and H?(Ca,Z) = (p*) while H*(Cy,U(1)) = H**1(Cy,Z) = Z.

Cs: we have H*(Cy, Zo) = Fa[o’] and H?(Cy,Z) = 7y while H*(C,, U (1)%) = (0/) = H?**Y(Cy, Z°%) = Zo.

Caon: we have H*(Cap,Zs) = Falp,d’], the total Stiefel-Whitney class is (1 + p)%(1 + o”), i.e. w1 = o', wa = p?,
ws = p?0’. Since the action on the Z coefficient is the same as Cy, (see below) the cohomology expression is also

4 3 7 2 /2 13 14
the same: we have H(Cyy, U(1)%) = Y eporpe o) = 75

Dsy: we have H*(Dq,Zs) = Fa[p’, p|, there is no orientation reversing elements, and H'(D2,U(1)) = {(p,p’) = Z3,

H*(D2,U(1)) = (pp') = Lo, H*(D>,U(1)) = % =73, HY(Dq,U(1)) = (p>p/, pp"®) = Z3. This has also
been verified using the free resolution produced by GAP. Note the total Witefel Whitney class is (14 p)(1+ p') (1 +

p+ p'), therefore wy = 0, wy = p? + pp’ + p'?, and w3 = pp'(p + p').

Cyy: we have H*(Cyy,Z2) = Fa[p,0]. The total Stiefel-Whitney class is (1 + p)(1 + o + p), i.e. wy = o and
wy = p(p + o), and w3 = 0. Using the resolution produced from GAP we obtain H'(Cs,,Z%) = (o)
HQ(CQMZM) = <p(p+ U)> = 42233 H;3(202U37 Z:)r) = <p20—a 03> - Z%a H4(C2vvzor) = <p‘3(,0 + O’),p02(p+ 0)>
therefore H*(Ca,, U(1)°") = <<’;3’&J‘:;T‘))’ZU;‘E‘;+’Z)>> ~73.

Doy, we have H* (Do, Zs) = Fap, o', 0'] = Fa[p, p’,1]. Using the resolution produced in GAP we get H'(Day,, Z°7) =
(0") = Zo, H*(Dap, 2°) = {p(p+0a"), p'(p'+0")) = L3, H*(Day, Z°) = (p(p+p')(p' +0"), p?0", pp (p+p'+0"), 07%) =
Zs, HY(Dap, Z°%) = (p*(p + 0'), pa"*(p + 0'), pp' (p + p')o’, p' 0" (p" + 0”), pp* (p + '), p* (p' + 0')) = Z3, therefore

4 ory _ (%0 p" 0% 00’0’ pp'? 0’ oMo’ pP a2 "2 pa® p o) 42 3 3\ o 79

H*(Dan, U(1)) = (o0 ).00 2 (40 ) pp (0 Va0 72 (0 40 ) pp 2 (ko ) o (07 +07)) (0" 000", p°p s pp°) = Ly, We
can write the total Stiefel-Whitney class which is (1 4+ p)(1 4+ p + p/)(1 + p’ + o) which gives w; = ¢/, wy =
02 4pp'+p%+p 0", ws = p(p+p')(p'+0'); alternatively using ¢ we have the total class (1+p+¢)(1+p'+p+0)(1+p +1)
we get wy = 1, wy = 1* + p* + pp’ + p%, wy = >+ 1(p® + pp’ + p?) + pp' (p+ 1),

Cy: H*(Cy,Zy) = Fo[p] but H*(Cy, U(1)) = Zy.

Sy H*(Cy,Z3) = Fy[i], where 7 is the character of Sy = Z, with 7(Cy) = —1. We have H*(S;,U(1)°") = (%)
(H?'(S4,U(1)°) = (1%') while we get trivial result in odd dimension). Therefore we have w; = 7, wy = 0, and
w3 = 23

Cyn: H*(Cup,Zs) = Fa[p,0’], we have H®(Cyp,,Z°) = Z3, result should be the same as Cyy,, therefore we have

H*(Cyp, U(1)°") = (p*.p°0" p?0% o0 Z3. We should have w; = o/, wy = p? and w3 = p’o’.

FGro s (5F o)
Dy: H*(Dy,Zs) = Fa[p, p', 0]/ (p(p+p')), where using the free resolution produced by GAP we get H'(Dy, Z°") = Z;,
H2(Dy,Z%) = (2, p2) = 73, H¥ (D4, Z%) = (7 + 0p') = L, HNDy, Z%) @ Ly = (p*, p'*,6%)) = Z3 (note that
there is some ambiguity in choosing 0) and H®(Dy,Z°") = Z3, therefore we have H*(Dy,U(1)) = (0p?,0p"%) = 73,
and wy =0, wy = p? 4+ 0(?), ws = p* + 0p'(?).

IR

2
Z27

Cyyp: we have H*(Cly, Za) = Falp, 0,0']/(p(p+0)). Cay = Dy but lives in a different representation. We use GAP: not
ethat Dy can be reached via D:=SmallGroup(8,3). The three generators £1,£2,£3 correspond to the C4C%, C4, and
C’f elements in Dy. Now we are in Cy, so that CY is replaced with some mirror and CyC% also some mirror, therefore
the Z°" must be reversed by both £1 and £2, hence the fourthe irrep, IrreducibleRepresentations (D) [4];. We
get H1<C4va Zor) = <U> = ZQ; H2(c4mzor) = <ﬁ2 + 9/> = Z4a HS(C4vvzor) = <ﬁ33 03> = Z%v H4(C4v7zor) =
~4 4 ~2 20/79/2) g Z%

~ T T 0%, p%0 o
(0'(7* +02),52(0' + 7*)) = 23, H?(Cay, ) = Z3, we have H*(C,, U(1)) = 52 -50m5h

Dog: we have H*(Dag,Zso) = Fa[t, p', 0"/ (LT + p')). Da2q = D4 but lives in the representation where £2 preserves
orientation but f1 reverses orientation. This is IrreducibleRepresentations(D) [2]; We have Hl(ng,Zor) =
<p/> = s, Hz(D2dvzor) = <22+p/2> = Lo, HS(DdeZOY) = <237 9”(Z+pl)> = Z%7 H4(D2dvzor) = <Z4+p/4,z2(9’/+22)> =

24 /422 "o 12011 112 ~
23, HY(D2q, Z) = 73, H4(Dy, U(1)) = bttt f) = 73,
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e Dy, is isomorphic to Dy X Zy, with mod-2 cohomology H*(Dap,Z2) = Falp,p’,0,0" ~ ]/(p(p + p’)). This is
SmallGroup(16,11), generated by £1,£2,£3,f4 and £3 commutes with all other three generators, therefore nat-
urally we choose £3 to be either the horizontal mirror plane or inversion. We are looking at the fifth irrep,
IrreducibleRepresentations(D4h) [5];, we have H'(Dyy,Z°") = Zy, H?(Duy,Z°") = 732, H3(Dyp, 7)) = 73,
H*(Dyy,, Z°%) = 7§, H?(Duap,Z°") = Z3. The guess is that the result is identical to that of Day,. Using the free
resolution produced in GAP we obtain Hl(D4h,Z°r) = (0') 2 Zy, H*(Dup,Z°") = <ﬁ(ﬁ+ o), p'(p + ') = Z3,
H*(Dap, 27) = (p° + (¢ + 0')0, p*0", p?0’, 0%) = L3, HY(Dan, Z) = (p°(p + 0"), p%(p + 0"), (p° + p'0)o’, (P +

