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SYK as a RMT model
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Sachdev-Ye-Kitaev (SYK) Models

Let 2 ≤ q ≤ N , q andN both even. The SYK model is defined by the following

Hamiltonian (Hermitian operator) on a 2N/2 Hilbert space (
(
C2
)⊗N/2

vector space)

Hq = iq/2
∑

1≤i1<i2<···<iq≤N
Ji1i2...iqχi1χi2 · · ·χq, (1)

Ji1i2...iq are real i.i.d. Gaussian random variables with

Ji1i2...iq = 0, J2
i1i2...iq

=
(q − 1)!J2

Nq−1
. (2)

Hereχi are Majorana fermions that obey the Clifford algebra

{χi, χj} ≡ χiχj + χjχi = 2δij , (3)

mathematically, they are representation of the Clifford algebra: define Pauli matrices
σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 1

)
, (the Jordan-Wigner transformation)

χ1 = σ1 ⊗ σ0 ⊗ · · · ⊗ σ0, χ2 = σ2 ⊗ σ0 ⊗ · · · ⊗ σ0,

χ3 = σ3 ⊗ σ1 ⊗ · · · ⊗ σ0, χ4 = σ3 ⊗ σ2 ⊗ · · · ⊗ σ0,

· · · · · ·
χN−1 = σ3 ⊗ σ3 ⊗ · · · ⊗ σ1, χN = σ3 ⊗ σ3 ⊗ · · · ⊗ σ2.

(4)
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Exmaple: SYKq=4,N = 8

Hq=4 =
∑

1≤i<j<k<l≤N
Jijkl χiχjχkχl (5)

Matrix size= 2N/2-by-2N/2 = 16-by-16; Number of terms =
(
N
q

)
=
(

8
4

)
= 70.

H =J1234 χ1 χ2 χ3 χ4 + J1235 χ1 χ2 χ3 χ5

+J1236 χ1 χ2 χ3 χ6 + J1237 χ1 χ2 χ3 χ7

+J1238 χ1 χ2 χ3 χ8 + J1245 χ1 χ2 χ4 χ5

+J1246 χ1 χ2 χ4 χ6 + J1247 χ1 χ2 χ4 χ7

+ the rest 62 terms
(6)
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Sachdev-Ye-Kitaev Models q = 2 and q = 4

Hq=2 =

N∑

i,j=1

iJijχiχj = χTJχ,

Hq=4 =
∑

1≤i<j<k<l≤N
Jijkl χiχjχkχl.

(7)

q = 2:
Diagonalization of J (anN -byN matrix):

E = ±{ε1, ..., εN/2} (8)

this is the excitation energy for quasiparticles. – Semi-circle.
Diagonalization of Hq=2 (a 2N/2-by-2N/2 matrix):

E = {sum(Ei) for Ei in 2E} (9)

this is the many-body energy levels. – Gaussian.
This is a usual metal. – Fermi liquid.

q ≥ 4:
No quasiparticles
Manybody energies: how does the spectrum look like?
describes a strongly correlated metal. – non-Fermi liquid.
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Spectrum of SYK, result

Complete results: (almost sure convergence)
q2/N → 0: Gaussian distribution

q2/N → finite: η = e−2q2/N ,E ∈ [− 2√
1−η ,

2√
1−η ],

ρN→∞(E) = cN

√
1− E2

E2
0

∞∏
p=1

[
1− 4

E2

E2
0

1

2 + ηp + η−p

]
. (10)

q2/N →∞: the semicircle law

ρN→∞(E) =
1

2π

√
4− E2. (11)

kth moment Jki1i2,...,qn for k > 2 can be nonzero but uniformly bounded: result is
the same.

Cotler et al. 2017; García-García and Verbaarschot, 2017; Feng, Tian andWei, 2019; Parisi
1994; Erdős, Schröder, 2014
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Asymptotic expression for bulk and edge at largeN :

ρAsymp., bulk ∝ exp

[
2 arcsin2(E/E0)

log η

]
, (12)

ρAsymp., edge ∝ exp

[
π2

2 log η

]
sinh

[
2π
√

2
√

1− E/E0

− log η

]
. (13)

García-García and Verbaarschot, 2017
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Quantum Chaos: level statistics of SYK

Quantum Chaos = study of energy level statistics (fine grained structure)

Quantum chaotic = (many-body) level repulsion

SYK spectrum exhibits level repulsion factor.

