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Jan 21

G(~r12, τ12) = 〈T [ψ̂(~r1, τ1)ψ̂†(~r2τ2)]〉 =
1

V

∑
~p

ei~p·~r12〈[â~p(τ1)â†~p(τ2)]〉

G(~p, τ!2) ≡ 〈[â~p(τ1)â†~p(τ2)]〉 ≡ Gâ~pâ
†
~p(τ12)

Gâ~pâ
†
~p(~p, ωl) =

∫ β

0

dτeiωlGâ~pâ
†
~p(τ)

K̂ = Ĥ − µN̂, K̂|n〉 = Kn|n〉

Feb 2
Adiabetic p = pF . In fermi liquid all spectual function is

A(pF , ω) = zδ(ω) +Asmooth(ω), 0 < z < 1( in Fermi liquid)

lim
p→pF

|〈exact eigenstate of ~p|â†~p|VAC〉| = V z

when p 6= pF ,

A(~p, ω) =
z

π

Γ(~p, ω) + η

(ω − vF (p− pF ) + δΣ1r)2 + (Γ(~p, ω) + η)2
,

Γ(~p, ω) = z(−1)ImΣr(~p, ω).

check: Γ(~p, ω)
∣∣∣
ω=vF (p−pF )

∝ (p− pF )2, where p is close to pF .

Recall: 〈n̂~p〉 = 〈â†~pâ~p〉 =
∫ +∞
−∞ dωf(ω)A(~p, ω), where f(ω)A(~p, ω) = Ae(~p, ω) is what is seen in

ARPES!!
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Figure 1: From left to right are number versus momentum in non-interacting fermio, fermi liquid
and non-fermi-liquid type interacting systems. In an non-fermi-liquid type interacting system, at
p = pF typically is some power law behavior, e.g. in 1D Luttinger liquid by duncane Haldane.

fermi function f(ω) = 1
1+eβω

T→0−→ Θ(−ω),

lim
p→pF

〈n̂~p〉 = lim
p→pF

∫ +∞

−∞
dωAe(~p, ω) = lim

ε→0−

∫ 0

−∞
dωA(pF − ε, ω) = z +

∫ 0

−∞
dωAsmooth(pF , ω),

lim
p↓pF
〈n̂~p〉 = lim

p→pF

∫ +∞

−∞
dωAe(~p, ω) = lim

ε→0+

∫ 0

−∞
dωA(pF + ε, ω) = 0 +

∫ 0

−∞
dωAsmooth(pF , ω),

Thus at T = 0, the 〈np〉-p graph will be different for non-interacting fermion and fermi liquid and
non-fermi-liquid interacting system in fig. (1).

Note: if Γp were independent of ω, Γ(p, ω) = Γ(p), then Gret(p, ω) = z
ω−[vF (p−pF )+δΣ−1

1r −iΓp−iη]
.

Feb 4
Feb 9
S = S0 + Sint,

S0 =

∫
τ

∫
~r

ψσ(~rτ)

[
∂

∂τ
− ∇

2

2m
− µ

]
ψσ(~rτ),

S1 =
1

τ

∫
τ

∫
τ ′

∫
~r

∫
~r′
ψσ(~rτ + 0+)ψσ(~r, τ)V (~r − ~r′)δ(τ − τ ′)ψσ′(~r′, τ ′ + δ)ψσ′(~r

′τ ′),

Z =

∫
D[ψα(~rτ)ψα(~rτ)]e−S0e−Sint = Const.

∫
D[ψα(~rτ)ψα(~rτ)]

∫
D[χα(~rτ)]e−(S0+Sint),

S = S0 + Sint, S0 =
∫
τ

∫
~r
ψσ(~rτ)

[
∂
∂τ −

∇2

2m − µ
]
ψσ(~rτ),

Sint = (−i)
∫
τ

∫
~r

n(~rτ)χ(~rτ) = (−i)
∫
τ

∫
~r

(
ψa(~rτ)ψa(~rτ)

)
χ(~rτ).

Perturbation theory of S = S0 + Sint: diagrams corresponding to different green’s functions, as
shown in fig.(2). For small parameter: rescale:

χ(~r, τ) =
√
V0φ(~rτ), V (~r − ~r′) = V0v(~r − ~r′),

where v is the unit strength potential. Thus we have χV −1χ = φv−1φ, and

Sint = (−i)
∫
τ

∫
~r

(ψψ)χ = (−i)
√
V0

∫
τ

∫
~r

(
ψα(~rτ + 0+)ψ(~rτ)

)
φ(~rτ)
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Figure 2: Diagram representation of green’s functions in perturbation theory, note the subscript 0
means expectation value with respect to S0.

Large-n limit: Fully interacting density-density correlation functon is related to the diagram
below in the new theory:

D(~r − ~r′, τ − τ ′) = 〈n(~rτ)n(~r′τ ′)〉s − [〈n(~rτ)〉s]2,

g(~r − ~r′, τ − τ ′) = 〈χ(~rτ)χ(~r′τ ′)〉S = [〈χ(~rτ)〉s]2.
Perturbation theory: statement:

Figure 3: diagramatic statement corresponding to eq.(1)-(2).

g(~r−~r′, τ−τ ′) = g0(~r−~r′, τ−τ ′)−
∫
τ1

∫
τ2

∫
~r1

∫
~r2

g0(~r−~r1, τ−τ1)D(~r1−~r2, τ1−τ2)g0(~r2−~r′, τ2−τ ′)

(1)

3



or
g(~p, ω) = g0(~p, ω)− g0(~p, ω)D(~p, ω)g0(~p, ω), (2)

On the other hand, we have a natural object, the self-energy Π for g:

which is

g(~p, ω) =
g0(~p, ω)

1−Π(~p, ω)g0(~p, ω)

we see

−D(p, ω) =
Π(~p, ω)

1−Π(~p, ω)g0(~p, ω)

In reality, we want retarded density-density green’s function (ω is the matsubara frequency)

(−1)D(~p, ω)
∣∣∣
iω→ω+iη

= Dret(~p, ω + iη),

where η = 0+. we have

Π(~p, ω)

1−Π(~p, ω)g0(~p, ω)

∣∣∣∣∣
iω→ω+iη

=
Πr(~p, ω + iη)

1−Π(~p, ω + iη)g0(~p, ω)
= Dret(~p, ω + iη).

Random phase approximation (RPA)
Adhoc Approximation; replace Π(~p, ω) by Π0(~p, ω), see fig. below.

Generally we have Π(~p, ω) =

But in RPA only keep Π0 for Π. This can be more systematic: to generalize theory: large n
method: σ = 1, 2 generalize to a = 1, 2, · · · , n, potential V (~r − ~r′) → 1

nV (~r − ~r′), interaction line
g0(~r, τ) = δ(τ)V (~r)→ g0(~r, τ) = 1

nδ(τ)V (~r),

− 1

n
D(~p, ω) =

1
nΠ

1−Π 1
nV

,

as n→ +∞, 1
nΠ(~p, ω)→ 1

nΠ0(~p, ω). Reason: see fig.(4).
Feb 11
Last time: large n medhod: RPA is ad hoc approximation.
renormalization group (RG) approach to the fermi surface
First, toy model:
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Figure 4: The first diagram is Π0, which only has sum of spin once. as n → +∞, we have
1
nΠ0 → 1

nΠ0. The second diagram, the spin index sum give ssame number of n as the first diagram,
but the interaction line gives a 1

n ! thus the second diagram is of 1/n ordre of the first one and will
→ 0 as n→ +∞. The third one, still, the interaction line is 2 and the spin sum is 2, thus it is still

of order 1/n compared to Π0 and will vanish as n→ +∞. Thus− 1
nD(~p, ω)

n→+∞−→
1
nΠ0

1− 1
nΠ0Ṽ (~p)

.