12 ~2 /2 ’2 13 1
p )

~ ~ ot 052,002, po,c'p'0
O'/)p(f/2, (pl+0' )p/UIQ (Z)Q+9)p0/>7 therefore H4(D4h, U(l)or) =78 (EJZ‘O'/) p'g(p _7_0./;’(%3:;9)5 ,?pjae)p;27(p "Yo)p' Z/2p(;: -‘ra)p(f/)
<0/47UI29792> o

e (C3: both mod-2 cohomology and Z cohomolgoy is trivial, hence H*(Cs;, U(1)°F) = Z;.

e S (another notation is C3;), same as C;: H*(C3;, U(1)%") = (1) = Zs.

e D3: we have H*(Ds3,Zy) = Fa[p'], there is no orientation reversing elements, and H*(D3,U(1)) = H%(D3,Z) = Z.
e C3,: we have H*(Cs,,Zs) = Falo], H®(Csy, Z°7) = Zy therefore H*(C3,,, U (1)) = (o) = Zs.

e D3y we have H*(Dsq,Z2) = Fa[p’, 1], the group Dsq = D3 X Zs where the second summand can be assigned to

inversion. The representation on the coefficient Z°" is the same as the case of Ds3j, (see below), hence we can use

(P00 p 2 0 ) 3

DR DN ACED

the result there so long as we rewrite the generators: H*(Dsg, U(1)°")
e Cg: result is identical to Co: H*(Cg, U(1)°%) = H5(Cg, Z°%) = Z.
e Cj3p,: result is identical Cy: H*(Csp, U(1)%%) = (0/*) = Zs.

’ ’
20_2

e Cgp,: we have H*(Cap, Zo) = Fa[p, 0'], the result should be the same as Cyy,, which is H*(Cgp,, U(1)°F) = <<” ’fpigf’) af?lj(iwf)‘l)) =
Z3.

e Dg: we have H*(Dg, Zs) = Fy[p’, p], there is no orientation reversing elements, and H*(Dg, U(1)) = (p'p?, p3p) = 7Z2.

o Cs,: we have H*(Csy,Z2) = Fap,0]. Note that abstrctly Dg = Cg, = Ds3p = Dihs X Zy. This group is
SmallGroup(12,4) in gap, and we can look at its irreducible representations using IrreducibleRepresentations (SmallGroug
we see that out of the generators £1,f2,£3, £3 is the threefold rotation while £2 belongs to the direct summand Zs,
which is the two fold rotation in Cg. We see that the action of Cg, on Z is the second irrep listed in GAP, which
gives Pcgs([ f1, £2, £31) -=> [ [ [ -1 11, [ [ 111, [ L1111 Then wecan obtain H°(Cg,,Z°)
using the following command

D:=SmallGroup(12,4);

rho:=IrreducibleRepresentations (D) [2];
R:=ResolutionFiniteGroup(D,7);;
C:=HomToIntegralModule(R,rho);;
Cohomology(C,5) ;
Which gives H5(C’6 2N = 73. As H*(Cgy, Z2) =2 H*(Cyy, Zs), we can copy the result of Cy,, and get H*(Cy,, U(1)°") =

(p*,pP0,p%0% po®,ot) ~ 73,
(p3(p+a),p02(pt+o)) —

e Dsp: we have H*(Dsp,, Zo) = Fa[p’, 0']. In this group the Zs comes from the horizontal mirror, therefore changing the
representation code to rho:=IrreducibleRepresentations (D) [3] ;, which gives the third irrep irrep listed in GAP,
which gives Pcgs([ f1, 2, £31) > [ [ [ 111, [ [-111, [ L1111, wegetH>D3,,Z%) = Z3.
Since p’, ¢’ can be identified with p,o in Cy, (by rotating the principle axis to horizontal plane, we should have

4 /30/ /20/2 10/37 14 ~
H (Do, UQ)™) = ety ok = 74

e Dgp: we have H*(Dgp, Za) = Fap', p,0'] = Falp’, p,t = p+0']. Again we can use GAP: the group is D6h:=SmallGroup(24,14);
which has foru generators £1,f2,f3,f4 where £2,£3 are the ones that commute with the rest, i.e. they stay in
73. Choosing say f_2 to be the twofold rotation along principal axis and £_3 to be the horizontal mirror /inversion, we
choose the fifth irrep which gives Pcgs([ f1, f2, f3, f4 1) -> [ [ [ 111, [ [ 111, [ [C-111, [C1]1711,
we get H*(Dgp,Z") = Z§ and H®(Degyp,Z") = 73, which should be completely inherited from Dy, hence

4 or\ (p P p/2 p14 PSG'I PQP/U/ pp/zg/ p/4g/ p2a,/2 p/2 2 pO_IS P, /3) 14 2 ’ 3 13\ ~v 9
H*(Den, U(1)™) = (p3(p+07),pa"?(p+07),pp’ (p+p")o’,p' " (p'+07),pp"* (p+0),p"* (' +07)) x (o™, 0%pp, 070", p0") = L3
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e T': this acts on the vertices of a tetrahedron and can be easily identified with A4. For later use we write H*(T,Zs) =

Fa[p, p']%8 where Z3 action on p, p’ is defined as p + p’, p' = p+p’. Then we have HY(T,Zy) = Zy, H*(T, Z3) = (6 =
PP+ +p%) 2 Ly, HY (T, L) = (' = p*+p"°+p°p' 0 = pp' (p+p")) = 23, HY(T, Zz) = (5° = p'+p* 0% +p") = Lo.
We also have w; = 0, wa = §, wz = . There is no orientation reversing operation, and we can just look at
H5(Ay4,7) = 7y, meaning that H*(T,U(1)) = Z;.

T} can be viewed as T product with inversion. Using the following code
Th:=Group((1,2,3),(1,2)(3,4),(5,6));

ZZ:=GL(1,Integers);;
rho:=GroupHomomorphismByFunction(Th,ZZ,x->[[SignPerm(x)1]1);
R:=ResolutionFiniteGroup(Th,6);;
C:=HomToIntegralModule(R,rho);;
for n in [0,1,2,3,4,5] do
Print("H™",n,"=",Cohomology(C,n),";;");
od;

we get results HOL23:45 (T 70%) = 7y, Z, 7y, 73,72, 3. Note that H*(Th, Zs) = Fa[p, p'|Z8 @Fsi], and H (T, Zs) =
(14,802, 41,v"1, 6%) =2 73, considering the result for Oy, the only consistent possibility (which can be easily verified)
is wy =1, we =12+ 8, wg =13+ 15 + ¢, and that H4(T),, U(1)") = (14,126, 6%) 2 Z3.