The eight-fold way: particle-hole symmetry of SYK determines that the statistics are
that of GUE (N mod 8 = 2 or 6), GOE (N mod 8 = 0), and GSE (N mod 8 = 4).
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Figure 3: Unfolded nearest-neighbor level spacing distribution for SYK vs. RMT. Here s
is measured in units of the mean spacing. Semi-analytical exact large L results (correcting
the Wigner surmise) for the RMT P (s) are available [44, 45], but we computed the RMT
curves from L = 12870 exact diagonalization data.

structure of these correlations depends on the ensemble. The three RMT ensembles all

exhibit a ramp and a plateau but with slightly different shapes: In GUE the (unfolded)

ramp and plateau connect at a sharp corner, in GOE they connect smoothly, and in GSE

they connect at a kink.11

Figure 4 shows g(t) at β = 0, 1, 5 for various values of N . The corresponding RMT

ensembles are

N 16 18 20 22 24 26 28 30 32 34

class GOE GUE GSE GUE GOE GUE GSE GUE GOE GUE

The shape of the ramp in each case agrees with the RMT prediction outlined above. In

particular, the kinks visible for N = 20, 28 are a signature feature of the ramp in the

GSE ensemble. For N = 34 (GUE) a careful comparison that confirms the RMT ramp

shape is described in Section 6. As an initial test we fitted the ramp at times well before

the plateau time (where unfolding effects discussed in Section 6 become significant). We

found a power behavior agreeing with the expected GUE behavior g(t) ∼ t1 to within a

few percent. These are strong pieces of evidence that the ramp structure in SYK can be

attributed to random matrix theory.

For β = 0 the early time behavior exhibits oscillations, which will not play a role in

this work. The oscillations are due to the fact that, at infinite temperature, the spectral

11 See, for instance, Figure 10 in [41].

15

You, Ludwig, Xu, 2017; Cotler et al. 2017
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Spectral form factor

Partition functionZ(β) = Tr(e−βH) and its analytical continuation

Z(β, t) ≡ Tr(e−(β+it)H) (14)

The spectral form factor
g(t, β) ≡ 〈|Z(β, t)|2〉 (15)

probes the discreteness of the spectrum at late times.
Spectral form factor exhibits late time ramp and plateau.
The eight-fold way also reflected in the ensemble:

In GUE the ramp and plateau connect at a sharp corner
in GOE they connect smoothly
in GSE they connect at a kink

form factor is sensitive to the hard edges at both ends of the energy spectrum.
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Figure 4: SYK g(t, β) with β = 0, 1, 5 and various N values. The value at late times,
which is equal to plateau height gp, matches with NEZ(2β)/Z(β)2 as discussed in Ap-
pendix H.2. Here NE is the eigenvalue degeneracy, 2 for (N mod 8) 6= 0 and 1 for
(N mod 8) = 0. As explained in the main text, the shape of the ramp and the plateau
depends on the symmetry class, and the agreements with the counterparts in the RMT
with GUE, GOE, and GSE are good. The numbers of samples are 1 200 000 (N = 16), 600
000 (N = 18), 240 000 (N = 20), 120 000 (N = 22), 48 000 (N = 24), 10 000 (N = 26),
3 000 (N = 28), 914 (N = 30), 516 (N = 32), 90 (N = 34).

Let us now consider the plateau heights of Figure 4 in detail. They are equal to the

time-average value of g(t), which at β = 0 is given by (4)

∑
E N

2
E

L2
. (14)

Here NE is the degeneracy of energy level E. As explained in Appendix A, the SYK

spectrum has a double degeneracy (NE = 2) when (N mod 8) 6= 0 due to the particle-hole

symmetry, leading to a plateau height of 2/L at β = 0. When (N mod 8) = 0 there is

no protected degeneracy, and in those cases the plateau height is 1/L. These facts are

consistent with the pattern of plateau heights exhibited by Figure 4. In particular, they

explain why the plateaus of N = 16, 24, 32 are reduced by a factor of 2 compared with the

16

Understanding of ramp and plateau Cotler et al. 2017
Chunxiao Liu (UCSB) UniMelb-Bielefeld RMT Seminar September 9, 2020 10 / 36



Summarize: SYK as a RMT model

SYK model is a certain type of sparse random matrix with
correlated randomness in the entries.

