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Derive from perturbative QFT, but apply beyound perturbation theory.

Key words in RG: fixed point, univesality class.
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% (non-linear sigma model)
First problem: Schrodinger equation of 2D finite square wall

1
_ T e(x_l)/§>(1 + e—(z+l)/§)(1 + e(y—l)/g)(l + e—(y+l)/§)>:| Y(z,y) = E¢($7y)

V(K ky) = /dkxdkydk;dk;

[—v2 + Vo <1
/ e e R T (A
[—E — (K2 + k)] ¥(ka ky) + /dkz’wdk;v(kx + K ky + K (ke — K ky — k) =0

Make it periodic: [-L/2,L/2] x [-L/2,L/2], V(x,y) = 0 when (z,y) € [—a/2,a/2] X
[—a/2,a/2], and V(z,y) = Vj for the rest. Note that V is the limit for the potential above in
the Schrodinger equation when £ — 0. Let ki =k = Q%n,
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Plug in Schrodiner equation:
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Note that in order to use Fourier transformation we introduced a periodicity, L, to the
system. In reality L — 400, while a is finite, so there is really no way that the well width
a times any integer, m, can exceed L, i.e. we must have ma < L — +oo. In order to
characterize this, and also for the sake of solubleness of our equation(by this we mean currently
we have infinite parameters and is not soluble; to turn it into soluble we must only have finite
unknowns) we must introduce cut-off to our equation: —N < m,n,u,v < N, such that

wpa _ wua

=+ < 1. This way, we can approximate sin === = == and the equation becomes

h? 4m? a N Voa?
(g 7+ W0 = )bt D
p,v=—N,uv##0

N

Voa Voa a -
Z ( )wm n—v + Z T(l - Z)wm—um =0, Vm,n.

v=—N,v#0 —N,u#0
Also note that we can really throw away second order small quantity a/L, and the equation

becomes
N

ﬁ2 4’/T Va2
<2m 5 (m? +n%) + Vo — E) mm + Y %wm,u,n,ﬁ

o v=—N,uv7#0

Ym,n.



N

Z Voawm” V+ Z @1/% wn =0, Vm,n.

v=—N,v#£0 —N,u#0
Other thoughts: does conformal mapping work? see https://arxiv.org/ftp/arxiv/
papers/1509/1509.06344.pdf

Second problem: polymer

i+—i7 :7;7 (1)
J+ — - =1, (2)
iy +i-+jr+j-=N, (3)

we want to know how many solutions for nonnegative values of (iy,i_,j.,j_), and then do

N—i—j
2 b

and ip =i_ +1i, j4 = j_ + 4, thus i_ + j_ = ¥~~~ is the only independent equation. And

permutation for them. Note (4,7, N) is given . We have iy + j, = W, i +jo =

the number of solution is just % + 1. Then, for any such a solution, we can arrange the

permutation of i, ,7i_,j,,j_: first bipartite N to N+2i+j and N_zi_j, then bypartite the %
to be i_ and j_, and similarly for w Thus the total number of configuration should be
N—i—j
N—i—j N—i—j 2 . —iti . N—i—j N—i+tj
C(N Z CN 1 N—i—j iV:TH = CN : Z CZZ\?*; JCN+L+J o :CN 2 CN ? ’
i_=0 i_=0

The second equality noticed the fact that the sum is like picking out in total % elements

out of N things, thus we get the expression on the right. Note this expression can also be

obtained by using the equation for i_ 4+ j, = N;“” , thus we have
N—it] Noiti
. . . N—i—j i—j N—itj N—i—j
q_ i_+1i —i_ — N5
E CNf2i+j CN+;-—J' = CN : E CN Noitj CN+1 Nti—j = CN : CN :
=0 =0

Note according to this definition we have still have 1 configuration for N = ¢ = j = 0.
This will be useful for numerical calculation.

Note that the binomial distribution is B(N, p), the distribution for X is C¥p* (1—p)N—X.
The normal distribution N (i, 0?) for X is “22° We have

1
Vo=l
B(N,p) — N(Np,Np(1 —p)), when N — oo

which means

X 1 NN—)oo 1 _(@=N/2)?
CN 5 — —————€ N/2


https://arxiv.org/ftp/arxiv/papers/1509/1509.06344.pdf
https://arxiv.org/ftp/arxiv/papers/1509/1509.06344.pdf

Thus we see that

Neivg neicg (12N N—oo 1 ALy (N=i=i_ ;)2
CN 2 CN 2 — — e 202 e 27,
2 V2ro?2 V2mo?2

where p = 1/2, u = Np = N/2 and 0?> = Np(l — p) = N/4. Thus the above distribution

becomes

2 N° ’

A rough estimation of the upper limit of the ways for N segment polymer: should be less
than 3%,
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Renormalization group, phase transitions, critical phenomena.

L . 2N
N72z+] N—i—j <]_> Neooo 2 _i2;j2

Introductory talk

Critical phenomena: characterized by large number of DOM of all different length scales,
and they interacting with each other. Physics at different scales.

Now focus on classical statistical mechanics..

Example 1. Liquid-gas transition.

A phase diagram: a p—Tdiagram. Crital point is the point where the distinguish between
liquidand gas vanishes.

generally: density p(p, T, on the coexistence line of liquid and gas: A(p,T') = pp (T, p.(T))—
pc(T,p.(T)) = const.(T,—T) +--- as T,—T — 0T, and measure or compute we get 3 = 0.32+
error ) simple theory (any theory at the: § = 1/2, discrepancy: tip of an iceberg.

at T, density fluctuations at wavelength of visible liquid. critical opalescence.

Critical point is very special.

technically: density-density correlation function: G(r; — ro,T) = ((p(r1) — p)(p(re) —
P))stat. ave., p =average density. Then Fourier transform to G(q,T), when T < T, or T > T,
G(q,T) is always ~ 1, as a function of |¢|. Gis the cross section we use as scattering. At
T — T,, light scattering has largest amplitudes.

Once we understand the critical point we understand everything near this point.

Example 2. Uniaxial (“Ising”) Ferromagnetic on a 3-d lattice.

H=-JY 8282 — HY s J > 0; H applied magnetic field. §; = o7 ( material:
(4,4) ¢

YFeO3, RbyNiFy) experimentally, can vary T, H, and measure magnetization, specific heat,

theoretically: need to compute canonical partition function, Z(T,H, N) = Tr[e’ﬁf{ | =

e~ NBITH) -3 = 1/(kpT), (Nis lattice sites), volume of system is a? N, X]—é InZ[T, H, 7] Nzpo

f(T, H), magnetization per lattice site = m(T,H) = —w, One then finds the phase



diagram: the jump again appear at some temperature. One finds m = m(H = 0%,T), at
T — T., we have m = const(T, — T)? + ---, 3 is the same 3 of the first example. This needs
to be understood! This also occurs for many other observables: specific heat, scatteing, etc...
Look through: bubbles of spins goes into all length scales.
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The magnetization as a func of temperature behaves similarly:

B =critical exponent. Ap(T) = const.(T,—T)° +---, m(T, H = 07) = const’ (T —c—T)",
turns out 5 =

most remarkable property: we are interesed in the phonomenon that so different things
have those in common, i.e. why § = ' even though the system looks completely different.
Also, many other properties behave similarly. Will be given a catalog of this. e.g. specific
heat, magnetic susceptibility, compressibility, also exhibit some critical exponent. We call
these UNIVERSALITY: a certain aspects of complete different systems, are discribed by the
same properties and more abstractly speaking, by the same theory. there most be some theory
to be capable to calculate.

Universality of liquid-gas critical point.

answer questions

(a) What is the theory common to both systems? Answer: “Continuum field theory”
devoid of all microscopic details.

"o [zl tve . T—Teo Ay _ .
o= [e2|5ve @o+ T s ot

H(T) isreal, Z = > ef’w%, [Pz — [d*x
all ¢(Z)
(b) What quantities are “universal” (critical exponents”, what quantities are not univer-

sal” (T, --+)

(c) How do we compute relevant universal quantities (critical exponents)? turns out to be
complicated! We cannot use standard theoretical tool (perturbation theory, ...) So, what to
do? Ingenious new calculational tool: renormalization group (RG). many contributors. 1982:
Nobel Prize given to Ken Wilson.