Two momentum scales: Λ, pF ; dim’less: Λ/pF ; consider 0 < Λ/pF � 1. Shell in momentum
space around fermi surface: momentum ~p of any fermions have to satisfy:

|(|~p| − 0)| < Λ

′∑
~p

= prime sum around shell|(|~p| − 0)| < Λ

Mist general translationally invariant Hamiltonian

K̂ =

′∑
~p

ξ~pâ
†
~pâ~p +

1

2

1

V

∑
~p1

′∑
~p2

′∑
~p3

′∑
~p4

′
δ~p1+~p2,~p3+~p4

v(~p1, ~p2, ~p3, ~p4)â†~p4
â†~p3

â~p2
â~p1

+ other terms e.g.: â†â†â†âââ+ 8ferimon operator terms
V = Ld, d = 2, Look at momentum conservation: when Λ

pF
� 1,

~p1 + ~p2 = ~p3 + ~p4 = ~Q

i) | ~Q| >∼ 2Λ: gives solution I and II: ~p3 ↔ ~p4

ii) | ~Q| <∼ 2Λ gives solution III.
Rewrite the interaction term using the analysis:

1

V

∑
~p1

′∑
~p2

′∑
~p3

′∑
~p4

′
δ~p1+~p2,~p3+~p4

v(~p1, ~p2, ~p3, ~p4)â†~p4
â†~p3

â~p2
â~p1

~k is the vector that has the length of a pencil stroke:
Now only discuss only (I) and (II) and later will discuss (III).

(I) =
∑
~p1

′∑
~p2

′ ∑
|~k|<Λ

v(~p1, ~p2, ~p3 = ~p2 + ~k, ~p4 = ~p1 − ~k)â†
~p1−~k

â†
~p2+~k

â~p2
â~p1

(II) =
∑
~p1

′∑
~p2

′ ∑
|~k|<Λ

v(~p1, ~p2, ~p3 = ~p1 + ~k, ~p4 = ~p2 − ~k)â†
~p2−~k

â†
~p1+~k

â~p2
â~p1

+(III).
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Figure 5: Three allowed momentum configuration under RG. Details see http://guava.physics.

uiuc.edu/~nigel/courses/563/Essays_2013/PDF/Dwivedi.pdf

.

We must have
v(~p1, ~p2, ~p3, ~p4) = −v(~p2, ~p1, ~p3, ~p4) = −v(~p1, ~p2, ~p3, ~p4)

(I) and (II) is ~p1 ↔ ~p2, so I = II. Now relabel 2v → v.

(I) + (II) + (III) =
∑
~p1

′∑
~p2

′ ∑
|~k|<Λ

v(~p1, ~p2, ~p3 = ~p2 + ~k, ~p4 = ~p1 − ~k)â†
~p1−~k

â†
~p2+~k

â~p2
â~p1

write â†
~p1−~k

â†
~p2+~k

â~p2
â~p1

=: (â†
~p1−~k

â~p1
)(â†

~p2+~k
â~p2

) := density operator near ~p1· density operator near

~p2. This is density density interaction near the Fermi surface.
Look at (III): ~p1 + ~p2 = ~0, is a different term.

v(~p1, ~p2, ~p3, ~p4)δ~p1+~p2,~p3+~p4
= resolve Kronecker δ

= v(~p1, ~p2 = −~p1 − ~k, ~p3, ~p4 = −~p3 − ~k) ≡ w(~p1, ~p3,~k).

(III) =
∑
~p1

′∑
~p3

′ ∑
|~k|<Λ

w(~p1, ~p3,~k)â†~p1
â†
−~p1−~k

â~p3
â−~p3−~k

We are done with this toy model. The first term (I)=(II) is density density operators at different
points of the fermi surface, the other term, (III), is two pair operators, again, at different points
of fermi surface. It will turn out: the first term (I)=(II) is responsible to fermi liquid theory. The
second term (III), also an interaction, its physics will destroy the fermi surface. It will lead to
superconducting instabiliy of the fermi surface (for some value of w);

Kohn-Luttinger theorem: any interacting fermion system, will eventually undergo a supercon-
ducting instability, at some low temperature Tc. The theorem doesn’t tell you what Tc it is. In
reality, if we don’t see SC it is because the lab temperature is not low enough.

Another thing: fermion system is ubiquitous, this analysis also applies to hign energy physics.
Now we will switch off by hand w (will add them on later), and will only discuss the presence

of the first type interaction. Now what we discussed has no physics.
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RG: Not toy model, start with a theory which has no Λ
Since Λ is completely up to us, we can make Λ/pF as small as we want. As long as we can do

so, we can always narrow down the interaction to the term (I)=(II).
We choose 2D for simplicity, no pauli spin. For example we subject the fermions to a strong

magnetic field so they polarize so we don’t have to consider spins.

〈T [âp(τ)â†p(0)]〉K̂ =

∫ ∞
−∞

dω

2π
e−iτωG(p, ω) = 〈ψp(τ), ψp(0)〉S ,

Z = Tre−βK̂ =

∫
D[ψβ(τ), ψp(τ)]e−S

S =

∫ β

0

dτ

∑
~p

ψ~p(τ)∂τψ~p(τ) +K(ψp(τ + 0+), ψp(τ))


Some convention:

ψ̂(~r) =
1√
V

∑
~p

ei~p·~râ~p

V (~r) =
1

V

∑
~p

ei~p·~rṼ (~p)

V = Ld (d = 2)

RG is best thought as zero temperature. in T = 0 we get rid of the scales, and the only ones
we have are Λ and pF .

Feb 16
Firt hint on the second homework: D(τ − τ ′) analytic continuation. (First do the analytic

continuation, then take imaginary part.)
RG

Start with a theory (most general) without ‘cut off Λ’.
For simplicity, start in d spatial dimensions with d = 2 , no Pauli-spin index.
System in a box of dimensionize L, momentum is discrete, Vol= Ld.

ψ̂(~r) =
1√
Vol

∑
~p

ei~p·~râ~p,

V (~r) =
1√
Vol

∑
~p

ei~p·~rṼ (~p)

K̂ = Ĥ − µN̂ , K̂ =
∑
~p

ξ~pâ
†
~pâ~p, ξ~p = ~p2

2m − µ = vF (|~p| − pF ) + +O(|~p| − pF )2. We want the sys.

to have translational invariance, thus

K̂ =
∑
~p

ξ~pâ
†
~pâ~p +

1

2

1

Vol

∑
~p1,~p2,~p3,~p4

δ~p1+~p2,~p3+~p4
v(~p1, ~p2, ~p3, ~p4)â†~p4

â†~p3
â~p2

â~p1

Now we go to coherent path integral. This is the natural way to think about RG.
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Z = Tre−βK̂ =

∫
D[ψ~p(τ)ψ~p(τ)]e−S

S =

∫ β/2

−β/2
dτ

∑
~p

ψ~p(τ)∂τ ψ̂~p(τ) +K{ψ~p(τ + 0+), ψ~p(τ)}


Next: go to Matsubara space: at T = 0, ωn → ω, fourier transform:

ψp(τ) =

∫ ∞
−∞

dω

2π
eiωτψp(ω),

ψp(τ) =

∫ ∞
−∞

dω

2π
e−iωτψp(ω)

We get

S =

∫ ∞
−∞

dω

2π

∑
ψp(ω)[−iω + ξ~p]ψ~p(ω) +

1

2

1

Vol

∫ ∞
−∞

dω1

2π

∫ ∞
−∞

dω2

2π

∫ ∞
−∞

dω3

2π

∫ ∞
−∞

dω4

2π

∑
~p1~p2~p3~p4

×

× δ~p1+~p2,~p3+~p4
(2π)δ(ω1 + ω2 − ω3 − ω4)v(~p1, ~p2, ~p3, ~p4)ψ~p4

(ω4)ψ~p3
(ω3)ψ~p2

(ω2)ψ~p1
(ω1),

it has U(1) invariance: ψ~p(ω)→ eiαψ~p(ω), ψ~p(ω)→ e−iαψ~p(ω).
Now comes the RG step: we choose some completely arbitrary ‘band width’ around pF , band

width is Λ � pF . In px − py plane we draw the fermi surface, we choose pF and Λ(to give the
annulus), refer to the annulus as the shell.