Ty4: this acts on the vertices of a tetrahedron and can be easily identified with S;. It transforms spatial coordinates in
the Ty irrep, corresponding to the (3, 1) irrep of Sy. We already have identified Vi = ((12), (34)) = (M, CoM) = Cy,
and Vo = ((12)(34), (14)(23)) = (Cq, C4) = Ds. o is the character of M = (12) and if we denote p, p" as the character
of Cy and C% then we can think of § = p? + pp’ + p? and 1 = pp’(p+p’). We have w1 = o, wy = 6, w3 = e(Ty) = ).
The corresponding SPTs are classified by H*(T,, U(1)°") = (0*,42) = Z3.

O: we have O =2 S with mod-2 cohomology Fa[p”,d,4]/(p”"1)). Tts group action is always described in terms of
an octehdron, which of course has a higher symmetry O, (It seems hard to find a polygon with just O symmetry
and not Oy). Consequently one describes its action on a cardinality-6 set: denote the top and botton as 1 and 6,
and the middle ones as 2,3,4,5 according to the right-hand rules, then the minimal generators are Cy = (123)(456),
Cy = (5432) (note the orientation of Cy4!). Here we are using the tilded symbol to denote the equivalent of the
untilded symbol in Ty, i.e. g € Ty = § € O. Then we have CoC} = C2 = (24)(35) and Cy = C5 'C,CyCs =
(16)(35), C = (16)(24), The equivalence of M above, denoted as M,is M = C,C4C2 = (15)(24)(36), which
is a disallowed operation on octehedron. O transforms spatial coordinates in its 77 irrep, corresponding to the
three-row (2,1,1) irrep of Sy. Note that operation-wise we have C,P = S; € Ty. We have w; = 0, wy = § + p"’?,
and w3y = e(Th) = p”d + ¢. The corresponding SPTs are classified by (note that there there is no orientation
reversing) HY(O,Z) = Z1, H*(0,Z) = (p'"?) = Zo, H*(O,Z) = (p"§ + ) = Zy, HY(O,Z) = Zy x Z4 x Z3, and
HY0,Z) ® Zy = (p'"*,82) 2 72, H?(O,Z) = Zy, H*(O,U(1)) = {p"?5) = Z,.

Op,: for te Stiefel-Whitney classes, the result must match that of Dyj, upon setting o = 0. Recall that that when
restricting to Doy, we have & = p? + pp’ + p'? and ¥ = pp'(p + p’), then using the results there we get where we
get w1 = 0+, we =12+ 3, w3 = (L + 0)® + 16+, and HY(Op, Z°%) = (0 + 1) & Zo, H*(Op, Z°") = (10) = Zs,
H3(0,Z°%) = (2(t+ 0),0%(L + 0), 00 + ) =2 Z3, HY(Oy, Z°") = (1B0,103,06(1 + o), 1) = 73, H3(Op,, Z°") = ZS,

or o*,0%.2,0%,62%6,006,128,6%) ~,
HY(0,,U(1)%) = ¢ ((oT0)00) b e 78,

The result is summarized in Table

29 Understanding LSM

29.1 Lattice homotopy in 2D and 3D

Main references are Mike’s PRL paper https://arxiv.org/pdf/1703.06882.pdf and Weicheng Ye’s Scipost paperhttps:
//scipost.org/SciPostPhys.13.3.066/pdf. Note that for both 2D and 3D, we have checked that Eq. (218) holds,

i.e.

the relation H?(G,Z2) = (H*(G,Z°) ® Zs) x (H3*(G,Z°") @ Zs) holds for all the 17 wallpaper groups, and

H3(G,Zs) = (H3(G,Z°) @ Zs) x (H*(G,Z°) @ Zs) all the 230 space groups. According to Weicheng’s paper, it is
the kernel of the map H?(G,Zs) — H?*(G,U (1)) = H3(G,Z°"), which is exactly H?(G,Z°) @ Za, that gives the LSM
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Table 8: Point Group SPT. Generators: p (p’) denotes the character for a twofold rotation along principal (horizontal)
axis; p (¢) denote the character for a fourfold rotation (rotoinversion) along principal axis; o (¢/) denotes the character for

a vertical (horizontal) mirror plane; ¢ denotes the character for inversion. §,6,6’, 8" are 2-cocycles and 1 is a 3-cocycle.
Restricting to subgroup Dz ¢ and ¢ reduce to § = p? + pp’ + p? and ¢ = pp/(p + p’); we have used the notation &
and 1 whenever possible to reduce the length of an expression. Sometimes it is possible to write the mod-2 cohomology
ring using either the horizontal mirror ¢’ or inversion ¢, and whenever this happens we write “c’ ~ 1”. We denoted

’ ' <P P plz,Pm,PSO' ’p2plo_l pplzal pl40/,92 12 p/2 2 PC /3 p/o_/$> 14 2 , 3 /3 , ’ o
P4(pa4p 7:7 ) = <p (p3+o-l) o2 (pto’), pr(p;-p %0 2/) 0.;2(p ;_0/) P2 (p+07),p3 (0 +0)) < y O ZPP PP PP > and Q4(P7P 30,0' ) =

(p*,0"*,09%,0p"%,0'5°,0"p'* 0" B0,0' p'0,0"% 5,0 p'? ,0"* 5,0 "* ') 4 129 p2 o~ 74 ; ;

Tt G+ ) D rrepr (o Fen e ey X (05070, 0%). C = HA(PG,U(1)*) and (G, C1,Cp) gives its
decomposition following Huang, Song, Huang, and Hermele [PRB.96.205106]; since all of them only have Zs summands
we only list their Zs dimension dim(Cy,Cy,Cz). The last column lists the third Stiefel-Whitney class.