Another example: Polymer Physics, (A) Ideal polymer, (B) Real Polymer, the ideal
polymer: its a chain of N rigid massless rods, of length a each, the rods rotate reely about their
jionts. Each rod is called monomer, or unit. All vectors @; independent random vanishes, with
same probability distribution: @; = a2;(O;, ¢;), P(Q, -+ ,Qn) = P() - - P(Qy), examples

of a uniform distribution: P =const. require: (@;) = 0. The limit N — oo, can be reformulated



into a different universal class.
Easy to compute root mean square site of (ideal)chain , movable end: 7y = d; +-- -+ dy,
N N
((Pn)?) = 30 (7 - ) = 22{d@)(a;) + 3-(a7) = a®N. radius of gyration: {(N) = \/{(Fv)?) =
i j=1 i=1
aN”, v =1/2. {(N) — oo, as N — oo, £(N) measured by light scattering for dilute set of
polymers: a plot (pass).
Consider the probability distribution for the position 7y of the movable end of the (idea)
chain: Py(7) = probability density that the movebla end of chain with N unity located at

position 7 = 7y. (Centra limit theorem) when N — oo, centra limit theorem gives Py (7) =
Gaussian for large " N"'.
7

d( 7 \° 1 ’
Fu(F) = O exp l_z (5(]\7)) » On= < 27r£2(N)/d>

Hold the movable end fixed at position 7. Entropy at fixed 7

S(f‘) — ]n[CODSt~PN(F)] =S50~ Z@?;)f))z’

(E(N) = aN'/2).

Free energy of ideal polymer at fixed elongation r = |7].

Fy(f) = E ~ T Sx() = Fo(T) + § (%5 )

feature: quadratic potential, pure entropic.

(A): ideal polymer: £(N) oc N'/2 in all dimensions.

(B) real polymer: real polymer, cannot intersect itself! (self avoidance) calculation is
complicated. Will just give the results: properties when N > 1 are universal.

real polymer: &(N) = +/((Fn)?) x aN", v = universal number, v = 3/4 in 2d. (a
linein In(§(V)) — In Nplane: It is an exact result, calculation is really complicated. In 3d:
v~ 0.58) >1/2. Ind > 4: In[{(N)] —InN: v = 1/2: exact. (note: 1/2 is always the ideal
case in all dimensions)

Similar theory which describes the universal properties of real polymer chains:

n N N 2

Ho= [ah |3 (V90) - (Vo) + % <Z ¢“¢”> . ( 5 ¢>a¢>a) L Z = ™, then at
a=1 a=1

a=1

the end let n — 0.

(E(:E') a n dimensional vector, (¢1,ds, -+ ,¢y) introduce a chemical potential p, when
e > p describes the long polymer, and p. < p is excluded. g — pf corresponds to the length
of polymer diverge. 6, = p — .



April 5

Homework 1.

d=2,ideal: v =1/2, real: v =3/4. £(N) = \/{(Fn)?) ~ const.N”

Compact object in ddimensions: (the linear size(£(N)))? oc Mass, < linear size oc (Mass)'/,
& ideal polymer in d = 2 is compact, since £(N) oc N'/2 = N'/4, Ideal polyer is not compact
in d # 2: fractal object (in d dimensions) has fractal dimension d;: (linear size)% ocMass <
linear size o< (Mass)'/?. (Benoit Mandelbrot)

Done with polymers.

Phase Transitions in Magnets (description of phenomena and observables)

Specifically, consider the Ising/uniaxial magnet. Without justification, Effects of quantum
mechanics not very important, for any continuous phase transitiion which happens at finite

value of temperature T'=T.,.

Square lattice, sites, i = (i1, j2), lattice spacing is a, 7, = ai = a(i1,i2), High dims:
hypercubic lattice, i = (i1, -+ ,iq)-
Classical variable “spin” = “bit”, o; = £1, N is the number of lattice sites,

classical energy assignment:

H{op} = —= Z Jijoio; — HZO‘Z

zgl

where J;; = Jj;

i, symmetric real, exchange coupling constant. Assume translational invariance

Jij = J(r; —r;), when J;; > 0, ferromagnetism; J;; < 0, anti-ferromagnetism.

DEF: range of interactions is a length scale

D ORPIC]
B= =517

speciak case: J;; = J, when 7, j are nearest neighbors; J;; = 0, otherwise. Thus

N
Z 0i0; —JZO’1UJ,

where (i, j) is sum over all nearest neighbors each n.n. counted once.

l\D\H

Need to compute canonical partition function: N =number of lattice sites. Often, when

convenient, choose periodic boundary condition in the direction of the lattice.

ZIH N = 3 30 0 30 e = 3 e Ty e PR = oINS

o1=% oo==% on=% {ow}
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free energy/density, free enegy per site.

Crucial to consider thermaldynamics limits (N — o0), cab be shiwb that a becessary

N

condition for f(T,H) = lim fy(T,H) = lim =+ InZ[T,H,N]is Y |Ji;| < oo, finite size
N—00 Ns00 BN =1

scaling, what happens to critical point when N is finite but large: T, H,1/N Descriptive

discussion Ising ferromagnet:

N N
—BH =3 > (BJij)oio; + (BH) ;Uh

ij=1
. . .. . Tr o PHlond 8 InZ 1 N
First, Remind Magnetization persite: m = (0;) = % =5 = 200 =
Tk i=1
g—{[, N — +o0.
Magnetic susceptibility: y = %2 = fg;é = ﬁaﬁ% 6(§H) mZ — B+ [(s*) — (s)%] = Bx((s—
(s))?) = 0, x = B+ x(fluctuation of the totla spin = s).
Next: x <+ (0;0;) — (0:)(0;); also specific heat C.
April 07
m{o;), X = g—g = fg;; = B ((S — (9))?) > 0, canonical average (...). P{o} =
__L1 _—BH{ok}
Z[T,H,N]
spin-spin correlation function: translational symmetry gives G[r;,r;| = G[r; — r;] =

(0ioj) = (0:){0;) = ((0i—(0:)) (05— (04))). x = B> G[r; —r;], fluctuation dissipation theorem.

spec. heat: cy = kpf2 20512 = kB2 L[(H2) — (H)?] = (H — (H))?)

Zy symmetry: Hp{or} = —H_g{—0or}, m(—H) = —m(H), odd function; x(H) =
x(—H), even function.

plots in iphone: PHASE DIAGRAM, and the behaviour of m(H),x(H),f in T < T,
T =T, T >T, and spontaneous magnetization.

Def of critical exponents: f(H < T') = _% exhibit non-analytic behaviour. Def: reduced
temperature, t = (T — T.)/T. — 0.

(1) m(H =0%,T) ~C(=t)? +---(|t| = 0,T < T.) (note the symbol “~” means asymp-

totic behavior), m(H = 07, T) = C(—t)? + R(t) (R(t) is remainder), m(g(:_(gf) = CI(%_(tt))ﬁ — 0.

|t| — 0 Asymptotic expansion.

(2) x(H=0,T) ~Cy|t|™", +:t>0,—:t<0

(3) Specific heat: C(H = 0,T) ~ Ay|t|”“+possibly analytic terms. (note that o can be
positive or negative, unlike v > 0..

Typically not integer.

(“Critical isotherm”)

(1) m<HaT = TC) (S8 |H|1/63
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_Iri—ryl
(2) spin-spin correlation function at H = 0; t # 0 — G(r; —r;,T) ~ % =
ri—Tri| 2
exp{_lngm + %mm — exp{_lngr]‘\[l + dgl \mfm(ln ‘gﬂgé‘)]}’ ‘Tg(ng| > 1, at
Inzril s oo, we have G(r; —rj, T) — — 50 define &(T) ~ ki [t| .
Note:

(T > Tyt > 0, Glr—1,),T) = (73— (0)) 0~ (0:))) = {010, ((0) = ), [ri—r] > ¢
o; and o; are independent, uncorrelated.

2)T <T,t<0,G(ri—r;,T) = ((0; —m)(o; —m)), m = (o), 60; = 0; — m =deviation
from average - fluctuation from average, deviation of o; from (do;) become uncorrelated.

(3) T'=T,: all spins are correlated with each other. more precisely: t = 0: G(r; —r;, T =
T.) x Mﬁ, 7 is anomalous dimension.

Define: universal (i): 3,7, ,d,v,n, critical exponents; (ii): &=, ’j—f, ~t amplitude ratios
(but amplitude themselves are not universal).

Magnetic structure factorstatic G(g, T) = S(g,T) = . '@ ") G(7—7;; T)) O %
another length scale: lattice dimension: a, ratio % < 1, scaling limit.

photo in iphone.

Next class: Landau theory derivation

April 12

magnetization m(H = 0%, T) ~ C(—t)?,

Susceptibility x(H = 0,T) ~ CL|t|™"

specific heat ¢(h = 0,T) ~ A £ |t|~*+(possible analytic in t)

correlation length H = 0: x(T') ~ k4|t|™",

correlation function H = 0,t =0, G(r; —r;,T =1T,) ~ Mﬁ (anomolous dimension
Numerical values for exponent, see table 77.
H=0:
t#0: G(ri —r;,T) ~ exp {—lrg(_;)"l };
t=0,G(ri—r;,T=T.) ~ 1

[ri—r;|d=2+n

Static structure factor S(¢,T) = G(q,T) = ﬁ ( the ellipses goes to zero as a/§ —
0: scaling limit.)

A plot on bloackboard( see iphone). we learned kpTyx(T5), the width (horizonta) ~
[t|” — 0.