Possesses level repulsion; bulk spectrum Gaussian; edge
spectrum rescaled.
Physical interest lies in the edge properties (the “low
energy” sector)

Fermi liquid vs non-Fermi liquid: 1/N vs e−Ns0 at
spectrum edge. (quasiparticle vs intrisic many-body
excitation)
Emergent (0+1d) conformal symmetry;
reparameterization mode described by Schwarzian action;
characteristic of black holes in Einstein gravity in 2D

Cotler et al. 2017; Talks by Sachdev; Maldacena, Stanford, 2016;
Rosenhaus, 2019.

A simple model of a metal with quasiparticles

Quasiparticle
excitations with
spacing ⇠ 1/N

There are 2N many
body levels with energy

E =
NX

↵=1

n↵"↵,

where n↵ = 0, 1. Shown
are all values of E for a

single cluster of size
N = 12. The "↵ have a
level spacing ⇠ 1/N .

Many-body
level spacing

⇠ 2�N

SYK2

Fermi-
liquid

GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

There are 2N many body levels
with energy E, which do not

admit a quasiparticle
decomposition. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state
has an entropy SGPS = Ns0

with

s0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

< ln 2

where G is Catalan’s constant,
for the half-filled case Q = 1/2.

The SYK model

SYK4

(non-
Fermi-
liquid)
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SYK from path integral
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Coherent state path integral for fermions

Creation and annihilation operators:

Define aj =
χ2j+iχ2j+1√

2
, a†j =

χ2j−iχ2j+1√
2

Hibert space is (C2)⊗N/2 vector space, with basis of the form(the occupation basis)

|1010001...〉 = |1〉1 ⊗ |0〉2 ⊗ |1〉3 ⊗ |0〉4 ⊗ |0〉5 ⊗ · · · (16)

Action of aj and a†j is to flip the occupation number:

aj |...1j ...〉 = |...0j ...〉, a†j |...0j ...〉 = |...1j ...〉 (17)

this completely determines the operators aj and a†j .

The (right) eigenvector of the annihilation operator aj is called the coherent state.

Only an annihilation operator has right-eigensolution.

Eigenspectrum is continuous, but Grassmann number!

a|η〉 = η|η〉. (18)

Concretely, |η〉 = e−ηa
† |0〉 = |0〉 − η|1〉. And we have 〈η̄|a† = 〈η̄|η̄.
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Coherent state path integral for fermions: derivation, cont’d

Grassmann calculus:
∫
dη = 0,

∫
dηη = 1, 〈η̄|η〉 = eη̄η (19)

Coherent state relation:

1 =

∫
dη̄dη e−η̄η|η〉〈η̄|, Tr[O] =

∫
dη̄dη e−η̄η〈−η̄|O|η〉. (20)

Example: a two-Majorana fermion HailtonianH[χ1, χ2]:

Tre−βH[χ1,χ2] =

∫
Dψ1Dψ2e

−
∫ β
0
dτ

(
1
2

2∑
i=1

ψi∂τψi+H[ψ1,ψ2]

)
(21)

RHS: functional integral, whereψi = ψi(τ) are Grassmann valued functions

Boundary condition fixed by the trace: ψi(β−) = −ψi(0+)

The termψi∂τψi reflects quantum fluctuation (operator non-commutativity) and is
intrinsic to a quantum system and universal!
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Path integral for SYK

Goal: conduct disorder average and obtain expression in terms of bosonic fields.

Z({Ji1...iq}) = Tre−βHq =

∫
[Dψi]e

−
∫ β
0
dτ( 1

2

∑
i ψi∂τψi+Hq [{ψi}]) (22)

The disorder averageZ = 〈Z({Ji1...iq})〉J :

Example at q = 4 : ψi
ψj
ψk
ψl

Jijkl

& ψi′
ψj′
ψk′
ψl′

Ji′j′k′l′

=

after which flavor indexes are decoupled

∑

i<j<k<l

|Jijkl|2ψi(τ)ψi(τ
′) · · ·ψl(τ)ψl(τ

′) =
J2

4N3

(∑

i

ψi(τ)ψi(τ
′)

)4

(23)

Q: Possible to integrate out theψi fields?
A: Yes! at the cost of introducing other fields. Resolution of identity

1 =

∫
DGDΣe−

1
2

∫
dτdτ ′Σ(τ,τ ′)(NG−

∑
i ψi(τ)ψi(τ

′)) (24)
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LargeN saddle point for SYK

Finally: Z =
∫
DGDΣe−NSq ,

Sq =
1

2
ln Det(∂τδ(τ − τ ′)− Σ) +

1

2

∫
dτdτ ′

(
−Σ(τ, τ ′)G(τ, τ ′) +

J2

q
Gq(τ, τ ′)