Schonflies  Abstract Mod-2 Coh. Ring H*(PG,U(1)°") C dim(Co, C1,C2) ws
Cy Trivial Trivial Trivial Trivial (1,0,0) 0
Ci ZQ ]FQ [L] <L4> ZQ (1, 0, 0) L3
Cy Zs Fa[p] Trivial Trivial (0,0,0) 0
C, zZ Fy o’ z Z 0,0,1 0
: 2l7] T (0.0.) o
Con Z2 ¥y [Pa g~ L] (03 (pta), pO-IQ(ero-/)) Zg (2a 0, 1) p-o
D, z; Falp, p'] (0, pp") z; (2,0,0) v
Ca, 73 F2(p, ] Pl A z3 (0,1,2) 0
Doy Zg F2[P7 plao-/ ~ L] P4(pa pl70./) Zg (37373) 0 +L5+¢
Cy Zy Fa[p] Trivial Trivial (0,0,0) 0
Sy Z4 Fo[t) ) Zs (1,0,0) 3
. , (54 530_/ 520_/2 50_/3 o_/4> 3 ] -
Cyn Ziy X Uig Falp, 0’ ~ (] <~3’(p+0’/) pa,;(p+a,)> Z3 (2,0,1) peo
D, Dihs  Falpsl,6)/ (3540 "oz (2,0,0) 7t 6
) ~ ~ ot 520,56 0’
C4U DZI'L4 Fg[p, g, 0/}/( (p+0’ <g(p,4t§2), /gel/;‘_’:2,§> Zg (07 1,2) 0
Dag Dihy Fa[f, ', 0"]/ (((i+0')) . 13 (1,1,1) B+ (T+p)0"
Dyn Dih4XZQ FQ[ﬁa pl7070-/NL}/( ( + Q4(ﬁ7 p/a97o-l) Zg 5373733 ﬁﬁ + (p/+0/)9
Cs Zs3 Trivial Trivial Trivial 0,0,0 0
S6 Zg X ZQ ]F2 [L] <L4> ZQ (1, 0, O) L3
Ds Dihg Fa[p'] Trivial Trivial (0,0,0) 0
Cgv DZhg ]FQ [O’} <0’4> ZQ (0, 0, 1) 0
14 13 2.2 /3 4
Dsq Dihs x Zs Falp', (] s Y 73 (2,0,1) B+ p2
CG Zg X ZQ ]Fg[ } Trivial Trivial (0, 0, O) 0
Z3 XL a4 Z 1
Cgh 3X &2 [ ] ( 3o/ 20 2 5’8 o'ty 2 (0’ O’ ) 0
Cﬁh Z3 X Z% [ »0/] <p §€p+g/p) po./2p(p+g/)> Zg (2a O» 1) P20/
Ds Dihs x Zs Falp, p'] (0%, 0%0) 3 (2,0,0) ¢
Cor  DihyxZy Falp,o] o, g';;_’; cpel (0.1,2) 0
Dsp, Dihs % Zs Falp/, o] <<f; e ;,U;;’(;j +J,)>> 73 (0,1,2) 0
Dgp, Dihs x 72 Falp, p, 0" ~ 1] Py(p,p',0") 73 (3,3,3) 13418+
T Ay Fo[p, p')% Trivial Trivial (0,0,0) P
Ty Ay xZo Fa[p, p'1%2 @ Fali] (14,126, 6%) 73 (1,1,1) B+
o Sa Falp”,6,9]/(p")) (p"?0) Zo (1,0,0) po+ 9
Tu Sy Falo,6,¢]/(o9) ot, 8% % (0,1,1) (0
(o%,0%1%,1*,0%6,016,128,62) 6 2
Oh S4 X ZQ FQ [Ja Ly 57 1/’]/(01/0 ; <’(U’+L)(’7§ — ZQ (23 27 2) (L + J)L +u0+ d)
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constraints. Indeed, we have checked all the 17 wallpaper groups and find that H?(G,Z%) ® Z, actually gives exactly
TABLE II of Mike’s paper https://arxiv.org/pdf/1703.06882.pdf. We also checked that the number of elementary
abelian groups here exactly agree with the number of irreducible Wyckoff positions (IWP) given in ITC.
However, in 3D it seems the number of elementary abelian grous of H3(G, Z°) ®Z (restricting to SO(3) spin) does not
agree with the number of IWPs. For example, No. 216 and 227 each have four IWPs, but both have H3(G, Z")®@Zy = Z3.
On the other hand, let’s compare No. 196 (F23) and No. 216 (F-43m). Note that the high symmetry Wyckoff positions
of them are exactly the same: 4a,4b,4c,4d,16e,24f24g. But H3(F23,Z°) ® Zo = Z3 and H3(F — 43m,Z°") ® Zy = Z3.

29.2 Else and Thorngren

The main reference is Else, Thorngren, https://journals.aps.org/prb/pdf/10.1103/PhysRevB.101.224437.

e Input: a global symmetry group G, spatial dimension is d. We define X = R%. We will mostly require G =
Gint X Gspatial with H2<Gint7 U(l)) = ZZ-

e Anomalous texture: an anomalous texture is an element [w] € H2(G, Zo(R?,U(1))). For our interest, Zo(R%,U(1)) =
A is the lattice.

e defect network:

e The Traditional LSM theorem is the statement that: The ground state is noninvertible (i.e. has topological order)
iff the equivariant push foward map

H2(G, A = Zo(RY,U(1))) —» HIT2(G,U(1)) = HS (X =R, U (1)), [w] — [4] (231)

has nontrivial image, i.e. [u] is a genuine cocycle and not a coboundary. In words, [w] — [0] means that the
(anomaly of the) anomalous texture can be canceled by (the anomaly of some) invertible-substrate defect network,
while [w] — [u] # [0] means that the (anomaly of the) anomalous texture cannot be canceled by (the anomaly of
any) invertible-substrate defect network, and hence the group state has an anomaly (and hence is invertible/has
topological order).

e In principle, it can happen that the map [w] — [0] € H%(X,U(1)) is trivial (i.e. no traditional LSM), but the
map [w] — [p1] # [0] € H%/(X1,U(1)) is nontrivial (in the sense of lattice homotopy). The main result of the Else,
Thorngren paper is that, by explict checking, they find that for specific forms of G, which are G = SO(3) X Ggpatial
(and two other cases),

W] = ] = [0] & [w] = [m] = [0], (232)

hence lattice homotopy can serve as the equivalent criterion of LSM criterion, i.e. having a nontrivial lattice
homotopy is equivalent to having a noninvertible ground state/has topological order.

e The map [w] — [u] is called equivariant pushforward. This map is defined as follows:

LoadPackage (¢ ‘HAP’’);
Fd3m:=SpaceGroupIT(3,227);
wy:=WyckoffPositions (Fd3m) ;
Size(WyckoffStabilizer(wy[1]1));

This size is the order of the stabilizer group which is 24. It turns out this one (the point (1/8,1/8,1/8)) is one of the
highest symmetry points (the other one is 1/8,1/8,5/8).

wyorb:=WyckoffOrbit (wy[1]);

List (wyorb,WyckoffTranslation) ;
The outputs [ [ 1/8, 1/8, 5/8 1, [ 3/8, 3/8, 3/8 1 1.
TranslationBasis(Fd3m) ;
This outputs [ [ 1/2, 0, /21, [ 0, 1/2, 1/21, [ 0, 0, 11 1.

Note in Dominic’s code, in his good_atom_locations(d,G, L=None) he has L=[1]*d; this L is basically 77, 75 and
T3 which he will use to translate the highest symmetry points to get the other vortices of the Wigner-Seitz cell.
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In GAP’s code, however, we are searching for the lowest symmetry points, see https://github.com/gap-packages/
hap/blob/c130fb61b0c6aad88e3894a96a90a146442643ab/1ib/Polymake/cryst.gi. Let’s work that out:

LoadPackage (¢ ‘“HAP’’);

G:=SpaceGroupIT(3,227);
G:=StandardAffineCrystGroup(G);

AG:=AffineCrystGroupOnRight (Generators0fGroup(G));;
SAG:=StandardAffineCrystGroup(AG);;
F:=FundamentalDomainStandardSpaceGroup([1/31,1/37,1/41],SAG);;

V:=Polymake (F,"VERTICES") ;

Note here [1/31,1/37,1/41] is the dafault lowest-symmetry points that GAP will choose, and we are writing it here

explicitly. The last command outputs the vertices of the polytope:
[ [-1/4, -1/4, 22093/50824 1, [ 0, -1/2, 1/2 1, [ -1/4, -1/4, 5/8 1,

[ 1/4, 1/4, -1/81, [0, 0, 01, [ 1/4, -9387/25412, 9387/50824 ] 1]

Call them V1 2.3.456. One can easily check that V; 2 4 5 coplanar, Vj 2 3¢ coplanar, and V3 4 5 6 coplanar. The volume then
can ca calculated as |vey - V21 X va1)| + &|ves - Va3 X Vas)| + £|vas - v35 X Va5)| = 5.