Then, split

Z =

∫
D[ψ~p(ω), ψ~p(ω)]e−S

ψ~p(ω) =

{
ψ<~p (ω), |(|~p| − pF )| < Λ,

ψ>~p (ω), |(|~p| − pF )| > Λ,

}
= Θ[Λ− |(|~p| − pF )|]ψ~p(ω) + Θ[|(|~p| − pF )| −Λ]ψ~p(ω) (3)

Define Θ[Λ− |(|~p| − pF )|]ψ~p(ω) ≡ ψ<~p (ω), Θ[|(|~p| − pF )| − Λ]ψ~p(ω) ≡ ψ>~p (ω).

Imagine integrating out in the path integral all ψ<~p (ω) and ψ>~p (ω), (we will do this implicitly),

Z =

∫
D[ψ~p(ω), ψ~p(ω)]e−S{ψ~p(ω),ψ~p(ω)}

∫
D[ψ~p(ω), ψ~p(ω)]

means
===

∏
~p

∏
ω

∫
dψ~p(ω)dψ~p(ω) =

∫
D[ψ

<

~p (ω), ψ<~p (ω)]

∫
D[ψ

>

~p (ω), ψ>~p (ω)]

Z =

∫
D[ψ

<

~p (ω), ψ<~p (ω)]

∫
D[ψ

>

~p (ω), ψ>~p (ω)]e−S{ψ
<
~p (ω)+ψ

>
~p (ω),ψ<~p (ω)+ψ>~p (ω)}

define ∫
D[ψ

>

~p (ω), ψ>~p (ω)]e−S{ψ
<
~p (ω)+ψ

>
~p (ω),ψ<~p (ω)+ψ>~p (ω)} ≡ e−S

Λ
eff{ψ

<
~p (ω),ψ<~p (ω)}

thus

Z =

∫
D[ψ

<

~p (ω), ψ<~p (ω)]e−S
Λ
eff{ψ

<
~p (ω),ψ<~p (ω)}
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the partition function does not chance under the RG transformation. now we end up having the
fermions whose momentum length is much away from pF by Λ.

now let us discuss how this effective action must look like.
But before: let’s now choose to look at correlation functions.

〈ψ~p1
(ω1) . . . ψ~pn(ωn)ψ~p′1(ω′1) . . . ψ~p′n(ω′n)〉S

choose the momunta inside the corr. func. are inside the thin shell: |(|~pj |−pF )| < Λ, |(|~p′j |−pF )| <
Λ, thus

〈ψ~p1
(ω1) . . . ψ~pn(ωn)ψ~p′1(ω′1) . . . ψ~p′n(ω′n)〉S = 〈ψ<~p1

(ω1) . . . ψ<~pn(ωn)ψ
<

~p′1
(ω′1) . . . ψ

<

~p′n
(ω′n)〉S ,

=
1

Z

∫
D[ψ

<

~p (ω), ψ<~p (ω)]ψ<~p1
(ω1) . . . ψ<~pn(ωn)ψ

<

~p′1
(ω′1) . . . ψ

<

~p′n
(ω′n)e−S{ψ~p(ω),ψ~p(ω)}

=
1

Z

∫
D[ψ

<

~p (ω), ψ<~p (ω)]ψ<~p1
(ω1) . . . ψ<~pn(ωn)ψ

<

~p′1
(ω′1) . . . ψ

<

~p′n
(ω′n)

∫
D[ψ

>

~p (ω), ψ>~p (ω)]e−S{ψ
<
~p (ω)+ψ

>
~p (ω),ψ<~p (ω)+ψ>~p (ω)}

=
1

Z

∫
D[ψ

<

~p (ω), ψ<~p (ω)]ψ<~p1
(ω1) . . . ψ<~pn(ωn)ψ

<

~p′1
(ω′1) . . . ψ

<

~p′n
(ω′n)e−S

Λ
eff{ψ

<
~p (ω),ψ<~p (ω)}

= 〈ψ<~p1
(ω1) . . . ψ<~pn(ωn)ψ

<

~p′1
(ω′1) . . . ψ

<

~p′n
(ω′n)〉Seff

.

= 〈ψ~p1
(ω1) . . . ψ~pn(ωn)ψ~p′1(ω′1) . . . ψ~p′n(ω′n)〉Seff

.

becomes the momunta inside the corr. func. are inside the thin shell: |(|~pj |−pF )| < Λ, |(|~p′j |−pF )| <
Λ. this is only valid when |(|~pj | − pF )| < Λ, |(|~p′j | − pF )| < Λ..

If for some reason, we are only interested in the momentum shell Λ/pF � 1, we can use the
derivation above. Effective action allows the fermions inside the thin shell to be simple calculating.
Now: what this effective action will look like? Using the U(1) symmetry,

SΛ
eff{ψ~p(ω), ψ~p(ω)} =

∫
dω

2π

′∑
~p

V2(~p, ω)ψ
<

~p (ω)ψ<~p (ω)

+

∫
dω1

2π

∫
dω2

2π

∫
dω3

2π

∫
dω4

2π

1

Vol

∑
~p1

′∑
~p2

′∑
~p3

′∑
~p4

′
2πδ(ω1 + ω2 − ω3 − ω4)δ~p1+~p2,~p3,~p4

×V4(ω1, ω2, ω3, ω4, ~p1, ~p2, ~p3, ~p4)ψ
<

~p4
(ω4)ψ

<

~p3
(ω3)ψ<~p2

(ω2)ψ<~p1
(ω1)

+ All kinds of interactions with more than four fermion operators, e.g. six of them...

we just did taylor expansion. We will expand all funcdtions V2, V4, V6, · · · about ωj = 0, and
|~pj | = pF , e.g.

V2(~p, ω) =
1

Z0
[−iω + (

pF
m∗

)(|~p| − pF ) +O(ω2, (|~p| − pF )2, ω(|~p| − pF ))]

the Z0 is some coefficient. The terms in the O(...) is irrelevant, in the since that if we shrink Λ
more and more, then we will find, as making Λ/pF even smaller, all the irrelevant terns will just go
away.

V4(ωj , ~pj) = V4(ω = 0, ~pj) +O(ωj)

9



the O(ωj) is again irrelevant. We call V4(ω = 0, ~pj) ≡ K4(~p1, ~p2, ~p3, ~p4).

V6(ωj , ~pj) = V6(ωj .|~pj | = pF ) + higher terms

those in V6 are already all irrelevant. Thus all in V8 are irrelevant,.... That is the logic of RG.

Feb. 18

ψ~p(ω) = ψ
<

~p (ω) + ψ
>

~p (ω), ψ~p(ω) = ψ<~p (ω) + ψ>~p (ω)

If |(|~pi| − pF )| < Λ, |(|~p′i| − pF )| < Λ,

〈ψ~p1
(ω1) · · ·ψ~pN (ωN )ψ~p′1(ω′1) · · ·ψ~p′N (ωN )〉S = 〈ψ~p1

(ω1) · · ·ψ~pN (ωN )ψ~p′1(ω′1) · · ·ψ~p′N (ωN )〉Seff
.

e−Seff{ψ
<
~p (ω),ψ<~p (ω)} =

∫
D[ψ

<

~p (ω), ψ<~p (ω)]e−S{ψ
<
~p (ω)+ψ

>
~p (ω),ψ<~p (ω)+ψ>~p (ω)}.

The shell Λ/pF � 1. In general, last time we wrote down

SΛ
eff{ψ~p(ω), ψ~p(ω)} =

∫
dω

2π

∑
~p

‘V2(~p, ω)ψ
<

~p (ω)ψ<~p (ω)

+

∫
dω1

2π

∫
dω2

2π

∫
dω3

2π

∫
dω4

2π

1

Vol

∑
~p1

′∑
~p2

′∑
~p3

′∑
~p4

′
2πδ(ω1 + ω2 − ω3 − ω4)δ~p1+~p2,~p3,~p4

×V4(ω1, ω2, ω3, ω4, ~p1, ~p2, ~p3, ~p4)ψ
<

~p4
(ω4)ψ

<

~p3
(ω3)ψ<~p2

(ω2)ψ<~p1
(ω1)

+ All kinds of interactions with more than four fermion operators, e.g. six of them...