Simplest theoretical discussion of PHASE TRANSITIONS: Mean Field Theory.

quantitively wrong when d < 4 for Ising.
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Exponent | d = 3(Ising/aniaxial magnet) | d = 2 (Ising/aniaxial magnet) d>4
n 0.031 1/4 Mean field theories (discuss shortly’
B 0.325 1/8 as above
0 1.241 7/4 as above
o 0.110 0 [but loy’s] (ONsager,1944) as above
v 0.630 1 (Onsager,1944) as above
) 4.82 15 as above

# 1: numerical values for exponent. At d = 1 there is no phase transition except for T = 0.

(In 1D there is no spontaneous symmetry breaking, and thus no phase transition.

Emphasizes importance of thermodyn limit. (reason why you need to minimize Landau’s
function)

Precursor for R.G. thinking (course graining)

Bragg Williams MFT.

N N
Start from H{Uk} = —% Z Jijaigj —H Z i,
i,j=1 =1

N
write o; = % (Z ak> + do; = m{ox} + do; = ]I&;x: + 00; = % + 60, Ny: number of
k=1

+1 spins; N_: number of —1 spins, M = N, — N_, N=N, +N_, Np = Nj;M.
N
Note: ) do; =0, Thus
i=1
H{iow} = 052 Jij(m+603)(m+ doj) = HNm = —3 3~ Jy; (m? + m(d0:60;) + O(60)?) —

]

2,7
HNm, then we drop O(dc)?. Thus under MFT approximation (it’s an adhoc approximation):

- - N
Hiow} = HM T {0y} = (—3)N-J-m?—HNm, where J = (Z Jij> =no longer depends
=1

N N ~ [ N
on i, Jij = Ji—j, note Z Jijméaj = Z (Z J”> méaj =mJ (Z 5Uj> =0.
i,1 j=1

4,5=1 J
Easy to compute partition function (MFT approximation): m = M /N = (N; — N_)/N,
+N
ZMFT [T) H) N] = E N_ﬁ[li/_!eiﬁHMFT(m)

M=—N(steps of 2)
canonical Gibbs Boltzmann probability distribution (probability distribution for finding

. _BYMFT ()
magnetism m), P(m) = iz [%(N+ZVI)]1!\][I%(N7M)]!6 FHEZT(m)

Know: P(m) becomes sharply peaked, when N — oo, about its most probable value, m*,

determined by % In P(m) = 0, Need Stirling’s formula (n! ~ e"nn=");
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N' 14+ 1+ 1— 1—
- eN{—TmnTm—TmnTm}

(N + (N — 30}

+N -
hence: ZM*(T, H, N] = > e ANEr.m(m) Tandau function BLr i (m) = —B2m?—
M=—N (steps 2)
BHm+ Hm n Hm 4 Iomjy 1om - The first two terms is HM#7 (which is energy), the last two

terms is the combinatorics (entropy). Now:

1

— 7ﬁN£T’H (m)
ZMFT[T H, N]

P(m)

, plot in iphone(the symmetry breaking standard plot).
Note: the thermodynamic limit N — +oo select the absolute minimum m*:

ZMFT[T, H, N| V3% e 8Nennn®) = =N where FMET = Lo(m)

+N
Comment: ZMET = S e ANErm(m) — N SN (2= fNLr.m(m) N=ogo N fjll dme—BNLr.m(m)
M=—N(steps 2) M

ZMFT

where N/2 = e¥/2 is a constant contribution to In . mneed a% Lr(m) = 0, ex-
-

82
tremum; 37

work out L g (m) near critical point (T, H) = (T.,0) since there m — 0 (m =small) That is:

Lr g(m) > 0: local minimum; L y(m*) =absolute minimum. simple to

we Taylor expand Landau function in m.

expand: (1 +z)In(l +2) = +z + %?Lg —l—% + -+, we get fLrg(m) = —InZ +
(1—%)%Z+T—:+~-~—[3Hm,WherekBTczj:ZJij.
April 14

Phase diagram: picture in phone.
Landau function (“derived”) Tay210r eipansion for small m. m({ak})N: ]I&r;x: =4
BLru(m)=—-InZ+ (1—-%)2 42 +...— BHm, where kgT. = J = ZJ”-, m=order

parameter,

Qualitative discussion of shape of L7 g (m): picture in iphone.
absolute minimum suddenly jumps.

Calculate (o;) — (m) =7 using Landau MFT. expectation value of “m”:

N
ZMET —  $~ e PNLru(m) pm — M/N:

M=—N
& NET g )
M=_N N—=oco m*e BNLT g (m™) "
m) = ” —BANL e — M
< > N BN L gy (m) e~ BNLp g (m*) )
M=-N
_ 9 WmzMFTIT H,N] e BNLp g (m)
m =37 N ) P(m) - ZMFT .
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analytic calculation (for small “m”): W = 0 (Extremum), (1— %)m—l—%3 —h =0,
where h = BH = £ (kg = 1). Now we want find out how m* behaves when h = 0. When
T > T,.: only one sol.

H=h=0 when T >T. m,=0;T <T. m, =0and m, = iw/?)TC—;T. Note: local

min : 22y (BLru(m))| > 0.

We found: T < T.: m.(T) < (T, — T)?(8 = 1/2 in MFT).
Calculate magnetic susceptibility H = 0: x = %”;I*, % of (1— %)m + %3 — h =0: gives
ex+mix=7 (h=H/T), T X = =

et (ma)?

Now: T>TC,T—>TC+O+,T-X:%:>XNﬁWith’yzl;T<Tc,T—>Tc+O_,
T-x= T_TTC+13TCT_T = %T}:T’ =Y~ %ﬁ, thus in Landau MFT: y ~ c+|T;—CT°|7,T > T,

and x ~ c_ |25 T < T,, y=1and & =2.

c

Magnetic critical isotherm T = T,:
set T =T,: m,(H) = sgm(H) (3|%TC\1/3) oc sgn(H)|H|Y?, with § = 3.

Free energy at T = T.: x = 2 = — 2L 0°f200 _ om.(H)

OH oH?' ~ OHZ oH
f(H)— H plot at (T'=T,).
specific heat at H = 0: ¢y = Taa—;[—f(T,H = 0)], in Landau MFT: fMFT(H T) =
Lo (m*) e BNFMIT(T,H) _ ZMFT[T [, N] N—ro0 e~ BNLr m(m.),

o —|H|7?/3, diverge on

check: a ¢y — T plot in iphone.

Landau function is not unique:

T,H(m) and m = m(¢), m is order parameter, and ¢ is anoher order parameter, sat-
isfies symmetry m(—¢) = —m(¢), which is analytic (taylor expanson) function of ¢, with
dm/d¢ # 0, then we get new Landau function L7, 5 (¢) = L1 g (m(¢)), Clearly: minimizing £

o om

d)* m((f)*):m*

we get the same result as minimizing £: a% ¢*£~T,H(¢) = (‘9—’") 9L 11 (m) =0, and

Lr(¢s) = Lo (my).

Higher order terms: do we have to worry about them? SLz y(m) = —In2+(1— %)%2 +
%4 +---—BHm,say : L(m) = tm; + %4 + %mﬁ +-+-— SHm, perturbation theory of A. t > 0
and t < 0:

Calculate B: If 0 = £ = tm+m>+Am®, 0 = m[t+m?+Am?], t = —|t|, 0 = —[t|+m>*+Am*,
m?(1 + Am?) = [t|, thus m? = 1+‘)t\|7n2 = [t|{1 — Am? + .-}, thus m = /|t]{1 — Am?}/2 =
VIF{L = 2|t + -+ }, even when X # 0, still m ~ [¢|°, 8 = 1/2, asymptotic expansion.

Landau MFT gives us unite exponents that have to do with polynomials: a m(H =
0%,T) — T plot: catastrophic theory (discussed by mathematicion V.I. Arnold)
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Coarse Graining:
N
so far (meaning Landau MFT) cannot discuss spatial fluctuations of m = % 3" o;.

next step: make m spatially dependent: Landau Ginzburg theory (nobal Zp_rlize 2003):
(purely phenomenological): process (corase graining): microscopic: Landau Ginzburg Theory;
Need to be in a regime where a < £.

Coarse graining procedure plot: on iphone.

This procedure we are familiar: we used this in hydrodynamics.

April 19

COARSE GRAINING handout: here b = 3, a < I, = ba is less or equal to &.

b® = number in each block, Coarse grained vanish: m; = 7[>, p0a 7 0i], when b® is
large: >~ =Try,, — fjll dmy.

A coarse grain picture in iphone.