Good places to understand G-equivariant cohomology: Definition of Dirichlet-Voloroi region: P130.

P218-219: If G acts on X fixed point-free, then C,(X) is a free ZG-resolution of Z, and the space X (= R?) is in

—_—~

fact the space X = K(P): P122: a presentation of G can be used to construct a free G-CW-space K = K (z|r) whose
1-skeleton K! =T'g , is the Cayley graph of G with respect to the generating set x € G and whose fundamental group

71(K) is trivial. We say the quotient CW-space K = K /@ is the 2-complex of the presentation (z|r). K is the universal
covering space of K.
Some code related note: note that in my mac upgrading python package can be done using e.g.

python3.11 -m pip install --upgrade cython
To access (upgrade/install) modules for the python3.11 that is used in sage, use something like
/private/var/tmp/sage-10.0-current/local/var/lib/sage/venv-python3.11.1/bin/pip install JuPyMake
One might have to compilre these modules using amd64 architecture, in which case we need to use the following
ARCHFLAGS="-arch arm64" /private/var/tmp/sage-10.0-current/local/var/lib/sage/venv-python3.11.1/bin/pip

install JuPyMake --compile --no-cache-dir

see this post https://apple.stackexchange.com/questions/436801/ml1-mac-mach-o-file-but-is-an-incompatible-archite
There are numerous places where we had to modify Dominic Else’s code to make it run on python3 on MacM1. E.g.

we had to make the change xrange — range, and (in utils.py) self.coeffs.items() — iter(self.coeffs.items()),

in resolutions.py to make itertools.izip — zip, and note that while magnaconv is imported in linalg.py, the functions

in magmaconv_cython was never used. After opening sage, we import the lsm module using

import equichain.lsm

and then executing
print (equichain.lsm.check_space_group(227))

which gives ([2, 2, 2, 2,2,2,2,2,2,2,2,2,2,2,2,2,2/2/2/2 2222222 22222222 22
2),(2,2,2,2,2,2,2,2,2,2,2 2 2],[2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2 2 2
2,2,2,2,2,2,2,2],[2,2,2,2,2,2,2,2,2,2,2,22,2,2/ 2222222222 222 22 2 2 ,
2, 2, 2]), whose dimensions are 44,13,41,41. It seems wierd that the later pages have larger dimensions; but thi
happens for many space groups (e.g. see also 166 and 196.

If for 227 group we use best = wyckoff_positions[4], which is unit cell that we used in Mathematica, then we get
(12,2,2,2,2,2,2,2,2,2,2,2,2,2,2/ 222222 2/2 /22222 222 2],[22,2,2,2,2 2 2 2 2, 2],[2, 2,2,
2,2, b2,2,2,2/2,2,2,2,2/2/2/22.22,2,222 222 2],[2,2,2,2,2,2/2 22222222 2 2 2 2 2
2,2 2,2, 2,2 2 2]).

2,2
2,2

) )
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Understanding the spectral sequence code (see https://github.com/dominicelse/equichain/blob/9294373a3d10481dbdd4ec
equichain/__init__.py#L588): the main calculation of the Ey 12,3 pages of the relevant entries of the equivariant spec-
tral sequence are listed in __init__.py. Denote d as the boundary map for the simplicial homology, and ¢ as the
coboundary map for group cohomology (of the point group Gp;). We now have the Oth page (Eo)fl’ = CP(Gp, Cy (T4, R)),
where the spectral sequence is located in the fourth quadrant, with p = 0,1,... the row index and ¢ = 0,1... the col-
umn index (note that this is flipped from the LHS case). The E' page is taking homology for the map §: (El)g =
ker(d: (E°)? — (E°)P+1) /im(0: (E°)b~" — (E°)P). In the no-spin-orbit coupling case we are interested in p = ¢ = 0 with
the coefficient R = Zy. Then, (E°)J is several copies of Zg, which denotes the anomalous textures put on the high sym-
metry points: the naive ways of putting anomalous textures (spin one-half’s) at these high symmetry points (Co(T%,Z))
gives the abelian group Co(T%,Z) ® Zy. Then, taking § (dy in the code) gives the truly inequivalent ways of putting them
on Cy(T?), here “truly inequivalent” is the same as taking group cohomology, and this brings us to the E' page. This
is done implicitly in the code by selecting the subspace of (E°)Y that lives in the kernal of §y. Then, in going to E? we
need to through the elements of (E°)) that gets trivialized by adding C1(T?): they are the image of d;: (E1)) — (E9))
where (E')) := ker(d;: (E®) — (E°)}). Therefore, viewing d; and §; as matrices, we need to get the vector space
Vi = {d1a|é1a = 0,a € (EY){}, and we have (E1)§ = (E°)3/V1. Next, we need to find Va s.t. (E?)S = (E°)§/Va. Tt is
not hard to see that Vo = {diala € (E°)?,61a = dab for some b € (E°)} s.t. b = 0}, where this b satisfying dab = 0
is simplying saying that b is an element of (E')i. We must have (E®)) = (E?) as argued in the paper so that the final
LSM anomaly is isomorphic to (E*)Y = (E3)) = (E®)J/Vz; here what is realy means is an element wg + w; +wo + w3: an
element wy € (E°)J that survives in the final cohomology will pick up elements w; along the diagonal at the E* page.

Discuss with weicheng: it seems LHS SS for Z? — SG — PG is just a special case of equivariant SS, viewing the
translation groups as torus. This means there should be a way to see detailed matching.

We say LHS is preferred because there is the cup product, which appears in topological partition function (crystalline
topological response). But equivariant is preferred in the sense of physical picture (decorating lower dimensional SPT).
Real question: what really does the crystalline topological response mean?

Let’s look at the one dimensional space group plm = (T, M) with TM = MT~!. For equivariant homology, let’s
decompose the one-dimensional torus T = T into points A, B and edges a,b, with da = A — B and 9b = B — A.

Group cohomology: E5'? = HP((M), HY(Z,Zs)) = HP((M),64=0,1Z2) = Z284=0,1. Using the fact that plm =T x M
one can immediately conclude that do = 0, therefore the LHS spectral sequence stabilizes at Fs.