Good news is that, as Λ → Λ′(< Λ), is further reduced, much of this vanish! We call those
vanishing terms “irrelevant”.

Thus

V2(~p, ω) −→ 1

Z0

[
−iω +

pF
m∗

(|~p| − pF )
]

V4(ω1, ω2, ω3, ω4, ~p1, ~p2, ~p3, ~p4) −→ V4(~p1, ~p2, ~p3, ~p4),

V6 −→ 0, V8 −→ 0,

that’s the only dependence we have to care about. Thus it is simpler to do, in Λ/pF � 1. Then,
we can reconstruct the Hamiltonian from the coherent path integral.

Answer(the prime in the
∑

meas in shell |(|~p| − pF )| < Λ):

K̂Λ
eff =

∑
~p

′ pF
m∗

(|~p| − pF )â†~pâ~p +
1

2

1

Vol

∑
~p1

′∑
~p2

′∑
~p3

′∑
~p4

′
δ~p1+~p2,~p3+~p4

v(~p1, ~p2, ~p3, ~p4)â†~p4
â†~p3

â~p2
â~p1

,

We dropped the Z0 that is appearing in the effective Hamiltonian. Perhaps there is some power

v(~p1, ~p2, ~p3, ~p4) =
√
Z0

k
V4(~p1, ~p2, ~p3, ~p4) but we don’t care at present.

Now our previous “toy model” has become the model that discribes the real world.
Look at handout, solution (I), (II) and (III):
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in the limit Λ/pF � 1, |~k| → 0. Thus

K̂Λ
eff → K̂F.L.T. =

∑
~p

‘ pF
m∗

(|~p| − pF )â†~pâ~p +
1

2

∑
~p1

‘
∑
~p2

‘ 1

Vol
V (p̂1 − p̂2)(â†~p1

â~p1
)(â†~p2

â~p2
)

K̂F.L.T. is “integrable”. i.e. exactly solvable: because n̂~p = (â†~pâ~p has eigenvalue 0 or 1, [finite

volume, ~p discrete] [n̂~p, K̂F.L.T.] = 0, [n̂~p′ , n̂~p] = 0. there are infinite number of conservation laws:
n̂~p. The only unknown now that discribes the fermi liquid theory is is V (~p1 − ~p2). p̂j =

p~p
|~pj | . Thus

we see that RG plus the simple geometric consideration of momentum conservation, simplifies the
theory a lot.

Note: we have not discussed solution (III). Let ignore that first.
Now: we are going to use the Large “N” analysis and RPA (random phase approximation).

Large n parameter appears natually: n = pF /Λ.
Now, we need the pauli spin index of fermion to write simplest equations. Why: so far, no pauli

spins (spin polarized or spinless). v(~p1, ~p2, ~p3, ~p4) = −v(~p2, ~p1, ~p3, ~p4) = −v(~p1, ~p2, ~p4, ~p3), because
of the Pauli principle. Write v(p1, p2, k), Simplest situation: set v to be constant. But we can’t,
because v(p1, p2, k) → 0 as p1 → p2. The way out is to generalize to include Pauli spin. Rewrite
K̂Λ

eff with spin index:
with Pauli spin, SU(2) invariant: (repreted indices α, β, γ, δ are summed)

K̂Λ
eff =

∑
~p

′
ξ~pâ
†
~p1,α

â~p1,α +
1

2

1

Vol

∑
~p1

′∑
~p2

′∑
~p3

′∑
~p4

′
×

×δ~p1+~p2,~p3+~p4
[v1(~p1, ~p2, ~p3, ~p4)δαβδγδ + v2(~p1, ~p2, ~p3, ~p4)δαδδβγ ] â†~p4,α

â†~p3,γ
â~p2,δâ~p1,β

there are only two delta functions for the spin, because of the SU(2) symmetry. (Perform a SU(2)
transformation, system is invariant so...) if I change (~p2, δ)↔ (~p1, β) v picks up a minus sign. Thus
v1 and v2 are different! v1(~p2, ~p1, ~p3, ~p4) = −v2(~p1, ~p2, ~p3, ~p4), v1(~p1, ~p2, ~p4, ~p3) = −v2(~p1, ~p2, ~p3, ~p4),
we can relabel. (the same logic when we argue that solution (II) is solution (I))so we can write
v(~p1, ~p2, ~p3, ~p4) = 2v1(~p1, ~p2, ~p3, ~p4), and

K̂Λ
eff =

∑
~p

′
ξ~pâ
†
~p1,α

â~p1,α+
1

2

1

Vol

∑
~p1

′∑
~p2

′∑
~p3

′∑
~p4

′
δ~p1+~p2,~p3+~p4

v(~p1, ~p2, ~p3, ~p4)δαβδγδâ
†
~p4,α

â†~p3,γ
â~p2,δâ~p1,β .

δαβδγδ = 1
2 [δαβδγδ + δαδδγβ ] + 1

2 [δαβδγδ − δαδδγβ ],
v1(~p1, ~p2, ~p3, ~p4) = 1

2 [v1(~p1, ~p2, ~p3, ~p4)+v1(~p2, ~p1, ~p3, ~p4)]+ 1
2 [v1(~p1, ~p2, ~p3, ~p4)−v1(~p2, ~p1, ~p3, ~p4)] ≡

v+(~p1, ~p2, ~p3, ~p4) + v−(~p1, ~p2, ~p3, ~p4), Then

K̂eff =
∑
~p

′
ξ~pâ
†
~p1,α

â~p1,α +
1

2

1

Vol

∑
~p1

′∑
~p2

′∑
~p3

′∑
~p4

′
δ~p1+~p2,~p3+~p4

×

×
{
v−(~p1, ~p2, ~p3, ~p4) 1

2 [δαβδγδ + δαδδγβ ]+
v+(~p1, ~p2, ~p3, ~p4) 1

2 [δαβδγδ − δαδδγβ ]

}
â†~p4,α

â†~p3,γ
â~p2,δâ~p1,β .

Now, generalize the idea of fermi liquid/RG to spin. To write in terms of Pauli matrices:
identity: ∑

a=1,2,3

(
1

2
σa)αβ(

1

2
σa)γδ = −1

4
δαβδγδ +

1

2
δγβδαδ,

11



or

δγβδαδ = 2
∑

a=1,2,3

(
1

2
σa)αβ(

1

2
σa)γδ +

1

2
δαβδγδ.

Thus

K̂eff =
∑
~p

′
ξ~pâ
†
~p1,α

â~p1,α +
1

2

1

Vol

∑
~p1

′∑
~p2

′ ∑
|~k|<Λ

Vc(~p1, ~p2,~k) : (â†
~p1−~k,α1

â~p1,α1
)(â†

~p2+~k,α2
â~p2,α2

) :

+
1

2

1

Vol

∑
~p1

′∑
~p2

′ ∑
|~k|<Λ

Vs(~p1, ~p2,~k)
∑

a=1,2,3

: (â†
~p1−~k,α1

(
σa

2
)α1β1 â~p1,β1

)(â†
~p2+~k,α2

(
σa

2
)α2β2 â~p2,β2

) : +W−function

This is the standard fermi liquid theory.

Feb 23
Last time we studied spin liquid with Pauli degress of freedom. In the handout: Vx, x = c, s

denote the potential for charge or spins, ~p1 and ~p2 are both of the magnitude of pF , ν(0)Vx(~p1, ~p2) =
∞∑
l=0

F xl Pl(cos θ), Vx(~p1, ~p2;~k),
∞∑

l=−∞
F xl e

ilθ12 , θ12 = 〈~p1, ~p2〉, F xl = fermi liquid parameter, p̂j =

~pj/|~pj |. Recall d = 3: Pl(cos θ12) = 4π
2l+1

l∑
m=−l

Ylm(p̂1)Ylm(p̂1), density of states: ν(ξ), ξ → ξ~p =

~p2

2m −
p2
F

2m = (|~p| − pF ) +O(|~p| − pF )2,

ν(ξ) =

BZ∑
~p

δ(ξ − ξ~p)

Vol
=

# of states at energyξ

Vol
→
∫

dd~p

(2π)d
δ(ξ − ξ~p).