)
. (25)

Saddle point equations ∂Sq/∂G = 0, ∂Sq/∂Σ = 0 give (the Schwinger-Dyson
equation)

Σ(τ, τ ′) = J2Gq−1(τ, τ ′), G =
1

∂τδ(τ − τ ′)− Σ
. (26)

Diagrams at q = 4:

G

=

G0

+

Σ

+

Σ Σ

+ · · · ,
Σ

=

G

G

G

SYK model is large-N exactly solvable, in the sense that the saddle point equation can be
written in closed form, and solved exactly (numerically).
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Results from path integral

Many (largeN ) properties can be conveniently studied from path integral:

Thermodynamical properties (free energy, entropy, heat capacity)

Correlation functions (two point, four point)

The eigenvalue distribution function (i.e. density of states) is the inverse Laplace
transform toZ :

ρ(E) =
1

2πi

∫

γ+iR
dβZ(β)eβE . (27)

Emergent conformal invariance at low energy (near spectrum edge): this is the
Schwarzian theory. One can obtain the edge spectrum from the Schwarzian theory
(this is theQ-Hermite limit).

Maldacena, Stanford, 2016; Stanford,Witten, 2017; Cotler et al. 2017

Chunxiao Liu (UCSB) UniMelb-Bielefeld RMT Seminar September 9, 2020 17 / 36



Entanglement entropy of SYK from RMT
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Subsystem entanglement entropy (see also Prof. Wei’s talk)
Many-body Hamiltonian of the total system isH : H|ψα〉 = Eα|ψα〉,α = 1, 2, ..., 2M .

Density matrix of a pure state |ψα〉:
ρpure state = |ψα〉〈ψα|. (28)

Density matrix of a thermal ensemble: defineZ = Tre−βH ,

ρ =
1

Z
e−βH =

1

Z

∑

α

e−βEα |ψα〉〈ψα|. (29)

The ground state density matrix is obtained by ρg.s. = lim
β→∞

ρ = |g.s.〉〈g.s.|.
A bipartite systemA ∪B. Hilbert space:H = HA ⊗HB .
Reduced density matrix for subsystemA:

ρA = TrBρ, (30)

Rényi entanglement entropy:

S
(n)
A =

1

1− n ln TrAρ
n
A. (31)

von Neumann entanglement entropy: (The “replica trick”)

SA = −TrA(ρA ln ρA) = lim
n→1

S
(n)
A . (32)
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Entanglement entropy for a non-interacting system

Described by a quadratic Hamiltonian

Hfree fermion =

N∑

i,j=1

Jija
†
iaj = ia†Ja, (33)

where the matrix J is Hermitian. Diagonalize J gives J = UΛU†, where U is
unitary and Λ is diagonal.
The two-point correlation isCij = 〈a†iaj〉. In matrix form: at finite (inverse)
temperature β

C = U∗
1

1 + eβΛ
UT . (34)

Define subsystemA to be the firstm fermions. Suppose k eigenvalues in Λ are
negative. At zero temperature β →∞, the truncated two-point correlation for
subystemA is

CA = V†V, V is the (1 : k; 1 : m) truncation ofUT (35)

Eigenvalues of CA are x1, ..., xm. Then the von Neumann entropy:

SA ≡ −
2m∑

α=1

ρα ln ρα =

m∑

j=1

(−xj lnxj − (1− xj) ln(1− xj))︸ ︷︷ ︸
h(xj) : binomial entropy

. (36)

Vidal, Latorre, Rico, Kitaev, 2003
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Reduced two-point correlation matrix of SYK2

Diagramatically, from J = UΛU†,

UT = , Λ = Diag


 −1 1


 (37)

C

CA

U∗

U∗A

=

=

=

Diag

(

1
1+eβ

1
1+e−β

1
1+eβΛ

1
1+eβΛ

)

UT

UT
A

, (38)

At zero temperature (β = 1/T →∞): suppose k out ofN energies are negative, then

CA V†

=

V
(39)

CA belongs to the Jacobi β-ensemble! (The β here is unrelated to the β above)

Forrester, 2006; CL, Chen, Balents, 2017
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Eigenstate entanglement entropy for SYK2

V is a truncation of a Haar unitary matrix U. The two-point correlation matrix
CA = V†V belongs to the Jacobi ensemble.

The von Neumann entropy can be calculated:

SA/N =

∫
(−x lnx− (1− x) ln(1− x))︸ ︷︷ ︸

h(x) : binomial entropy

f(x)dx, (40)

f(x) is the eigenvalue distribution of CA (SV of V).