Equivariant homology: E2? = CP(Gyy, Cy_y(T, Z3)), therefore we have By’ = C)_o(T, Zy) = Z3, taking differential
gives BY0 = O (T, Zo) ™M) = (a +b) =2 Zy, Ey" = C1_1(T, Zy)M) = (A, B) = 73, Ey° = {f(M)|f(M) =a or bor a+
b} = (fa, fo) = Z3, and Ey'' = (fa, f) = Z3. Now, take §, We get E\"' = (A, B) = 73, and 8Ey" = (d(a + b)) = 0,
meaning that all the elements of E? ! will not be trivialized, therefore E%:! = Z3. On the other hand, when taking &
we have 6f =0 = (0f)(g1,92) = 0 = g1.f(92) + f(g192) — f(g1) = 0, if f is fa, then setting g1 = go = M shows f, is
not a cocycle; similarly f;, is not a cocycle. But f := f, + f, satisfies f(M) = a + b = M.a — a therefore f is actually a
coboundary, meaning that £, = 0. Therefore the equivariant homology is concentrated at the (p,q) = (0,1) corner.

30 Fermionic SPT and AHSS

AHSS:

wl(f) S HI(BG, Zg)
wo(€) € H*(BG, Zs)

ny = wl(f)

Azwz(f)
Zg — Gf — Gb

HP(BGy, Q1 . (%))

spin

= Qi (BG,€)
QZpin (*) = Qgpzn (*7 U(l))
Qpin (%) = Z
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Q;pzn(*)) =Zs
szzn(*)) =Zs
D=1+1=2
HD+1(BGZ77 Q;plm(*)) = HD+1(BGZM Zg)
HP (BGb’ Qgpzn(*)) = HD(BGZN U(l)g)

HP~Y(BGy, QL (%)) = HP 71 (BG,, Zs)
141 vy V_q

Example: we know that H*(Zs,Zs) = Z2 = (t). Now consider two cases: the action of Zy on Z is trivial (e.g. unitary)
or orientation-reversing (e.g. anti-unitary).

e Trivial action: in this case Sq'(1) = 0, S¢*(t) = t2. Le. w have Sq¢?"*1(t) = t2"+2 and S¢*"(¢) = 0.
e Nontrivial action: in this case we define the new Steenrod square as Sgl,: the notation for this in Weicheng’s paper

is SQ and the notation for this in Ryan’s paper is Sqél. We have Sqt (1) =t, Sqt (t*") = t>"*1 and Sql (#*" 1) = 0.

Note that generally we have (see Lemma A.1l. of weicheng’s paper, https://arxiv.org/pdf/2111.12097.pdf, Eq.
(A33))

1
Sty (@) = Gz (23)
and 1
Sty (x) = Sab(1) U+ 5*(2) = 3(~2uwn U + o), (234)

So now finally we understand the meaning of the fraction in the front (which I read for the first time in Ryan and Dominic’s

paper and it bewildered me for a long time)! But note that the crucial thing is that = must be a cocycle in the cohomolgy
with coefficient Z. This is hard to obtain.

Note that we can view wy, the first Stiefel-Whitney class that captures the orientation reversing effect, as wy = Sql,(1).
First, an example, for the wallpaper group pdm:
G:=SpaceGroupIT(2,11);
R:=ResolutionSpaceGroup(G,15);
ZZ:=GL(1,Integers);;
Zor:= GroupHomomorphismByFunction(G,ZZ,x->[[Determinant(x)1]);;
C:=HomToIntegralModule(R,Zor);;
for n in [0,1,2,3,4,5,6,7,8,9,10,11,12,13,14] do
Print("H™",n,"=",Cohomology(C,n),";;");
od;
In particular we get
H,,(R*U1)) = Hpy,, (R?,Z) = H* (pdm, Z°) = Z5.
for p4m: the point group according to ITC is Cy, (denoted as 4mm), which of course is isomorphic to Dihy, or Dy.

There are three IWPs: the IWP (0,0) has little group Cy,, the IWP (1/2,1/2) has little group Cy,, and the IWP
(1/2,0),(0,1/2) having little group Cs,, isomorphic to Dihs.
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31 Perturbing method to get resolution

For N — G — @, the general way to perturb the product RY @y, RY constructed out of a free resolution for N , RV, and
the free resolution for @, R?, is given in Graham’s book, see section 3.3.1 on P267. Here we first consider a simpler case,
where G = N x @, following Lemma 3.3.7. In this case, it is not too hard to obatin a ZG resolution.

Translation resolution:

ZTes] G, ZTed, e2, e LN ZTe}, €2, el LN/ LN N 0,

where 93(e3) = (Ty — 1)eb + (To — 1)e3 + (T3 — 1)e3, and Dy (eb) = (Tiy1 — 1)t — (T;_1 — 1)ei™, and 0y (e}) = (T; — 1),
and Oy (T7'T5%T3%) =11 + 72 + r3. As one can easily check, we have 9y_10) = 0.

Following P269 of Graham, for a € Ry, we define the action of ¢ € Q on a, denoted as g.a, by 9x(q.a) = ¢.(0(a)).
Concretely: we should have 9 (g.et) := q.(01(e})) = q.(T;—1) = ¢.T;— 1. Generally we must have q.e! = t;jei+t;0e3+t;3¢3
for some ¢;; € T'. Note that 0y (tre +taed+tzed) = t1(T1 —1)+to(To—1)+t3(T3—1). In order for it to agree with ¢.T; —1 =
T/ T52T5® — 1, we set t3 = 1, so we’d like to have t1(T1 — 1) +t2(To — 1)+ T3 = Ty T52T5°. Note that for the specific case
of No. 216 we always have r1 23 € {0,+1, —1}, so we can always find ¢1,?2,t3 € T that solves the above equation. Then,
after finding g.¢%, we'd like to find g.e} by using da(q.e) = q.(02(e3)) = (¢.Tix1 — 1)g.ei " — (¢.Ti—1 — 1)q.e™*, where we
have used the fact (P269) that ¢.(na) = (¢.n)(g.a). We have seen that we always have q.e! = t;1el+t;2e3+t;3e3 where each
tiy = TV T T8* defines some byjp, € {0,£1}. Again write the general form g.¢) = 7,1€} + Ti2e2 + Tised, Then we have
82((]612) = Tilag(6%)+Ti282(€%)+7'i382(€%) = Til(TQ*l)e“%*Til(T371)€%+7'i2(T371)6%7Ti2(T171)6?+Ti3(T171)6%77}3(1—‘27
1)e1, which must be equal to (¢.T;+1 — 1) (t—1y1€1 + ti—1)2€] + ti—1)3€t) — (¢.Tim1 — 1) (tagryrel + trn)2ed +tarn)sel).
Therefore we have

Tiols — Tio — 73T + T3 = (¢.Tig1 — D)t—1y1 — (¢.Tic1 — D)t i1y, (235a)
7311 — iz — T T3 + i1 = (¢ Tip1 — Dt—ny2 — (¢ Tic1 — Dt ir1)2, (235b)
Ty — i — T Ty + T2 = (¢ Tip1 — Dti—nys — (¢.Tic1 — Dt ir1)s, (235¢)

from which we can solve for 7;; € T'. Finally, we set g.e3 = Aes, and we must have 03(g.e3) := ¢.(03(e3)): the former equals
03(Aez) = A(Th—1)el+A(Ty—1)e2+A(T3—1)e3, whereas the latter equals (¢.71 —1)g.e3+(q.To—1)q.e3+(q.T3—1)q.e5 =
(q.Ty — 1)(T11€3 + T12€3 + T13€3) + (¢.T2 — 1) (1216} + Tooe3 + m3e3) + (¢. T3 — 1)(73163 + T32€3 + T33€3). They should be
equal, so

A(Tl — 1) = (qT]_ — 1)7’11 + (qT2 — 1)7’21 + (qT3 — 1)7’31, (2363.)
ATy — 1) = (¢.T1 — )Tio + (q.To — 1)792 + (¢. T3 — 1)732, (236b)
A(Ts —1) = (¢.Th — 1)1z + (¢.T2 — 1) 723 + (¢.T3 — 1)733, (236¢)

A Preliminary homological algebra

Rotman Corollary 9.55: If G is a free group then H, (G, A) = {0} = H"(G, A) for all n > 2 and all G-modules A.