ν(ξ = 0) =

∫
dd~p

(2π)d
δ(ξ−ξ~p)δ[vF (|~p|−pF )] =

∫
angles

dΩ̂~p

(2π)d

∫ ∞
0

pd−1dpδ[vF (p−pF )] =
1

vF

∫
dΩ~p

(2π)d
pd−1
F ,

Sd−1 = 2πd/2

Γ(d/2) . Γ(1/2) =
√
π.

Get back to large n calculation: n = pF /Λ

K̂eff =
∑
~p

′
ξ~pâ
†
~p1,α

â~p1,α +
1

2

1

Vol

∑
~p1

′∑
~p2

′∑
~p3

′∑
~p4

′
δ~p1+~p2,~p3+~p4

×

×
{
v−(~p1, ~p2, ~p3, ~p4) 1

2 [δαβδγδ + δαδδγβ ]+
v+(~p1, ~p2, ~p3, ~p4) 1

2 [δαβδγδ − δαδδγβ ]

}
â†~p4,α

â†~p3,γ
â~p2,δâ~p1,β .

where v+ is even function, can take as v+ = v as a const, while the upper term v− is zero !
In the following we proceed ASSUMING v− IS ZERO, and use the notation v+ = v.
comment: [δαβδγδ−δαδδγβ ] = 1

2δαβδγδ−2
∑

a=1,2,3
( 1

2σ
a)αβ( 1

2σ
a)γδ, the first term is vc, the second

is vs, vc = 1
2v, vs = −2v, check:∑

αβγδ

[δαβδγδ − δαδδγβ ] : (a†p1−k=p4,α
ap1,β)(a†p2+k=p3,γ

ap2,δ) :

12



=
∑
β=±1

(
: (a†p1−k,βap1,β)(a†p2,k,−βap2,−β) : − : (a†p1−k,−βap1,β)(a†p2+k,βap2,−β) :

)
diagram for the last two terms are shown below:

Now we discuss emerging large n, or zero’s sound collective excitation in a fermi liquid.
We will go back to density-density correlation function.

D(r − r′, τ − τ ′) = 〈
(
ψσ(r, τ)ψσ(r, τ)

) (
ψσ′(r

′, τ ′)ψσ′(r
′, τ ′)

)
〉c,s

= diagrams below:

Figure 6: diagrams for D(r − r′, τ − τ ′).

Look at second and third diagram, call A and B. diagram A is shown in fig.(7).

Figure 7: diagram A. Note that the interaction used is the first term: :
(a†p1−k,βap1,β)(a†p2,k,−βap2,−β) :.

fourier transformed:the labels on the diagram from left to right (and up and down) is D(~k, ω),
~k, ω||~p1,Ω1, ~p1 − ~k,Ω1 − ω, ||~k, ω, ||~p2 + ~k,Ω2 + ω, ~p2,Ω2, ||~k, ω, The vetice from left to right: four

13



β’s in the left O, four −β in the right O, integral of A is

I(A) = (−1(for fermi loops))

∫
Ω1,~p1

[
(−1)

iΩ1 − ξ~p1

(−1)

i(Ω1 − ω)− ξ~p1−~k

]
(−1(1st order in interac.))v

×(−1(for fermi loops))

∫
Ω2,~p2

[
(−1)

iΩ2 − ξ~p2

(−1)

i(Ω2 − ω)− ξ~p2−~k

]

where
∫
~p

=
∫

ddp
(2π)d

, over |(|~p| − pF )| < Λ,
∫

Ω
=
∫∞
−∞

dΩ
2π .

Phase space in momenta: there is no constrain on ~p1; we can integrate all the ~p1 in the shell.
For ~p2: the same . The volume in phase space: (2πpF 2Λ) from the integration of ~p1, and the same
amount from ~p2, thus is (2πpF 2Λ)2.

That is for diagram A.

Figure 8: diagram B. Note that the interaction used is the second term: :
(a†p1−k,−βap1,β)(a†p2+k,βap2,−β) :.

For diagram B: ~k, ω, ||~P1,Ω1, ~P1 − ~k,Ω1 − ω as shown in fig. 8. then from top to botton the

vertical propagator: ~k′, ω′, and the right half ~P1 − ~k′,Ω1 − ω′, ~P1 − ~k′ − ~k,Ω1 − ω′ − ω, the right
going one is ~k, ω. Left part has spin 4 β; right part has spin four −β. Phase space in momentum:
there is no constrain on the integral for ~P1. Thus 2πpF 2Λ. ~k integral: (2Λ)2. Thus total volume is
(2πpF )(2Λ)3, thus the ratio of phase space volume of B and A is Λ

πpF
. thus if n = pF /Λ� 1, thus

the ratio is 1
πn = 1

π
n
n2 , thus diagram B is down compared to A by a factor of n. Just by counting

the area of the phase space in momentum space
Conclusion: when pF /Λ� 1, only the RPA diagrams are surviving.

Thus D(~k, ω) =

The spin in the circles are: if the first is 4β then the circle next to it has 4(−β), and the next

circle has 4 β, etc. D(~k, ω) = 2 Π0(~k,ω)

1−Π0(~k,ω)v
, Π0(~k, ω) is defined as the interal for the “O”. the factor

of 2 above is obtained by summing over β =↑, ↓ (the geometric series doesnt care about spin so

14



only a factor of 2 shows up). v: constant strength of interaction; this is valid whe n |~k| < Λ and
pF /Λ� 1.

Next time: discuss the retarded greens function associated with that.

Feb 25
Fermi liquid

D(r − r′, τ − τ ′) = 〈(ψσ(rτ)ψσ(rτ))(ψσ′(r
′τ ′)ψσ′(r

′τ ′))s〉 − [〈(ψσ(rτ)ψσ(rτ))〉]

Fourier interaction =v 0 constant in ~p space.

D(~k, ω) =
2Π(~k, ω)

1−Π(~k, ω)v

(−1)D(~k, ω)|iω→ω+i0+ = Dret(~k, ω)

Why care about D(~k, ω)? One reason: Linear response.
Apply external potential U(r, t) coupling to density of femrions, K̂ → K̂+

∫
ddrn̂(r)U(r, t)→fourier:

U(~k, ω) and measure resulting change in expectation vaule of density operator δ〈n̂〉(~k, ω) = Dr(~k, ω)u(~k, ω).
Assume T = 0, in general

Dr(~k, ω) = D
n̂~kn̂

†
~k

r (ω) =
∑
n

[
〈0|n̂~k|n〉〈n|n̂

†
~k
|0〉

ω − (kn − k0 − i0+)
−

〈0|n̂†~k|n〉〈n|n̂~k|0〉
ω − (−(kn − k0)− i0+)

]
Tell us: response blows up whenever ω equals one of the excitation energies kn−k0. (unless matrix
element in numerator vanishes for some reason.)

infinite volume limit , Dr(~k, ω) = develops in general branch cut. see explicitly in example

below: analytic continuation: Π0,r(~k, ω) = Π0(~k, ω)|iω→ω+i0+ ,

Dr(~k, ω) =
2Π0,r(~k, ω)

1−Π0,r(~k, ω)v

Non-interacting system v = 0:

D(0)
r (~k, ω) = 2Π0,r(~k, ω) =

∑
n

[
〈0|n̂~k|n〉〈n|n̂

†
~k
|0〉

ω − (kn − k0 − i0+)
−

〈0|n̂†~k|n〉〈n|n̂~k|0〉
ω − (−(kn − k0)− i0+)

]

K̂(0|n〉0 = k
(0)
n |n〉0,

Interactiong: D(~k, ω) = poles from numerator plus poles from vanishing of denominator (these
are due to interactions)

extra ploes: from vanishing of denominator
1
v = Π0,r(~k, ω) = 1

2D0,r(~k, ω). Solve this equation first graphically, plot at fixed value of ~k as a
function of ω.

last pole will stay isolated: zero sound collective mode.
An explicit calculation:
Evaluation of Π0(~q, ω) for |~q| � pF any ω, at T = 0.