Zising = Trg e PHisinalow = Trmye %0 4m} ) note Tryy,,y = > (oyy- This is Ginzbarg

theory.
Note: [[;(arbr) = 1[I, ar ], br. we have
all blocks +1 1 “+1 1
11 V_l dm;é <m, — M[Z”i]ﬂ =1, /_1 dm;é <m, -~ bd[zo"]> =1,
I el i€l
blocks +1 blocks 1
lH /_1 dmI] lH ) (mI—M[ZJi]>1 = 1.
I I iel

Result: Sy{m;} = Sp{m(R)} = 8 [ d*R {%(Vm(ﬁ)ﬁ +cb(m(}‘z’))} — BLy{m(R)}. note

that v, > 0. This is Landau Ginzbarg functional.
blocks

note R; = center of block. m(R;) =my, Y. (Iy)*~ [d*R.
T

exact computation of Sy{m}:

block
Zrsing = Trioye "M = Trgn [T&"{,,k} (H o(my — %[Z 04)) G_BH{”"}]
T iel

Gaussian Integrals:

One dimension: A, J are real numbers, A > 0, I1[A, J] = fj:j dud= 24"+ — fj;o dee~3 @5z —=
et [ dze 372 = Qfeg, analytic continuation: A = |Ale®®.

N dimensions:

A = real symmetric N x N matrix (invertible) A positive eigenvalues. J = N di-
mensional column, vector/real) ¥ = (z1, - ,2,)7, & = (21, -+ ,2N), J = (Jy, - JIn)T,
Jt=(Jy, -, Jn).

Y
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N N
. 7] +o00 - _lztazy gtz
matrix vector In[A,J] = [7 dNZe 2T AR E NN Aaiw; = @A,

i=1j=1
repeated indices summed, A = A+TAt + A’TAt =A,+ A,.
shift 7 — + AL B =+ JHATY), we get TTAT = (F + JPAD A+ A1) =

g T =
JAG+ JEA T, JtE = fA 1J ﬁ*tAx +Jt T = =Lt Ay + LTtA T,

In[ALJ] = 87T [ V47— hTA T T— )

Now compute: Iy[A,0] is ? diagonalize A yb orthogonal matrix O. O'AO = A =

diag(A1,- -+ , An), change integration variables: & — ¢ = O~ %, d¥7 = (detO)d™N v = dV 7,
T n -3 f} Ay N +o0 —1);02 N T\1/2 N/2
Hence I[A,J = 0] = [d*Te "= =], (f_oo dvje~ $N ) = 130" = @)™ gl
_ N/2 N/2 _%.]éln)” _ N/2,-1TrlnA g ‘o
= (2m) m = (2m)V/%e Ti= = (2m)N/%e" 2 . Summarize:
In[A, J] = (2m)N/?(detA)~ 237047
Gaussian probability distributions: N real random variables & = (z1,---zy)7, real sym-
metric matrix (positive eigenvalues), prob distribution is P4 (%) = Wffﬁu] Expectation
values: pick n(n < N) numbers, i, iy, from 1,---, N, pairwise distinct i, # i, if i # b.
fd Txi, T eféitAi . (9‘]1107"8% R [fdefe_%itAi-Fﬂf]
(Ti, - @y )a =* e = (note: vanishes whenn = odd) = =0 =
[[dNZe 2" %] [[dNZe™ 2" %]
" In[AJ]) _ " Lpta—1g . — A-1
870,071, | 7 (/Ii[A,a]) = 37,07, *:062 . Example: (z;x;)4 = Aij )
April 21

In[A, J] = [dNZe 3T ATHT'E — (9 )N/2_L_ 3" AT,

Vdet A62
Note here Ji = 0, (Ail)ij = K”

% g: o Kijo; 1 1 N = 1 N 1 N
e i=l = W(det}—() 2 /d T exp _5 Z XZ(K )”X] + ZU’LX’L
ij=1 i=1

Ising nagmet d-dimensional hypercubic lattice (N lattice sites)
Notation: K;; = —fJ;; (N x N matrix); h; = SH; (N dimensional vector, where H; is

inhomogeneous magnetic fields)

N N
1
[sz h N} Tr{(,k} exp l2 Z O'Z‘KijO'j + Zhiai]
i=1

,j=1

(where Trio, | = Zm:il T ZUN:ﬂ)

- im N [H/ dX}eXp{—ZlX }

2%
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Note that
N N
Tr{ok}exp{z (h; + X))o }] :H

i=1

N
l Z e(h"JrX")”’l H [2 cosh(h; + X;)] = QNHeA(h i+X0)
o =1

= i=1

where A(y) = Incosh(y).

To summarize:

Z[Kiy, hi, N] = (%)N ditK lf[ / de,»] exp (—S{X,}),

1

where
1 N N
~S{Xi} = —3 XK X5+ Y AKX + hy),
i,5=1 i=1

now let y; = X; + h;. Alternative form: shift integration variables:

N N N
1 _ _ _
—S{Xi} =3 D (amha) (K1) (y=hy)+ ) Aly:) = —5 Z hi( lh'—* D wlK i
3,j=1 i=1 ’LJ 1 zj:l
N N N
D AW+ i =2 > hi(KY) S{ur}
i=1 =1 1,7=1
N L X N N
where J; = Zl( Bishg, S{ywt = —3 Zl yi (K1) iy; + ZlA(yi) + 21 Jiyi-
J 1,]= 1= i=
All together:
,%UZN:

hi(K™")ijh; 2 N
A thf1 N| = 1 _ dN“ —S{yr}
Hg-ha, NJ = e <\/ﬁ> detK/ ye

N
3 i1 OiKijoi+ 30 hiog
e Tr{o_k} i=1

let

N
2 1
K, J;,N — dN ey}
2l 0N = () g [ @

Z[K,j, J;, N] is the partition function (probability distribution) for {yy }:

P(y17y27' o 7yN) = 7€_S{yk}7

note the reation between X; <» m(Ry).
What do the variables y; and X; mean physically? (All repeated indices summed) We

will see X; = (Y; — h;) “represents” the spin “o;”: to see this, express (o;), which is the local

N
> A(hi+X
2N€i=1
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magnetization, and ((o; — (0;))(0; — (0;))), the spin-spin correlation function, in terms of X
and Y;.
Local magnetization:

0
Oh;

0 (In Z[Ki;, hs, N]) =

1
<Ui> ah ij <_2hk(K1>klhl+1nZ[szJ N])

oJ 0
= — (K Yahy + ahk <MIHZ[Km Ji N]) —(K™ Y ixhi + (K i lyp)s =

(where 0J/0h; = Ky; = Kyi)

0 _ _
a—kan[KU,J ,N] = Z@Jk /dNyyke Syt — ]1_[1/_ dy;| Y;P(yi, -+ ,yn) = (Yi)s = (K 1)ik<Xk>'
Z = Z¢(A) € ﬁH{(b(x)} H fdd [% 2¢2 a1 ¢4]

Spin-spin correlation functlon.
G;j is N x N matrix:
o 0 o 0 1 _
Gij = Glri,ri] = (loi—(oi)][o;—(o)]) = Oh, o, [Kij, hi, N] = o <_2hk(K Drih +1HZ[Kija=]iaN}) :

J

<‘9J g )(2‘2 ai >an[K”,J Nl = —(K™ )i+ (K™ (ai, 51‘/ 1HZ[Kij-JnN]> (K™ )3
= (K71;5)

(
=—(K")ij+ (K Gy (K1),

where Gij = 5555 In Z[Kyj, Ji, N| = ([yi — (w)lly; — (wi))s = ([Xi — (X)X, — (X;)])s,

to summarize:
Gij = —(K )i+ (K™ Giryr (K1)
G=-K"+(KY (K" KGK=-K+G

thus
G=KGK+K

Gij = (Kiw[owr — (0i)])(Kjj[ojr — (0)])
, X; = Y, = X, + h; Again shows correspondence: X; = (y; — h;) <77

April 26

Z[ki; hs, N = T L §N K §N h e [ 2\ dNije W | = Z[K,;, J
ijs T{oy} €XP | 5 o505 + 0| =e T —= ye 7Yk ijs Ji
J {ow} CXP 2”:1 i%j 2 < /ﬂ_) / J
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N N N
op = F1,—00 < y; <00, x =y —hi, = S{yk} = %421%(-’(71)% + ZlA(Z/z) + Z:ljiyia
i,j= i= i=
J; = Z(k;hj, A(y) = Incosh(y).
J
New generalized def of MFT:

/ AN e STm} MFTappror.. (5,

S Y _
0= 23U S R ) - A @)
Yi G k=1
A'(y;) = tanh(y;).
Last time: z; = (y; — h;) < Z Ko, = Kok Does not affect ritical properties (crit.

exponents,...) Exponent “5”: H; = H =0 — h; = h = 0 (translational invariance) (z;)s =
N
Z Jik TMFET

(e = 32 Kl = (S K, (5) = 57
m( ) 1t t = (T —T.)/T;, (y;) = (z;) x |t|?, extract same /3 from either formulation.
Hi = hi = 0,Gij = Gri —rj] = ([oi = (oi)llo; = (o)]) , Gij = Glri — 7] = ([ov —
(ollo; — {oj)])s, Glri — ] = K[ri — nG[r; — ri]K[r; —r;] + K[r; — r;] (convolution:G;; =
KinGyy Ky + Kij)

Fourier transform on the lattice:

N
Fli=Y e T Ff)
j=1

BZ

FIf) =5 3™ E(@

]

lattice of ¢ is called Brillouin zone or Dual lattice. Reminder: Duscrete Fourier transforms:
pass.