Proof: The sequence 0 — G = ZG — Z — 0 is a G-free resolution of Z, see Prop 9.23 pn P520: here ZG is the integral
group ring whose elements are ) _.mgz, where z € G and m, € Z. The map ¢, defined by e: > mex — > my,, is
called the augmentation, and the augmentation ideal G is defined by G = kere, so that the above sequence is exact. Note
by definition, kere = G is a two-sided idea in ZG. [About ideal: the canonical example is nZ is an ideal of Z.] Then we
have to explain what is a G-free resolution. We have to start with the definition of a projective resolution: a projective
resolution of A € obj(.A), where A is an abelian category, is an exact sequence

P=sP 2P %PS450

in which each P, is projective. If A is gRMod or Modg, then a free resolution of a module A is a projective resolution
in which each P, is free.

We introduce free module: in some sense this is the most fundamental concept in algebra, and we can say the whole
idea of homological algebra is built on it. See Page xiv of Rotman for an excellent introduction. In short, a free module
is a module that has a basis (see wikipedia). The canonical example:

e a free abelian group is precisely a free module over Z;

e ZG is free abelian group with basis {z € G}.
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Other examples: for any integer n > 0, R", the cartesian product of n copies of R as a left R-module, is free; a projective
module over a local ring is free [Kaplansky].

A G-free resolution of Z means it is a free resolution with well-defined G action on each places (i.e. each free module
in the free resolution is also a G-module).

The following two cases, we can easily write down a G-free resolution of Z:

e When G is a finite cyclic group [Lemma 9.26 of Rotman]: if G = (z) is a finite cyclic group of order k, then define
Dand Nof ZGby D=2 —1and N =14z 4+ ---+ 2"~ !, then we have a G-free resolution of Z

26276 Y576 2726 570, (237)
where the maps alternate beling multiplication by D and multiplication by N.

e When G is a free group [Corollary 9.55 of Rotman]: Then we have the Gruenberg resolution: the sequence

0-G—>ZG—7Z—0 (238)

is a G-free resolution of Z. To show this one just have to show that G is a free G-module. This is exactly Prop
9.54 of Rotman: if G is a free group with basis X, then its augmentation ideal G is a free G-module with basis
X—-1={z-1l:ze X}

e For any group G [Gruenberg, Theorem 9.59 of Rotman], if 1 = R — F — G — 1 is an exact sequence of groups,

where F is free with basis X and R is free with basis Y, then there is a G-free resolution of Z: --- — P LN P L
7ZG 5 7 — 0, see Rotman’s P544 for the definition of the maps dj.

In the above, the free-resolutions of the finite cyclic group and free group are provided (Eq. and ) A
resolution is arguably the most important thing in homological algebra. Writing down a (projective) resolution means
every cohomology group can be computed.

The cohomology groups H"(G, A) are obtained by applying the functor Hom([J, A) to the bar resolution B(G),
obtaining H"(G, A) = Exty~(Z, A)., where Z is viewed as a trivial G-module [P520 of Rotman]. The homology groups
are obtained by applying O®¢ A to B(G) [see Ex. 9.3 of Rotman to see the tensor is well-defined], obtaining H,, (G, A) =

or’%(Z, A), where Z is viewed a a trivial G-module.

Recall that Ext(Z,0) is computed with a G-projective resolution of Z. The Ext(Z,0) are the right derived functors
of Fix® = Homgyq(Z,0).

In the above we have introduced that a projective resolution for an object A in the abelian category is an exact
sequence in which each place P, is projective. The definition of projective module [P99 of Rotman]: A left R-module P
is projective if, whenever p is surjective and A is any map, 3 a lifting ¢g. I.e. 3 a map g making the diagram commute:

7/
7/
7 g J{h
2

AT>A"*>O.

The covariant Hom functor Hompg(P,0) are left exact [Thm 2.38 of Rotman], that is, for any module P, applying
Hompg(P,0) to an exact sequence 0 — A’ = A £ A” gives an exact sequence 0 — Hompg(P, A') Iy Homp (P, A) £
Homp(P, A”). The essence of projective module is the following result [Prop. 3.2 of Rotman]: P is a left R-module, then

P is projective & Homp(P,O) is an exact functor. (239)

One then wonders what would be the statement for the other, contravariant, Hom functor, Homp (O, E) Recall that
Hompg(O, E) is also left exact, but in the contravarlant sense: applymg Hompg(O, E) to an exact sequence A = B % C' — 0

gives an exact sequence 0 — Homp(C, E) LN Hompg(B, F) N Hompg(A, E).
A left R-module F is injective if, whenever i is an injection, there 3 a dashed arrow g making the diagram commute:

E

A g
fT AN
N

We have: if F is a left R-module, then

E is injective & Hompg([, E) is an exact functor. (240)
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Note in the above statements about Hom and modules we assumes R is commutative. This because for a generic
R, Hompg(A,0) or Homg(O, B) are only functors RkMod — Ab, and RpMod — zzryMod, and become functors of
rMod — gMod when R is commutative.

Graham’s book gives many practical ways to understand the somewhat abstract concepts in homological algebra. See
below.

Note that for a group G, so we have the group ring ZG, a free ZG-resolution is a chain complex

d ‘ O Ak
RCG: ... 24y RGO pG  Tioi pG Oz O pG O pG (241)

that is exact except for the last place, each RkG is a free ZG-module, and that the last palce R§ = ZG in the module
sense. More concretely, if we further append Z to the right then we get the following exact sequence

8k+1 G 8k 8k—1

S 2 RE 2 RO

O
RG , 22 .. %2 RG O pG Dy g, (242)

where 0y is defined by »_ n;g; — > n;. Nte that each RkG is a free ZG-module means that it consists of several copies of
the ring ZG, labeled by a set of basis (this is the structural theorem for free R-module: a free R-module is direct product
of R, labeled by a basis of the module). Therefore for a free ZG-resolution RY, the complete data is the rank of each
R$ (i.e. the number ny of copies of ZG as in R{ = @, ZG) and the differentials d). Note that the homology of RY
is Hy(RS) = kerdy,/imOy, 1 = 0 for k > 1. For k = 0, we have Ho(RS) = R§ /im0, note that from the exact sequence
above we have imdy = Z, and imd; = kerdy = RS /im0y = RS /Z, so that Hy(RS) = Z. Therefore we see that RS
(appending — 0 on the far right) has homology Hy(RZ) =0 for k > 1 and Z for k = 0.