Π0(~q, ω) : a one loop diagram (see fig.9), ~q, ω, ~P+ ~q
2 ,Ω+ω, ~P− ~q

2 ,Ω, ~q, ω, ξ~p =
~P 2

2m−µ =
~P 2

2m−
P 2
F

2m ,
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Figure 9: The one loop diagram that contributes to Πp,r(~k, ω).

(−i)2(two yukawa vertices)(−1)(fermi loop)

∫ ∞
−∞

dΩ

2π

∫
dd ~P

(2π)d
(−1)

iΩ− ξ~P−~q/2

(−1)

i(Ω + ω)− ξ~P+~q/2

=

∫ ∞
−∞

dΩ

2π

∫
dd ~P

(2π)d
(−1)(−i)

Ω− (−i)ξ~P−~q/2

(−1)(−i)
(Ω− (−ω − iξ~P+~q/2)

≡
∫

dd ~P

(2π)d
I

I = (−i)2 2πi

2π

{
[1−Θ(ξ~P−~q/2)]Θ(ξ~P+~q/2)

(−i)ξ~P−~q/2 + ω + iξ~P+~q/2

−
Θ(ξ~p−~P/2)[1−Θ(ξ~P+~q/2]

(−i)ξ~P−~q/2 + ω + iξ~P+~q/2

}

I = (−i)
Θ(ξ~P+~q/2)−Θ(ξ~P−~q/2)

(−i)ξ~P−~q/2 + ω + iξ~P+~q/2

=
Θ(ξ~P+~q/2)−Θ(ξ~P−~q/2)

iω − (ξ~P+~q/2 − ξ~P+~q/2)

Thus

Π0(~q, ω) =

∫
dd ~P

(2π)d

Θ(ξ~P+~q/2)−Θ(ξ~P−~q/2)

iω − (ξ~P+~q/2 − ξ~P+~q/2)

Now we have condition |~q| � pF , ξ~P±~q/2 − ξ~P = 1
2

(
(~P ± ~q/2)2 − ~P 2

)2

= ± ~P ·~q
2m −

(~q)2

8m , the second

term is much smaller than the first. Thus

Θ(ξ~P+~q/2)−Θ(ξ~P−~q/2) = [ξ~p+(ξ~P+~q/2−ξ~P )Θ′(ξ~P )+
1

2
(ξ~P+~q/2−ξ~P )2Θ′′(ξ~P )+· · · ]−[ξ~p+(ξ~P−~q/2−ξ~P )Θ′(ξ~P )+

1

2
(ξ~P−~q/2−ξ~P )2Θ′′(ξ~P )+· · · ]
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= (ξ~P+~q/2 − ξ~P−~q/2)Θ′(ξ~P ) + · · · =
~P · ~q
m

δ(ξ~P )

Collect:

Π0(~q, ω) =
∫

dd ~P
(2π)d

~P ·~q
m δ(ξ~P )

iω− ~P ·~q
m

+ · · ·

δ function: δ(ξ~P )−δ[vF (P−pF )+O(P−PF )2] = 1
vF
δ((p−pF )+· · · ) = 1

vF
δ(p−pF ) = m

pF
δ(p−pF )

Π(~q, ω) =

∫
dd ~P

(2π)d

~P · ~qδ(p− pF )

iω − ~P ·~q
m

Now specialize to d = 3: (d = 2 analogous)

Π0(~q, ω) =

∫
p2dp

(2π)3

∫
d cos θdφ

Pq cos θ 1
pF
δ(p− pF )

iω − Pq
m cos θ

=
p2
F

(2π)2

∫ 1

−1

dx
qx

iω − pF
m qx

=
p2
F

4π2

1

vf

{
−2− iω

vF q
ln

[
1− iω

vF q

−1− iω
vF q

]}

= 1
2
p2
F

π2
1
vF

= ν3D(ξ = 0) is the fermi states density at 3D.

March 1

Dr(~k, ω) =
2Π0,r(~k, ω)

1−Π0,r(~k, ω)v

is the retarded version of fermion density: D(x, x′) = 〈ψσ(x)ψσ(x)ψσ′(x
′)ψσ′(x

′)〉, x = (~r, τ).
We calculated Π0.
fixed ~k: Dr(~k, ω) is of the cot(x) function type, but the rightmost pole is different. the poles.

At Π = 1/v has some extra holes. The continuum poles become branch cut.

Π0(~q, ω) = ν3D(ξ = 0)

{
1

2

iω

vF q
ln

[
1− iω

vF q

−1− iω
vF q

]
− 1

}
the prefactor is the fermi states density at 3D.

at T = 0: GA
~A

r (ω) =
∑
n

[
〈0|Â|n〉〈n|Â†|0〉
ω−(kn−k0−i0+) −

〈0|Â|n〉〈Â†|0〉
ω−(kn−k0)−i0+

]
. Lenman representation.

Now, to analytically continue it:

Π0,r(~q, ω) = ν3D(ξ = 0)Φ

(
ω + i0+

vF q

)
Φ(z) = z

2 ln z+1
z−1 − 1. analytic properties of this function: branch cut at Rez ∈ [−1, 1]. around

+1: z′ = (z − 1) = reiφ, z = 1 + reiφ, iImΦ(x + i0+) = iImΦ(1 + reiπ) = iIm
(

1−r
2 ln

[
2−r
eiπ

])
=

1−r
2 (−iπ) = x

2 (−iπ), only when |x| < 1. Thus i=Φ(x+ i0+) = x
2 (−iπ),

Φ(x+ i0+) = (
|x|
2

ln
|x|+ 1

|x| − 1
− 1)− iπ

2
xΘ(1− |x|).
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Π0,r(~q, ω) = ν3D(ξ = 0)

[
|s|
2

ln
|s|+ 1

|s| − 1
− 1− iπ

2
sΘ(1− |s|)

]
, s =

ω

vF q
.

Now go back to vanishing the denominator, i
v = Π0,r(~k, ω),

The plot of Φ(s)-s: continuum branch cut on the left of s = 1 and a single pole on the right(
the zero sound mode). this is the zero sound mode of the interacting fermions system: ω = s0vF k,
energy propto wavevector, and s0vF is like the sound velocity.

ω − k = |~k| plot: zero sound mode at ω = s0vF k, s0 > 1. at ω ≤ vF k, particle-hole continuum,
can excite arbitrarily close to fermi surface excitations. They are called p-h continuum because any
of these excitations create pair of them. The zero sound mode will not decay, it will live on forever.
what is zero sound mode physically? It appears already at T = 0, thus it has nothing to do with
actually sound. It is a pure quantum phenomenon. second, to visualize it:

If we take a fermi sea px−py, collective mode involving all fermions moving in the same directions.
A non-interacting fermion system doesn’t have this collective mode, so it is due to interactions.

Dr(~k, ω) =
2ν3D(0)Φ(s)

1− ν3D(0)Φ(s)v
.

Expand the denominator about s = s0: [1 − ν3DvΦ(s)] = [1 − ν3DvΦ(s0)] + (−1)ν3Dv((s −
s0)Φ′(s0) + (s−s0)2

2 Φ′′(s0) + · · · ). we see there is pole pf Dr in s− s0!
use fact Φ(s) = Φ(−s) is symmetric Φ′(s) = −Φ′(−s), therefore

Dr(~k, ω) =
2ν3DΦ(|s0|)

(−1)ν3Dv(s− |s0|)Φ′(|s0|)
+

2ν3DΦ(−|s0|)
(−1)ν3Dv(s+ |s0|)Φ′(−|s0|)

+ other isolated poles

=
2Φ(|s0|)

(−1)vΦ′(|s0|)

[
1

s− |s0|
− 1

s+ |s0|

]
=

4Φ(|s0|)|s0

(−1)vΦ′(|s0|)
1

s2 − s2
0

+ other.