Picture for G(q): exponential decay: width o 1/£(T) o [¢|. K[q] = featureless: K[ =
0] = g:lKij =p <§:1sz> = J/T = TMFT /T ~ of order unity

will show shortly: TMFT /T < K[g] < TMFT /T. Wiil show: K[g] = K[0] {1 — —(q Q) + O(¢*z + ¢*¢*y + qv*
Hence: K [q) ~ 1 for those values of ¢, where G [q] is not small. comments: use find to sicuss
the eigenvalues of the matrix KZ] = K[r; —7;]: K;j = BJy;
N

Fouricr: K[g] = z TR — 7] = 3 coslg(F — 7)]K s note Y Ko =

K[qle . (matrix, elgenvector, eigenvalue, eigenvector ) {K[g]} the spectrum of eigenvalue
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of matrix K; Also —1 < cos < +1, ff([cj’: 0] < f{[(j] < f{[(j: 0].
MFT: «/2/27r Z = [dNge Stvd — (MFT)e= 50} 0 = 0S /0yl = (K (G — hi) —
A'(y;) = tanh(y;). physically most interesting case: h; = h = SH = H/kgT =uniform

magnitude fields: translational inv. saddle point: ¢;y = uniform. improve on MFT as : a

photo in iphone. t
April 28
We will finish Ising model, and soo start renormalization group.
d = 1: classical Ising stat mech

H — T plot (phase diagram):

1 o . -1
. gi‘JZ:lhz( 3 < 2 > Nﬁ_s{yk}
vV 2T \/det

N
de:leiS{yk} = Z[Kij, Ji, N], Where .’Ej = yj — hj7 Jz = Z (Kﬁl)ikhk,

k=1

N
1
Z[K”h“N} = ﬂ{ak} exXp lQ Z UiKijO'J

i,j=1

2 1
, where (ﬁ) NG
New generalization DEF of MFT:

degj’e_S{yk} MFTagros. e~ 519k} saddle point approx: — = e

hk) — A/(gl), where A/(gl) = tanh(yl)
imporve on this : h; = h = H = AT T, uniform applied field), tanslational invariant.

y; = y =unifor, y; = § + dy;, deq:de %),

—S{yr} = —S{y+oy,} = *S{Z/k =y} M Z [ayzayj]

unlform part

6yi5yj +0(6%)*

quadratic functuation of yy

N N N
Thus —S{yx} = —3 > wi(K Dyy + > Aly) + > Jivi
1,7 =1

1,7=1 =1

(
uniform part: —S{y, =y} = =2 > y(K )iy + NA(y) + > h(K1);;h, we will write:
~ —

17,

N X N R
> K,;; = K[7 = 0], an eigenvalues ofit is K;;, > (K ');; = 1/K|[q], an eigenvalue of matrix:
J=1 j=1
(K. Klg=0] = T5— = 7,

= -y =y} = — {*ﬁ —Ay) — hf(l[a]y} defines == —NBL(y), Landau func-

tion. remember that Landau func is not unique.

N — oo( thermal dynamic limit) — minimize L7 g (y)



21

quadratic fluctuation: matrix M;; = [agféi}yk:g:wnst' = (K™Y — 6,;A"(y) Aly) =
tanh(y) — A”(y) = tanh’(y) = le(y), uniform field: m = m; = (o;)MFT O tanh(g).

0): (o) ingeneral i\[: (K=D51(F5) — hy] at saddle point; under MFT A'(5) = tanh(5,), translatio-
nan invariance case: (j;l>M FT — tanh(y).

we get §j = arctanh(m), A”(y) = m = 1— (m)?, (cosh[arctanh(x)] = (1 —

x2)—1/2)
N
—S{yx} = =S{y + oyr} = —NBLru(y) — %Z 0y A;j0y; + O(67)?
1‘7-]
have a landau function to be minimized:
1.1 .2 1 L
BLrH(Y) = oL Ay) — hm Y, Y = manimum.

A~ ~ MFT 0
K|0] = ZKU = 52 JijBJ = TCT = TT A(y) =Incos(y) = 35° — 13y* + O0(y°),
J J

*M;; = (K~1);; — 6;;{1 — m?] where m = tanh(y) =magnetization per site in MFT.

*have recovered formulation at MFT using a Landau function.

*But noe can also discuss fluctuations dy; in MFT as follows:

For simplicity: H =h =0, T > T?: since m = 0 at T > T, we have m = tanh(y), y = 0.
But y; = §; + oy; = 0y,

N
1
=Syt = =Sofunt = —5 > wihisy; +O(y*)

i,j=1
Now can compute spin-spin correlation flunction with this DEF of MFT:
GOlrs —13] = GY = {yiys)s, = LTS (o) = (K= 1)y = (KM (1 -
K))™y; =1 - K)7 K]y, (++)

M= (K1) —6;=[K*'-=1];;, H=0,T > T? — m = tanh(y) = 0,

go[ﬁ' —Tj] = (0:0j) MFT = G?j7 go[ﬁ —Tj] = K[r; —Ti’]GO[Ti/ —Tj’]K[Tj’ _7"3‘] + Klr; _TJL
best discussed in Fourier space

eq. (++) becomes Glgl = (1 — K[i)Kla) = {8, Flg) = S e T F[7), FI7;] =
L3 T Rl we get 6°) = K@@ K + K1 = (KI@)*C°ld + KTa)

We get

1
g o ki

General DEF of correlation length
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—75) G 7]

‘31

(7

[
NS
it

& =

z

2 9lri—7j]
Express in terms of Fourier:

Glal = Y e 7GR = Gl l 2)° (G175 + (a9)* PG + - | +O(@),
j=1 ]:ﬁl j=1
Glg=0]

where the x and y terms are same by rotation symmetries about 90°, thus we get

617 = 6l = 0l - 2 @(Z( >g[3]>+0<q4> Gl7=01{1- (7 D€ + 0"} = 6ld
May 3
Gij = G — 7] = {[Yi = (WY, —(Y)), Glal =) e ™G
: 15 (7)1
g[‘ﬂ _ — 2 _ j=1
(j[cj’:o]_l (@-9+0(), &= D
- & 3 ()K
R(d) 11, M
Rl7=0 =1- (583 N@7) + O(T), §ER TS K]
Now work out &€ — & (MFT) in MFT: use G°[q] = 112[?[]@,
(lg=0) __Kio)_1-Klg) _ KI0]1-Klg) _ KI0] (1= K{0) + (K[0]— Klg) _ KD, k0]~ Kla),
¢°ldl 1-K[0] K[@  Kl@1-K[0] K[q 1 — K[0] Klq] 1 — KI[0]
24 K[0] - K[g | _ K[0] 1o 4y _ L1y 4
thus & = — K[O]%éRZ
R0 = K(d) = KOGERAP +0(). seeall K0] = - Ky +8 35 Ty = 37 = 425 = .
where t = (T — T?)/T?, thus %K[o] = : =1+ 1, thus & = ( 1) R? — in MFT:

& x t77, where v = 3 in MFT.
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Now: remember (use GO[7 = 0] = gﬂ ?df[z] = g[lg]"‘ &)
1 1 = R?
(14 € +0(G) = 2 (5 + ¢+ 0")
¢@@  Glg=0) K[0] 8"
Extracting the field theory at T ~ T,: simplicity H = 0 (zero field) T' > T,
2K b = 0.N] = (2>N/de}
R ’ VdetK \ V2w

N N
1 _
S{Y;.} = 3 § Yi(K;;'Y; - § A(Y;
=1

ij=1
second term A(y) = Incosh(Y_1y? — Ly* 4+ O(y°), first term: in fourier space : <« }A/[(j] =
1

N
> e Ty, thus first term is = 1+ ZBZ Y[q] ﬁgj[—(ﬂ,
z

i=1

So{Yx} =quadratic part pf S{¥;}: = -1+ > Vgl (Ki[d‘] - 1) V[-q = ﬁ = [?g[lzﬂ(% +
q
¢ +0(a)")

Cosmetic redeﬁnitions »
R/a R/a)2 ~
917) = ghelly 51V 6@ = e [ ] Vi

second fourier convition: Z atp (i) < [diTp(r), -5 ZBZ Q) < [ & (27r)d

j=1

S{o(r)} = /dd*[ 2(7) + (V¢)(V¢)(f’) + higher gradients + d) (¥) + higher even powers of ¢(7)

N 2 ~ n
 where A =2 [ 2501”41, (Coeff. [ dr®"(7), the Coeff. is [24501] " atn-na-2n,

This is Landau - Ginzburg Theory.
J AT (VR (Vo(), [ d'Giqa(@)i(—a)d(d)-
General renormalization group idea. near crit. point: a < r < & , look at system at scale
“r”. For d = 2: coarse grained block spin (Leo Kadanoff) .
May 5
=+41=25,,
3n.n n.n.n.