According to definition, disorder average has to be conducted at the very end:

SA = −TrA(ρA ln ρA) (41)

At leading order ofN the result is the same as (disorder replica diagonal Ansatz)

SA = −TrA(ρA ln ρA) (42)

Forrester, 2006; CL, Chen, Balents, 2017
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Limiting law of the Jacobi β-ensemble

The Wachter law Wachter, 1980

f(x, κ, λ) =
1

2πλ

√
(λ+ − x)(x− λ−)

x(1− x)
1[λ−,λ+]

(43)
where

λ± = (
√
κ(1− λ)±

√
λ(1− κ))2 (44)

m: size of the subsystemA;

λ =
m

N
∈ (0, 1/2]; (45)

k: number of negative (i.e. filled)
energy levels

κ =
k

N
∈ (0, 1/2]. (46)

physically, λ < κ.
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The von Neumann entanglement entropy of SYK2

The von Neumann entanglement entropy for eigenstate of SYK2 is

SA/N =

∫
(−x lnx− (1− x) ln(1− x))︸ ︷︷ ︸

h(x)

f(x, κ, λ)dx, (47)

Integral can evaluated in closed form and get (s = SA/N )

s(κ, λ) = h(κ)λ− (1− λ) ln(1− λ)− λ (48)

s(λ) has expansion

s = h(κ)λ− λ
∞∑

n=1

λn

n(n+ 1)
. (49)

This has also been obtained using moment method in a recent work, by deduction
from evaluating the first few moments of the correlation matrix.

CL, Chen, Balents, 2017; Łydżba et al., 2020;
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The Rényi entanglement entropy of SYK2
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Similarly, the n-th Renyi entropy can be evaluated in closed form:

S(n)/N =

∫
ln(xn + (1− x)n)f(x, κ, λ)dx, (50)

As an example: for κ = 1/2, we have

S(2)(λ)/N = 3λ ln 2 + (1− 2λ) ln
(√

1+4λ−4λ2+1−2λ
1−λ

)
− ln

(√
1 + 4λ− 4λ2 + 1

)
. (51)

however, no simple series exists, indicating moment method may be hard.
Zhang, CL, Chen, 2020
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Maximal randomness: many-body vs single-particle
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A Haar state (a state distributed according to the Haar measure):

single particle state many-body state
Vector dimension N 2N

Entropy
∫
dxh(x)f(x)

∫
dE(−E lnE)%(E)

Distribution type f(x): eigenvalue of CA %(E): eigenvalue of ρA
Random state ensemble Jacobi ensemble Wishart ensemble

Limiting law Watchter Marchenko-Pastur
Entropy form h(κ)λ− λ∑∞n=1

λn

n(n+1) h(1/2)λ− 2λN

2(1−λ)N+1N

Physical context single particle chaos many-body chaos

Page, 1993
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Entanglement entropy from path integral
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Path integral method for entanglement entropy

S
(n)
A =

1

1− n


ln TrA

(
TrBe

−βH)n
︸ ︷︷ ︸

Zn

−n lnZ


 , (52)

The essence is to expressionZn! (The n-replica trick)

The different tracing rules forA andB affect the boundary conditions (BCs):

TrB : antiperiodic BC on every β-interval

ψj∈B((m+ 1)β−) = −ψj∈B(mβ + 0+), (53)

TrA: antiperiodic BC on the large time interval [0, nβ):

ψj∈A(nβ−) = −ψj∈A(0+), ψj∈A(mβ−) = ψj∈A(mβ+).

(54)

a)
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Path integral method for entanglement entropy, cont’d

Next we need to average over disorders. Importantly, we make the approximation

S
(n)
A =

1

1− n (lnZn − n lnZ) ≈ 1

1− n (lnZn − n lnZ). (55)

This allows to conduct the disorder average within the path integral:

Zn =

∫
DGADGBDΣADΣB exp (−NSn[ΣA,ΣB , GA, GB ]) (56)

where the bilocal fieldsGA andGB inherit the boundary condition ofψj∈A andψj∈B ,
respectively.

Sn =
λ

2
ln det(∂Aτ − ΣA) +

1− λ
2

ln det(∂Bτ − ΣB)

+

∫

[0,nβ)

dτdτ ′
(
−λ

2
ΣAGA −

1− λ
2

ΣBGB +
J2

2q
(λGA + (1− λ)GB)q

) (57)
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Path integral method for entanglement entropy, cont’d

Saddle point equations are

GA = (∂Aτ − ΣA)−1, GB = (∂Bτ − ΣB)−1, ΣA = ΣB = J2(λGA + (1− λ)GB)q−1.