Recall HW #3, represent interactions in terms of additional/auxiliary field, χ(x), x = (r, τ),
〈χ(x)χ(x′)〉s = g(x−x′) = g(r−r′, τ−τ ′), fourier transform it to get g(~p, ω) = g0(~p, ω) [the original

potential ,which is a constant.] −g0(~p, ω)D̃(~p, ω)g0(~p, ω), D̃ = 1
2D is the density density correlation

function. g(p, ω) = 1
(g0)−1−Π , in the RPA proximation, become 1

(g0)−1−Π0
= 1

1
v−Π0

.
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Here in Dr(~k, ω) = 2ν3D(0)Φ(s)
1−ν3D(0)Φ(s)v ., Π0,r = ν3DΦ(s), gr(p, ω) = A 1

s2−s20
+ other, = A 1

( ω
vF q

)2−s20
=

A
v2
F q

2

ω2−(vF s0q)2 , ω = ±vF s0q(pole). No different except for q2 numerator, from the 〈ψψ〉 correlators

in Phy 217A for magnetism: L = 1
2 [(∂τφ)2 − (∇φ)2] + φ4 + · · · .

We are done with Fermi liquid. Next topic: deal with term solution III (W term) that appear
in the shell, that leads to SC: How to handle the W term .

March 3
Term below SU(2) invariant interactions generalization to include pauli spin. (α = +1 =↑, α =

−1 =↓), ξp = p2

2m −−µ.

S =

∫
dτ

{∑
p

′
ψp,α(τ)

[
∂

∂τ
+ ξp

]
ψp,α(τ) + [SU(2) invariant interactions]+

}

+
1

2

1

Vol

∑
~p1

′∑
~p2

′ ∑
|~k|<Λ

Vc(~p1, ~p2,~k) : (â†
~p1−~k,α1

â~p1,α1
)(â†

~p2+~k,α2
â~p2,α2

)

1

2

1

Vol

∑
~p1

′∑
~p2

′ ∑
|~k|<Λ

Vs(~p1, ~p2,~k)
∑

a=1,2,3

: (â†
~p1−~k,α1

(
σa

2
)α1β1 â~p1,β1

)(â†
~p2+~k,α2

(
σa

2
)α2β2 â~p2,β2

) : +W−function

W -function is

+
1

2

1

Vol

∑
~p1

′∑
~p2

′∑
~k

[
W0(p1, p2; k)(ψp3,α1

(sσy)α1β1
ψ−p3+k,β1

)τ (ψ−p1,α2
(−iσy)α2,β2

ψp1+k,β2
)τ

+W1(p1, p3; k)(ψp3,α1
(~σ · iσy)α1β1

ψ−p3+k,β1
)τ · (ψ−p1,α2

(−iσy · ~σ)α2β2
ψp1+k,β2

)τ
]
.

note σy =

(
0 −i
i 0

)
,
∫
τ

=
∫ β/2
−β/2 dτ , iσyαβ = εαβ , ~σiσy =

 iσxσy

iσyσy

iσzσy

. Z =
∫
D[ψ,ψ]e−S .

Simplest case Vc = Vs = W1 = 0, only consider W0(~p1, ~p3,~k) = −λ2 = constant, and λ ≥ 0, thus
W0 is attrative.

Decouple: 4-fermi interaction W0 with auxiliary (hubbard stratonovich) field ∆, ∆∗.
For each value of k.

∏
k

exp

λ 1

vol

∫
τ

(∑
p3

′
ψp3.↑ψ−p3+k,↓

)
τ

(∑
p1

′
ψp1+k,↓ψ−p1,↑

)
τ




Let us define (∑
p3

′
ψp3.↑ψ−p3+k,↓

)
τ

= Φ∗k(τ),

(∑
p1

′
ψp1+k,↓ψ−p1,↑

)
τ

= Φk(τ),

use 1
χ (∆∗ − λΦ∗)(∆− λΦ) = 1

λ∆∆∗ − (∆∗Φ + ∆Φ∗) + λΦ∗Φ,

e−
!
χ (∆∗−λΦ∗)(∆−λΦ)e−λΦ∗Φ =

∫
d∆∗d∆e−

1
Λ ∆∗∆+(∆Φ∗+∆∗Φ),
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the previous is equial to∏
k

[
(const.)

∫
D[∆k(τ),∆∗k(τ)] exp{− 1

vol

1

λ

∫
τ

∆∗k(τ)∆k(τ) +
1

vol

∫
τ

∆k(τ)Φ∗k(τ) + ∆∗k(τ)Φk(τ)}
]

To summarize: Vc = Vs = Wi = 0, W0 is constant:

Z =

∫
D[ψp,α(τ), ψp,α(τ)]e−S =

∫
D[ψp,α(τ), ψp,α(τ)]

∫
D[∆k(τ),∆∗k(τ)]e−S̃

S̃ =

∫
τ

∑
p

ψp,α(τ)

[
∂

∂τ
+ ξp

]
ψp,α(τ) +

1

λ

1

vol

∑
k

∆∗k(τ)∆k(τ)− 1

vol

∑
k

[∆k(τ)Φ∗k(τ) + ∆∗k(τ)Φk(τ)]

define

S̃0 =

∫
τ

∑
p

ψp,α(τ)

[
∂

∂τ
+ ξp

]
ψp,α(τ),

we have

Z =

∫
D[∆k(τ),∆∗k(τ)]e

− 1
λ

∫
τ
( 1
vol

∑
k

)∆∗k(τ)∆k(τ)
Z0·

1

Z0

∫
D[ψ,ψ]e

∫
τ
( 1
vol

∑
k

)[∆k(τ)Φ∗k(τ)+∆∗k(τ)Φk(τ)]
e−S̃0[ψ,ψ]

=

∫
D[∆k(τ),∆∗k(τ)]e

− 1
λ

∫
τ
( 1
vol

∑
k

)∆∗k(τ)∆k(τ)
Z0〈e

∫
τ
( 1
vol

∑
k

)[∆k(τ)Φ∗k(τ)+∆∗k(τ)Φk(τ)]
〉S̃0

Note the Z0 above is just some constant, Z0 = elnZ0 = · · · , and will be overlooked.

=

∫
D[∆k(τ),∆∗k(τ)]e−W [∆k(τ),∆∗k(τ)] = Z0〈· · · · · · 〉S̃0

.

Now use cumulant expansions:

〈e
∫
τ

∑
k

[
(

∆k(τ)

vol )Φ∗k(τ)+
∆∗k(τ)

vol Φk(τ)

]
〉S̃0∫

τ

∑
k

→
∑
a

,
∆k(τ)

vol
= Jz, Φ∗k(τ) = Z∗a ,

∆∗k(τ)

vol
= J∗a , Φk(τ) = Za.