—H{S} Ko—f—KlZS + K, Z SiS;+ Ky > 888+ Ky Z SiS; + -
(6,7) (6,3:k)
label all local terms (clusters) of spins.

H{S;} (and Ze PM) parameterized characterized) by a large (oo dimensional) vector:
K = (K, Ky, K3, Ky, )
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before after
interac.params.=coupling const. | Ko, K Kj = K(’)(I?), K = I?’(I?)
lattice spacing a a' =ba,b>1,hereb=3
number of sites N N’ = N /p?

Let us do ourselves a favor: Zs-symmetry: S; — —S;, K, — (—=1)K,,,

RG flow: H'{S}} K' = (K|, K}, K},---)

DEF of RG transformation: “Projectoin operator”:

T(S7, 51,52, 55¢) = 051.sen(x,., s) (Major row’l)

T has properties: 1. T(S},{s;}ier) > 0, 2. T respects the symmetries; 3. Y. T(S},{si}icr) =
Sy =41

Starting from 7" we can compute H’ from H.:

blocks blocks
Z = Tr{si}e—H{Si} = Tr{si} H 11 e~ Hisit — Tf{si} H {( z )T(S}u{si}iel)}] e~ Hisi}
I I S/=+1

blocks

= Trs;—41 <Tr{s7:} H T(S}a{si}iel)] e_H{si}> = Tr{S}}e_H/{S“
I

Summary: before R.G.transformation: H{s;}, after R.G. transformation: H'{s’},

parameterized L K (K, K,,---) and Ky,; after: K' = (K|, K},---) and K}. we get
Ko, K — K = Ké([?),l?’ = K'(K), [In practice: this is a tedious calculation, which is in
Goldenfeld, 962, 9.64)
—Hisi} — —H'{S1}

Z =Trig=11)€ Trisi—s1y€

Proliforation of couplings.

If switch off nagmetic field: all Ky, 1 = 0 (R.G. preserves symmetry) K= (0, K2,0, Ky,---)
thus after RG: K3, ., =0, K' = (0,K,0,K},---) [si = (—s;) for all i, K, = (—1)™K,,]

Now: the RG transformation: K — K'[K] = R,[K],

general RG Theory: Many important cnclusion can be drawn from the fact that R, exists
and is analytic (Taylor). Assume that RG transformation ﬁb has a fixed point at K = vecK *
K* = 7€b [K‘ ]

Analyticity of R,[K] allows us to Taylor expand about fixed point K/, = K/ [K] =
(Rb[k])a = (Rb[I?*])a + 2 5 Tap(Kp — Kj) + O(K — K*)2, where (’Rb[l?*])a = K}, where

0K . =
To‘ﬁ = GKB‘K:R* - %(Rb[K])h—(’:R*
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or: (K, — K%)= 35 Tup(Ks — K3)+0()?, or (K' — K*) = T(K — K*) + O()2, in matrix
form.

The Boltzmann wave is totally benign: it can be taylor expanded.

May 10

Z= Tri::ile_y{si} = ﬂﬁé”i’iﬂ@‘”{sﬂ

K — K’ = R[K]: existence + analyticity/ fixed point: R(K*) = K*.

K= (K1, Ky, -0 ), (K = K7) =35 Tap(Kg — K™ + ).

Assume T,4 is diagonalizable with real eigenvalues (usually the case)

0K, 0
b7 0Kyl R=R-  OkslrR=i-

T (Ro[K])a

nonisingular matrix ®, ®T®~! = A, where A is diagonal matrix,

Hence the row-vectors of ® are the left-eigenvectors:

q)gl) CI)él) q>§’1) (1)4(11) . (b(l)

o= o o o) o ... |=| o®

T = AD, Y, OV T = N0,
Boltzmann weight in vicinity of F.P. Make a transformation from ([2 - K *) to a set of
variables denoted by «. hh corr. scaling variables (field)

up =y, CIDg)(Ka — K), u;’s transform simply under RG transformation;
«

RGK - K d—

w, =3 V(K — K2) + O(K — K*)?

=3O Tos(Ks—Kp) =Y ADY (khs—kp)+... = A0 D 0P (Ks—Kj)+ - = XDu;+0(@?)
a 3 5 beta
Def: the direction u; near the fixed points K* is called
relevant (growing under RG) if A() > 1, notation : A(¥ = b¥i y; > 0;
irrelevant (decreasing) if A < 1, A\() = ¥ ¢, < 0;
marginal if A\() = 1, b = rescaling factor y; = 0.
e A = (enbyyi = euilnb 4 g called the RG eigenvalue of the variable u; at the fixed
point K*.

a picture of RG flow: in iphone.
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Global properties of RG flows and universality.
Simpicity, first zero magnetic field: H =0 = K;, Ko,,41 — 0 for all m.
K= (0, K5,0, K4,0, K, ...) K* = (0,K3,0,K},---) large space of couplings
Illustrate sgnificance of ﬁxed point: toy example
Ja

= (0, K2,0 K,), Ky = 22, = n.n. interaction; Ky = 7+ = n.n.n interaction.

nnn

H = K2235J+K4 DORCIET
(4,5) ((@.3))

K = (ka,ks = 0) » KO = (KO KMy 5 K@ — 5 K™ = (K", K): critical
surface (or manifold) = set of points that are eventually attracted into the fixed point

Consider case: usy relevant, uy irrelevant.

Simple but important statement: when K (ks,ks) is on the critical manifold (surface),
then ¢[K] = .

Behavior of correlation length under RG: £ = ¢cm or A°. dimensionaless correlation length
E[K] = ¢/a.

under RG, £ remains unchanged

€K' = ¢/a' = €/ba = j¢/a = (E[K] .

At an instable fixed point K* the dimensionless correlation length £[K*] = co. (This will
be derived next time)

The key argument: as long as at fie point: as long as there are very few relevent. Even the
space we are dealing with is prohibitively big, but everything that determines the correlation
exponents comes out from the fix point.

May 12

Statement: When K = (ka, k4)T, is on the critical surface, then £[K] = co.

i. correlation length Z[K#] = oo, for K# = unstable fixed point, £[K] = b¢[K'] = bE[K W],
E[KW] = bE[K®)], and so on.

E[K] = bE[K™], along ny— axis, E[ug,uy = 0] = b"E[(A)"u, us = 0], (A2)"uz = ul,
(M) ug = ud™ = Ky =fixed, Ay = b¥2, (b¥2)"uy = K, (b")¥2 = Ky /us, b = (Ko /us)'/v

E[ug,u4 =0] = (Kg/ug)l/yzg[KQ,UQ,U4 = 0] v =1/ys as ug — 0, i.e. as we approach
unstable fixed point E[u% uy] — 00

i £[K] = b"E[K™)], now if K is on critical surface, then K™ is also on it. n — oo :
E[K] = 00,E[K*] = 00 - 00 = 0.

H = 0: have to tune only /oaramemters to set the original system to have £ = oo, to put
the Boltzmann weight onto the critical surface.

E,g, choose Boltzman weight whic has fixed J5, Jy:
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(k2,ka) = (J2/T, Js/T)

We don’t vary u’s in lab; we vary the temeperature.

Relationship between linear coordinates u; and physical parameters such as T, H.

Toy example (2 couplings) :(ko, ky) — (uz2, uy)

Imagine starting with only nn couplings (K, = 0), thus on the K, axis

iterate many many times: K = RR..RR(ky, ks = 0), where (ky, ks = 0) is in region
A, and K™ is in region B, decribed by (us(t),us(t)), Ko = Jo/T,

t=(T—Tc)/Tc, uz(t) and uy(t) are analytic in ¢ (taylor), R is analytic, and m =finite,
thus after the interation is also analytic.

ug(t) = uéo) + uél)t + O(t?), uy(t) = uio) + ufll) + O(t?), claim: uéo) == 0. (coordinates of
critical surface are us = 0,ug ; 0 = uz(t =0) = uéo) +0.)

Generalization to more than two couplings still H = 0.

Assume we have M even couplings.

K = (0,ky,0,ky,---)

What is the dimensionality of the critical surface (manifold) in this M -dimensional space?

Answer: we jniw we have to adjust one parameter (namely T') to put the system at oo
corr. length.So, critical surface is a (M — 1) dimensional surface in the M dimensional space
of all M couplings. In vacinity of fixed point, we have coordinates @ = (0, ug, 0, us, - , uzpr),
M coordinates.