(58)
These equations can be solved numerically with high accuracy using iteration method.

G0A = , G0B = (59)

GA = , GB = (60)

CL, Chen, Balents, 2017; Zhang, CL, Chen, 2020
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Numerical result for SYK2

0.0 0.2 0.4 0.6 0.8 1.0
λ

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

S
(2

)

RMT: n = 2

Saddle: β = 2

Saddle: β = 10

Numerically fit for computing thermal ensemble (finite β); ground state entropy
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Numerically can solve for integer n ≥ 2 (i.e Rényi) and any q

Analytic solution needed to obtain the von Neumann entropy (n→ 1)

Chunxiao Liu (UCSB) UniMelb-Bielefeld RMT Seminar September 9, 2020 31 / 36



More numerical results for SYKq

(a)
<latexit sha1_base64="7BY/x+VUns3FYonIA1k2e3ngYrc="></latexit>

(b)
<latexit sha1_base64="b/cMj/3MakpfvQl5kysPOUFaeE8="></latexit>
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Figure 1: (a). Subsystem entropyS(2)
A /N for different q. We fix βJ = 50/

√
2, which corresponds

to βJ = 50 for q = 4. We also show the analytical result for the SYK2 model, as computed in the
appendix. (b). Subsystem entropyS(2)

A /N for different temperature T/J with q = 4. In both
figures we have also plotted λ log 2/2 for reference.

Close to the Page law: SYKq (q ≥ 4) is very close to maximal random many-body
state
Assuming eigenstate thermalization hypothesis (ρA and ρ have the same spectrum
up to rescaling), the curve can be estimated and agrees well with numerics.

Zhang, CL, Chen, 2020; Huang, Gu, 2019
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Path integral method: summary

The path integral method allows to compute the largeN properties of related SYK
models in the same way.

As an example, it allows to study the evolution of a quantum state under SYK like
Hamiltonian

|ψ(t)〉 = e−iHt|ψ(t = 0)〉. (61)
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Example: non-unitary evolution under an SYK chain

H ≡ JHp
inter-cluster − iV Hq

intra-cluster ≡ J
∑

x

Hp
x,x+1 − iV

∑

x

Hq
x, (62)

S(n) = − log TrAρnA
n− 1

' − log TrAρnA
n− 1

= − 1

n− 1

(
logZn(t, LA)− logZn(t, 0)

)
, (63)

Zn(t) =

∫

C
DGxDΣxe

−NSn[Gx,Σx], (64)

with

Sn[Gx,Σx] =− N

4

∑

x

{
log det [∂s,x − Σx]

−
∫ 4nt

0

ds

∫ 4nt

0

ds′
[
ΣxGx − f(s)f(s′)

J2

p
(GxGx+1)

p
2 P − V 2

q
GqxP

]}
.

(65)
The data specific to the system lies in the boundary conditions. CL, Zhang, Chen, 2020
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Conclusion

The SYKq model q > 2 is a sparse random matrix model with correlated
randomness in the entries. At q = 2, it is GOE/GUE/GSE.

q > 2 are many-body chaotic (energy level repulsion); q = 2 single-particle chaos.

Many quantities can be conveniently computed in the path integral formalism:
infrared theory (edge spectrum), correlation function, entanglement entropy.

The subsystem two-point correlation matrix of SYK2 at zero temperature belongs to
the Jacobiβ-ensemble; this allows to compute entanglement entropy in closed form.

The entanglement entropy of SYK4 follows argument from ETH.

Path integral is convenient in physics: one can design higher dimensional SYK
model whose physics is governed by the saddle point.
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Future directions

The SYK model opens up new interests in RMT: a disordered many-body system is
almost defined by a sparse matrix with correlated randomness. It is interesting to
develop general statements/approach for these random matrices.

Ensemble for reduced density matrix (many-body)?
At finite temperature?

The connection between the RMT approach and the path integral method
Especially in the context of entanglement entropy: how to derive from one to the other?
A path integral treatment of von Neumann?
Moment method for the entanglement entropy of SYK4?

Non-interacting fermion systems: explore matrix ensembles beyond standard
random theory ensembles studied so far

The SYK model is an all-to-all model with limited physical realizability. Other more
realistic models?
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