Note that, according to the correct definition, RS is called the deleted free resolution while (242) is the free resolution
(a resolution is, by definition, an exact sequence). But we do not lose information when deleting the Z.

It is important to have a good feeling of the free resolution for the following groups:

e finite abelian group: all free resolutions are infinite.

e free abelian group: free resolutions are finite, length depends on the rank of the free abelian group (i.e. the number
of copies of Z).

e symmetric group;
e point group;
e crystallographic group.

“Since P is finite, any resolution for P will have infinite length and thus so too will the resolution for G”, see Graham’s
comment on https://github.com/gap-packages/hap/issues/69.
From Rotman, P518: if @ is a group and K a (-module, then we have

HYQ,K)=7YQ,K)/B*(Q,K) = Der(Q, K)/PDer(Q, K) = Stab(Q, K)/Inn(Q, K), (243)

where PDer(Q, K) = {do: Q — Kldo(z) = z.ap — ag for some ag € K}, Der(Q,K) = {d: Q — K|d(1) = 0,d(zy) =
z.d(y) + d(x)Vz,y € Q}.
Similarly,
H*(Q,K) = Z*(Q,K)/B*(Q, K), (244)

where ZQ(QaK) = {f QxQ— K‘f(lay) =0= f(xa 1)7f($7y) + f(:vy,z) = $f(yaz) + f(x,yz),Vm,y,z € Q}> called
the factor set (set of cocycles), is all the function f: @ x @ — K that satisfies the above criterion. Of course it is also
an Abelian group under addition f + f’ for f, f’ € Z(Q,K). Then, B*(Q,K) = {g: Q x Q — K|3h: Q — K,h(1) =
0,s.t.9(x,y) = z.h(y) — h(zy) + h(z)Va,y € Q}, here g: @ x Q@ — K and h: Q — K are both functions, and the above
condition is the coboundary condition.

Now we know that the starting point of computing cohomology is to build a (quite often, free) resolution for the group.
This is precisely what Rotman’s 9.3 is about. The notation [z1|z2]...|x,] is simply an element of G™, which is a basis of
RS C (ZG)™. This gives a free resolution of Z with ZG action, and the map is the differential map defined in the usual
way. Then, we know that we have to apply the functor Hom(O, K') (where K is the G-module) to the resolution, and
the element Hom (RS, K) coincides when n = 1,2 with the factor set elements and derivation set elements defined above.
It is important to note that, in the above, it is required that f(1,y) = f(z,1) = 0 for f € Z?(Q, K), and d(1) = 0 for
de€ Z1(Q,K) = Der(Q, K). The corresponding resolution that automatically gives this condition is called the normalized
bar resolution [Rotman, P543]. On P543 it is mentioned that [x1]---|x,]* = 0 if some x; = 1, meaning that after taking
Hom to get an element of f: G™ — K, f must satisfy f(x1,...,2,) =0 if some x; = 1.

With this in mind, let us examine the situation when G = Z/2Z = Zs, namely we want to compute H*(Zq, A) for
some module A. Turns out it is simple. Call the generator of G = Zy x, i.e. G = {x,e} with e = x2. According to the
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above, when computing H"(G, A) = Z"(G, A)/B"(G, A) with G = Z, the only data we need about a f € Z"(G, A) is
f(z,z,...,x), since f =0 if any of its arguments is the identity e. We know that f € Z™(G, A) satisfies

0=ua1.f(x2, ..., Znt1) +Z F(@1y ooy B 1, B 1, Ti 2y ooy Ty 1) (= 1) F (@1, ooy Tm 1, T @1 ) (= 1) f (21, oy T0),

setting all 1, . n41 = x, then we see that all the terms that contain the the product of two 2’s vanish, and we are only
left with the first and the last term z.f(x, ...,x) = (=1)"*1 f(z, ..., x), if we further have that K = ZJ* for some m, i.e. K
is m copies of Zso, which is always the case for the places in a spectral sequence when we calculate the mod-2 cohomology,
the (—1)"! does not matter, so we have x.f(z,...,x) = f(x,...,x), i.e. & must have trivial action on K. In this case, we
identify the element f of Z™(G = Zy, K = Z") with its value f(z,...,x), which is further identified with an element in K
that is stabilized by x, namely

ZMG =Ty, K =75 = K©,

furthermore, since an element g € B"(G A) satisfies
g(xl,...,xn) :.’El (L’27... +Z 1'1,.. ,miflvxiwi+1,1'i+2,...7$n)+(_1)n71h(1’17...,xn727xn71mn)+(_1)nh(m1,...,xnfl)

for some function h: G"~' — K s.t. h = 0 of any of its arguments is identity,

and for G = Zs this is drastically simplified

gz, ..,x) = (z+ (-1)").h(z, ..., ),

so really, any g € B"(G, A) is identified with g(z, ..., z), and is further identified with the image of the action  — 1 on
the the element of h(x,...,z) € K, and is exactly ©.K — K. So, in summary, we have

For G = Zy, K = 7" with possiblly nontrivial action, H"ZY(G = Zy, K = Z3') = K¢ /(z.K — K), (245)

In the actually calculation, the detailed contain of {x.K — K} is important: any element in z.K — K produces a relation
to the ring element (see the concrete examples for an understanding).
About the term

Hl (N, A)G/N,
see https://mathoverflow.net/questions/212636/the-term-hln-ag-n-in-the-inflation-restriction-exact-sequenc
Let’s consider the group cohomology for a finite cyclic group with order k, and for an infinite cyclic group. First,
consider the finite cyclide group, G = (x). This is given in P521-522 of Rotman, so let’s repeat it. The complete
information needed is summarized in the following diagram

N D N D

7G ZG ZG 7G —=17 0 (246)

<— | Hom——— | Homr———— | Hom——— | Hom———— | Hom
dA=N* d3=D* d2=N* d=Dp* dO—e*

A A A A A

where D is multiplying by # — 1 and N is multiplying by 1 4+ = + --- 4+ 2¥71; the first line is the projective (free)
resolution for Z; and for the last line we should identify all the A appearing at the bottom. We have kerd?"~! =
kerD* = {g: ZG — Alg(z™) = f(D(z™)) = 0 for Vm and f: ZG — A} = {g: ZG — Alg(z™) = f(D(z™)), f(z™F!) =
f(z™) for f: ZG — A} = {g: ZG — Alg(z) = f(D(2)), f(z) = a,v.a = 2} = {a € Alz.a = a} = AY. Similarly,
we have kerN* = yA = {a € A: Na = 0}, and imN* = NA and imD* = DA. Then we have H°(G, A) = A%,
H?""Y(G,A) = yA/DA, and H*"(G, A) = A®/NA.

For infinite cyclic group, things are simpliﬁed, and we have

0 =276 -2 < >7 (247)
B —— W\(Hom
d*=N*=0 dl D~ =€
A A
We see that from above we simply have NA =0, yA = A, and d"Z2 = 0, so we have H*(G, A) = A9, H (G, A) = A/DA,

and H"Z2(G, A) = 0.
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