Example: K = (0, ko, 0, ks, 0, kg), M = 3,

only one of the w;’s is relevant ( by convention wus relevant) all others are irrelavent
Ug, Ug, - - -

Including a non-zero nagnetic field (H # 0)

initial a Hamiltonian , containing only K; = H/T, Ky = Jo/T,K,, = 0,m > 3 after
repeated RG transformations: K = (K1, Ko, K3, Ky, -+, Kapr) (2M couplings)

Need to adjust two parameters to bring systems to critical point, i.e. to make z€ = oo,
i.e. to put it on its critical surface. Thus critical surface is a (2M — 2) dimensional surface in
the 2M — dim/l space of all Boltzman weights.

In vicinities of fixed point, we have coordinates (4 = (uq,ug, - ,uap), Two of these u;’s
must be relevant (convention, uy,us) u; switches sign if we flip sign of spins by convention;
ug doesn’t. (Note: we make the assumption that RG transformation preserves all symmetries,
K’ = R[K], K’ should have same symmetry as K )

May 17



lattice

a =ba>a
K’ = K'[K] = R[K](analytic)
N’ = #ofblocks = N /b?

a
K
N

number of lattice sites

Goal for today: Close the global aspects of RG and then go to Landau-Ginzburg formu-
lation.

RG trnsformation of free energy (density per site)
Notation: separate ont constants Ky, K.
e~ N'Kq

Z = e VKT g _yyye eldi} = e_N/KUTr{S}:il}e_HR'{S}}, partition function unchanged:
_ _—NKo—Ng[K
=e

I, where energy (density) f the degrees of freedom thathave been tranced
out (1D example: Notes) coarse granied.
See table above.

Now: Z = e=NHKTe—NIIK] = o=NK5o—NglK]o—N'fIK'] where f is the same function in the

middle and on the right (because we have the same type of lattice model and thus the same
type Boltzmann weight). (this is important!) we get

FIK] = g[K] + b~ f[K). (4)
(important!!)

we have argued before that R is analytic.

We expect at critical point (I? approaches critical manifold) free energy f per site is
non-analytic. We write

FIE] = [[K] + freg K]

where f, is non-analytic and f,., is analytic, for example

F(t) = Vit + [Art + Agt® + Agt® + - -]
where f, = v/t. Thus eq.(??) becomes

fs[K] = b f,[K']
and fo[K] + freglK)

9IK] + (LK) + freglE)), we get g[K] + b= f,e4[K']

= gIK] +
b= fre[Ry[K]] is anlytic of K. and b7 f,[R,[K]] is singular of K. Write this equation in
vicinity of unstable fixed point (from last lectures): K*:

fs[u17u27 us, ’LL4] = bidfs[bylula by2u25 o ]
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iterate to get LHS = b= f [b"¥1uy, b"2uy, b3 ug, - - -]
Recall: u;(y; > 0) and uy (y2 > 0) are relevant, while us (us < 0) and so on (i > 3) are
irrelevant. Singular behavior of f, arises from iteration of RG.

Let b"Y2uy = K. Iterate us: we get

Ko\ 72
Uz
b"V2uy = Ky = fixzed, we get

d_ _u _y3 _ Y4
U y2 u Y2 u Y2 U Y2

Crucial points: i. Boltzmann weight has infinite correlation length (the infinity is related
to b = (Kg/ug)l/w. We can in principle also fix us and let u; run. But we use u, running
becomes of some physical reasoning), i.e. wuy,us — 0 (critical surface) ii. y1/y. > 0, but
—y3/y2 > 0, —y4/y2 > 0, etc. (all positive) . .

as we approach critical surface (uy, us — 0): fs[ug, ug, -] = (}“{—22) " fs (}2—22)_% uy, K5,0,0,0, - } ,
fs becomes insensitive to all the irrelevant u;’s. This is called the scaling form of free energy
density. This shows RG has explained universality.

need to make connection with physical parameters: ¢t = (T'—T,)/T.and h = H/T (kg = 1)

have h is odd, t is even, under Z, symmetry (S; <> (—S;))

ur[t, h] = aroo+a10h+aiht+- - -, usglt, h] = azeo+az01t+ase0h®+- - -, ust, h] = hlusio+
ugiit+- -], uglt, h] = ugo0+ugort+ugooh®+- - - small h and ¢: uy[t, h] = h%—i—O(th), 1/ho = a110,
uslt, h] = t/to + O(t?, h?),1/to = asor, uslt, h] = hazio + O(ht), ualt, ] = u + asort + aszoh?® +

: ,UZ = Q400
From above we have

Uq Y3 Y4

fs[u17u2’u37 Uyg, - - ] = (Uz)d/yzq)i ( (Uz)igu‘% (U2)7EU4a T

uz)yl/w’

where the £ sign on ® indicates for T > Ty and T' < T. P4 is universal (because we started
from most general Boltzmann weight)
fs [tv h] = fG {ul [tv h]v Uz [tv h]7 us [t7 h]’ o ] = (u2 [t7 h])d/y2 q)i[% (u2 [tv h])iys/y1>0u3 [t’ h}v (u2 [t7 h])7y4/

(uz[t,h])v1/v2>0"

(t/to)d/yi‘@[(t/(z)/)%, 0,0,---] This is the scaling form of free energy per site. Note the ¢, is

non universal number.
May 19
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h
u[t, h] = e + O(t, h)
0

uslt, h] = ti O, 1)
0

ugt, h] = hazip + O(h,t)

Uy {t, h] = Ug + a401t —+ a420h2 + ..

Y3

d/y2 —i vo
Folur,uz, -] = b B g By, -] = Y2 £l L) K [ 22) 74, ]
) ) 9 ) K2 KQ 9 ) K2 b
u _Yy3 _Ya
= UV, (us) P ug, (uz) g, -]

(ug)vr/v2’

(note: universal: y1,ys,- -, Py; non-universal: A, B,C,D,---)
_ A|t|d/y2@i [B|t|fy1/yzh’ C|t|*y3/92ha310,D|t|*y4/y2u2, . }

where —y1/ya < 0,~ys/ys > 0, —ya/y> > 0, A = (3)¥¥2, Clt|7¥*/¥2hago, D|t|"¥*/¥*ug — 0.

This is the scaling form.
Addendum: RG transformation of dimensionless correlation length

_ _ K % _ K y1/y2 —y3/y2
f[UhUZ?uB,"'] :bng{bnylul)bny2u27bny3u37“'] - <2> 5[(2> u17K27 <U2) Ug,"']
U2 U2 K2

When no magnetic field (H = 0), ugm1 =0

Elug = 0,ug,-++] = (;)”“5[0,[(1,..., -

Correlation length exponent: v = 1/ys

n _ (Ka\1/

b = (K2t

Corrections to scaling: Taylor expand ®. in “irrelevant entries”: G Ahler’s experiments
on He*:

specific heat: C' = AV [t|=2[1 + D@ |¢[~va/v2 4 ...],

order parameter p, = A [t|A[1 4 D) |t|7va/v2 ...,

Experiment: —y,/y> = 0.5, a = —0.026, 8 = 0.67.

Z = Tryg,cqeye M5 = em3 Thi(K Diihy [(\/%)N\/div dey*e*S{g"}} Let the thing in
the square bracket to be Z[K,;, J;, N].

Rewrite S{yx}
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S{p(m)} = /ddf[2 §2¢ (7)) += (ng)(V(b) (higher gradients)—{—%(b‘l(??)—i—(higher powers of¢)]

First: quadratic Theory:

= 3 dTES + (VO) + (@(Fz0))] = 3 o Gend@ I + (@7 + Ola’qz* +

a’qy*, a’qx2qy?, ...)|d(—q).

WilsonianRG quadratic theory:

~ Bz ~
S {B(@} = r 2 r@IS@IE (@) = & + @+ Olaqa, )

q

May 24
RG Gaussian (Wilsonian)

) N BZ _ BZ _
e S} (AP} = Lo L F(@DIHDP = 557 2 16D

r(q) = [ + (4)?] has even powers of ¢.
dR dIn
et [ Di9) = ont. Tz, | 45 422

Other parts see Iphone
May 26

_ s dRedlq) (o dIméle)
Notef‘ \<AD[¢(Q)] [Lienz,, \q\<Af \/ﬁoq oo \/ﬁj .

BZ
Summary Gaussian RGL So{¢(q)} = -5 > 7(q)6(q)> Step 1: é(q) = ¢<(q) + ¢>(q),

q

partial trance over ¢ (q)

Step 2 rescale: ¢/(bq) = 271~ (q), set bg =p, ¢ = p/L

Zy = [Dlp(q)le 1@} = ZZ ()N [ D¢/ (p)le51# (@} where the last [D is over
|p] < A: parameterized by r’(p)

We set [ (‘21:’)10, = fq.

Wilsonian RG beyound Gaussian:

G-L:
— 5 = S{¢( ’r)} = [{¢(q)} = So{¢( )} +0S4{p(q)} + 6Ss{¢(q)}: last term can do later
— 654{0(q) f ddr¢4 = e (L;jrq)b f (dzjrq)i f (éjrq)sd f (éﬂqfd (277)d5(d)<fh +q2+q3+

41)$(q1)d(a2) P (q )¢>(Q4 = fql fq2 fq3 fq4(277)d5(d)((h + @+ g3+ q4)(9<(@1) + &> (q1)) -+

partition function
<Def 7 = fD (@)= @1 for any function X {6 (0)}: (X{6x(0)})o = 2 [ Dl
(0) (g

zg
= [ on Dlp(q)]e™SA#@I =548} — [ Dlg_(g)]eSo(o<(@) [ ¢
_ Z> fD ¢< )] So{¢<(¢1)}< —6S4{b<(q )¢>(Q)}>0

fA/b<|q|<A

expectation value (?)

)] [ X{-(q)

}6*50{

)] 750{¢>(Q)}e 0S4{¢p<(a),¢>
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HW 1, Prl: random variable x € R (e**), = exp [i W(w”)c}

) = random variable wrt any probability distributiT(L):n

(e = exp{—(Q) + 1[(0%) — (%] — -}

() = (e, (92) = (22), + ((2).)?, ete

Now: (e=085u19<(0):0>(D}); = exp {—(654)0 + 5 [((651)) — ((654)0)%] + - -+ } = exp{—voldgs—
05"{¢~(q)}}, where dg, do not depende on ¢ (q).

Then: — average (---)o wrt probability distribution: get finite number M of ¢ values in
BZ,,A/b<|q| <A

Then: — enumerate them, ¢y, 0,03, qm

- z 793 16> (g;)]
P0{¢>(q1)7"' 7¢’>(QM)}_7 =t

then — special properties because Gaussian:

i “2-point” function: (gaussian integrals) (¢s(q1)ds(q2)) =
Go(q) =1/r(q) (A/b < |a1l,]q2| < A)

ii Wick’s theorem: (¢~ (q1), -+, ¢>(qa))o = (¢>(q1)9>(g2))0{¢>(¢3) P> (4))o+{¢= (q1) P> (g3))0 (¢ (¢2) P> (q4))o
(0 (q1)9>(qa))o(d>(g2)9> (a3))0, more general: (¢~ (q1) - ¢ (qamr1)) =0, (P> (q1) -~ P> (q2m)) =

%5q1+qz,0Go(CI1), where

More general: S{¢(q)} = So{¢(a)} +65{o(a)}, Sold(a)} = [,, J,257)a0(2m) 6D (a1 +
©)0(01)d(az) 65{e(@)} = [, [, [y, Jo 2 QIaQ2>Q3aQ4>(27r)d5(d)(QI+Q2+Q3+Q4)¢< 1)¢(g2)D(g3)$(q)+

higher terms
Step 1: ¢ = ¢~ + ¢,
Z =217 f’D[¢<(q)}e*50{¢<((1)}<e(;5${¢<(‘1)’¢>(‘n} = ZZ e 9 [ D¢ (q)]e~Solo<@)=05"{o<(a)}
Let —So{o<(q)} — 05'{d<(q)} = —5{¢'(p)}
Step 2: ¢-(q) = 2¢'(bq) = 2¢'(q); p = bq
Z = Josigen PIo(@)]e 500} = Zg emvolds (NI [ D[ (p))em 0N,
Before RG: S{¢(q)} after RG: S’{¢'(p)}
T(Q) — T/(p)7 )‘4((]17 Tt aq4) — /\ii(pla T ap4)a >\6(q17 e 7Q6) — )‘%(pla e 7p6)7 etc
parametrise taylor coeff’s:
r(q) =14+ (D24 . Mg, ,qa) = A+ (@1 - @ + allparameters) AP + ... ete
RG: r(q) = r'(q), Aa(qrs- -+ ,q4) = ¢4(qu,- -+ ,qa),etc. block spin RG K < here collection

of all Talor coeeff’s

(2) (2)

r—=r' A= N, AT = A, ete.
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Setting:



S{o(a)} = So{o(a)} +05{¢(a)}
Step one:

/D *So{d’ )}=dS{s(q)} _ Z>/D )} *So{¢<(q)}<e*55{¢<(q)7¢>(q)}>0

= exp{—voldg — 05 {¢<(¢)}} = exp{—(0S)o + 5 [<(55) Yo — (6.5)3]
Step two;

$<(q) = 2¢'(bg) = 2¢'(p),

+ }

= Zge N [ Dl (e
0<|p|<A
S{o(p)} — S{¢'(p)}
)\4(6117 42,43, CI4) — )‘il(plvp27p3ap4)

N6 (q1s s Q) — /\é(ph <y D6)
Now:

5S{¢} - /dd’r¢ ( ) ()\4)co7Lstanttaylm’ =
r(q) =1+ 1) +

Choose b = e, 0 < dl < 1, S; = area of unit sphere in d-dimensional space = 27721/)2
Now result from (§.54)0:
r—r 4+ |2r + XS4 A2 — D 0+ 0(N2) | dl + O(dl)?
2 (2m)d A2
A= XN+ (4 —d)\dl + o(dl)?
More convenient notation: dimensionless couplings: 7 = 3, A= ﬁ, 7= /’\%;, N = Aj—id,
Diff Eq.:
dr 7 -7 1 S5 +
— =27 + = M1 - O(\?
A= a Ty oo
d N =)

33
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These are RE equations. After solving Diff. eq.s get [#({), A(I)] = dimensional couplings at
rescaling factor b = ¢'.

After evaluating also 1[((654)%)o — (654)3] we get new RG equations.

% — Al(4 = d) — M+ O, ¥)
% =27 + AB{1 — 7 + O(7)?}

d=4—¢, wetake 0 <01, A= g(ff)d, B= %A, Borel /Padé resummation.
Fixed points (of RG): First, Gaussian fixed point: A, = 7, = 0, Linearize RG equation

about Gaussian fixed point.

d | or(l) |

dl l SA(1) 1 o e
Eigenvalues: for 2: eigenvectors is é; = (1,0); for e: it is é, = (—B/(2 —¢), 1).
Write (07(1), (1)) = ua(1)éy + ug(l)éy, where

57(1) 1

dUQ(l)
dU4(l) o
T euy (1)

us(1) = (€')%uz(0) : (note (€)% = b)) 4§ =2, us(l) = (e')us(0) (note (e')° = b¥s') : y& = .

New fixed point: Wilson fisher fixed point ( see iphone.)

Existence of the new fixed point to order e:

condition for fixed point:

(D0 = Ayle — M A] + O(N27,, A2)

(I1) 0 = 27, + A B{1 — 7, + o(7.)%} + O(\2)

From (I) we get X, = §[1+0(e)] = 24" {1 4+ 0(e)} = 22 {1+ O(e)} = 1S {1 +
O(e)} =~ 50e{1 + O(e)}.

Plog into (II): 7, = =X, + -+ = —L(AX) = —£ + O(€?).

Now: linearize RG equations about new fixed point:

d] [ BN
i | X a ﬁ;\(ﬂ;‘) 7
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(this is the beta function) write 67(1) = 7(1) — 7, 6A(1) = A(1) — s,

LA ONN
dl | gA(1) % &

Call the matrix in the middle M., we get:

2-MB+0(?) B{l—7 +..}+0(\)
0+ O(€?) €— 20 A+ 0(e?)

o § + (62) 167r2(]‘ + O( ))

] = (taylor in €) 0+ 0(e2) —e+0(€?)

M, has eigenvalues 2 — £ + O(€®), and —e + O(€?), the corresponding eigenvectors are
2+ (1,0) 4+ O(e), and é4 = (—352,1) + O(e).
Now as before: we write (67(1),0M(1)) = ua(1)éy + ug(l)éy,

dus (1) € 9
20— 2 £+ o))
dU4(l>

L2 — (e + O@)uill)

we get us(l) = ()27 210 uy(0), uy(l) = (')~ (0), this is for the WF fixed point.
YT =2 £ O(3), YT = e+ 0(e2),
June 2
d=4—¢€,e >0, e — 1, not an expansion € of free energy, or any physical observables!
Recall Landau Ginzburg notes 220-S16-lecture-notes-May-3...

MFT
r= g = ;2 3(;5/[21) = a%(;/i) [1— TcT ], A— 2(2522& 4 where K[0] = TMFT /T, we
get 7= 45 = (R/a z[1 - TA;F*TLT% A= = 2((R/a) TN;FT)Q =, we write
2
A = 222, w%F = (32/‘2) — z, eliminate z from them, we get T\ = 2 [(R/a) sz} :

parabola.
Fixed point Boltzmann weight:

r= A%, A= AN o= — &+ 0(E), A = 8¢ + O(2), P{o(r)} = Le5- 00},

A6 1672
3

5600} = [ ' |59~ SN + 0o +

Non-linear-sigma model and Ginzburg Landau theory.

1+ 0<e>1¢4]

n-point correlation function’s behavior under RG
Continuum limit ¢ — 0

Callan-symanzik equation.