Now X is real random variable, 〈eJX〉 = exp{J〈X〉c J
2

2! 〈X
2〉c + · · · } = exp{

∞∑
n=1

Jn

n! 〈X
n〉c} 〈x〉 =

〈x〉c, 〈x2〉 = 〈x2
c + (〈x〉c)2 〈x3〉 = 〈x3〉c + 3〈x2〉c〈x〉c + (〈x〉c)3

when ~J , ~X are vectorial numbers,

〈e ~J· ~X〉 = exp{
∞∑
i=1

1
n! 〈( ~J · ~X)n〉c} 〈( ~J · ~X)2〉c = JiJj〈xixj〉c, etc. 〈xi〉 = 〈xi〉c, 〈xixj〉 = 〈xixj〉c +

〈xi〉c〈xj〉c, 〈xixjxk〉 = 〈xixjxk〉c + 〈xi〉c〈xjxk〉c + · · ·+ 〈xi〉c〈xj〉c〈xk〉c

〈eJ
∗Z+JZ∗〉 = exp{〈J∗Z + JZ∗〉c +

1

2
〈(J∗Z + JZ∗)2〉+ · · · }

= exp{J∗〈Z〉c + J〈Z∗〈c+
1

2!
(J∗)2〈Z2〉c + J2〈(Z∗)2〉+ JJ∗〈Z∗Z〉c + · · · }
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〈e( ~J·~Z+ ~J·~Z∗)〉 = exp{〈( ~J · ~Z∗)〉c +
1

2!
〈( ~J∗ · ~Z + ~J · ~Z∗)2〉c + · · · }

= exp{ ~J∗ · 〈~Z〉c + ~J · 〈~Z∗〉c +
1

2
〈( ~J∗ · ~Z)2〉c +

1

2
〈( ~J · ~Z∗)2〉c + 〈( ~J∗ · ~Z)( ~J · ~Z∗)〉c + · · · }

March 8

Define
∑
a =

∫
τ

∑
k, Ja = ∆k(τ)

vol , Za = Φk(τ),

(∑
p3

′
ψp3.↑ψ−p3+k,↓

)
τ

= Φ∗k(τ),

(∑
p1

′
ψp1+k,↓ψ−p1,↑

)
τ

=

Φk(τ),

〈e
∫
τ

∑
k

[
(

∆k(τ)

vol )Φ∗k(τ)+
∆∗k(τ)

vol Φk(τ)

]
〉S̃0

= exp

{∫
τ
∑
k

[
∆k(τ)

vol
〈Φ∗k(τ)〉0 +

∆∗k(τ)

vol
〈Φk(τ)〉0

]

〈Ψ〉0 = 〈ψψ〉0 = 0 because of U(1) invariance of S̃0: ψ → ψeiα, ψ → e−iαψ.
Next term: J2〈(Z∗)2〉+ J∗2〈Z2〉0 also vanishes. so only JJ∗〈Z∗Z〉0 nonvanish.

+

∫
τ

∑
k

∫
τ ′

∑
k′

∆∗k(τ)

vol

∆k′(τ
′)

vol
〈Φk(τ)Φ∗k′(τ ′)〉0 +O[(∆∗∆)2]

}

∆k(τ) = 1
β

∑
Ω

e−iΩτ∆k(Ω), Φk(τ) = 1
β

∑
Ω

e−iΩτΦk(Ω).

Thus

= exp

 1

β

∑
Ω

1

vol

∑
k

1

β

∑
Ω
′

1

vol

∑
k′

∆∗k(Ω)∆k′(Ω
′
)〈Φk(Ω)Φ∗k′(Ω

′
)〉0 + ...


Since

Φk(Ω) =
1

β

∑
Ω

∑
p

′
ψp+k,↓(Ω− ω)ψ−p,↑(ω)

thus

〈Φk(Ω)Φ∗k′(Ω
′
)〉0

1

β

∑
ω1

∑
p1

′ 1

β

∑
ω3

∑
p3

′
〈ψ−p1+k,↓(−ω1 + Ω)ψp1,↑(ω1)ψp3,↑(ω3)ψ−p3+k′(−ω3 + Ω

′
)〉0

〈ψp1,σ(Ω1)ψp3,σ′(Ω2)〉 = δσσ′δp1p2
βδΩ1Ω2

−1

iΩ1 − ξp1

Thus

〈ψ−p1+k,↓(−ω1+Ω)ψp1,↑(ω1)ψp3,↑(ω3)ψ−p3+k′(−ω3+Ω
′
)〉0 = δp1p3βδω1ω3〈ψp1,↑(ω1)ψp1,↑(ω1)〉0〈ψ(−ω1+Ω)ψ−p1+k,↓(−ω1+Ω)〉0δkk′δΩΩ

′

= δk,k′δΩΩ
′

∑
ω

∑
p1

′ −1

iω1 − ξp1

−1

−iω1 + iΩ− ξk−p1

= volβδk,k′δΩΩ
′χ(k,Ω)
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Z =
∫
D[∆k(Ω),∆∗k(Ω)]e−W [∆,∆∗], when

W [∆,∆∗] =
1

β

∑
Ω

1

vol

∑
k

[
1

λ
−Xk,Ω

]
∆∗(k(Ω)∆k(Ω) +O(|∆∗k(Ω)∆k(Ω)|2)

For which ∆ the W is minimized? First look at the static limit. Soppose ∆τ (k) is time
independent:

∆k(Ω) =
∫
dτeiΩτ∆k(τ), if ∆k(τ) = ∆k is time-independent, becomes ∆k(Ω) = [

∫
dτeiΩτ ]∆k =

βδΩ,0∆k. Thus static case:

W [∆k(Ω = 0),∆∗k(Ω = 0)] =
1

β

∑
Ω

1

vol

∑
k

[
1

λ
− χ(k,Ω = 0)

](
βδΩ,0∆∗k

)(
βδΩ,0∆k

)
+ ...

= β

(
1

vol

∑
k

)[
1

λ
− χ(k,Ω)

]
∆∗k∆k +O[(∆∗∆)2]

General:

W [∆k,∆
∗
k] =

(
1

vol

∑
k

){
r

(
T − Tc
Tc

)
+ γ(T )~k · ~k +O(k4)

}
∆∗k∆k

(Now we are all working at finite temperature T .)

= β

∫
ddr

[
γ(r)(∇∆∗) · (∇∆) + r(T )∆∗∆ +B(T )(∆∗∆)2 + · · ·

]
.

βr(T ) =
[

1
λ − χ(k = 0,Ω = 0)

]
.

χ(k,Ω) =
1

β

∑
ω1

1

vol

∑
p1

′ −1

iω1 − ξp1+ k
2

−1

−iω1 + iΩ− χ k
2−p1

let vol = ∞, contour integration can also treat with finite temperature. Through calculation we
get

χ(k,Ω) =

∫
ddp

(2π)d

1− nF (ξp+ k
2
)− nF (ξp− k2

)

iΩ + ξp+ k
2

+ ξp− k2

thus

χ(k = 0,Ω = 0) =

∫
ddp

(2π)d
1− 2nF (ξp)

2ξp

note ξp = p2/2m − µ = p2/2m − p2
F /2m ∼ vF (p − pF ) + O(p − pF )2, insert 1 =

∫
dξδ(ξ − ξp),

ν(ξ) =
∫

ddp
(2π)d

δ(ξ − ξp), |p− pF | < Λ,

χ(k = 0,Ω = 0) =

∫ vFΛ

−vFΛ

dξr(ξ)
1
2 − nF (ξ)

ξ
∼ ν(0)

∫ vFΛ

−vFΛ

dξ

ξ

[
1

2
− nF (ξ)

]
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nF (ξ) = 1
1+ex , x = ξ/T , thus 1

2 − nF (ξ) = 1
2 −

1
1+ex = 1

2 tanh(x),

χ(k = 0,Ω = 0) = ν(0)
1

2

∫ vF Λ

kBT

− vF Λ

kBT

dx

x
tanh

(x
2

)
= ν(0)

∫ vF Λ

kBT

0

dx

x
tanh

(x
2

)

split
∫ vF Λ

kBT

0 =
∫ x0

0
+
∫ vF Λ

kBT

x0
choose x0 � 1 fixed, so that tanh(x/2) = 1,

χ(k = 0,Ω = 0) ∼ ν(0) ln

(
vFΛ

kBT

)
,

vFΛ

kBT
.

1
λ − χ(k = 0,Ω = 0) = 0 at T = Tc, r(Tc) changes sign, 1

λ = ν(0) ln
[
vFΛ
kBTc

]
,

kBTc = vFΛe−
1

ν(0)λ

then have to show this is consistent with RG: Λ′ < Λ, we have

kBTc = vFΛ′e
− 1
ν(0)λ′

March 10
SC at T = 0.

S̃[∆,∆∗, ψ, ψ] =
1

β

∑
Ω

1

vol

∑
k

∆∗k(Ω)∆k(Ω)+
1

β

∑
ω

1

β

∑
ω′

∑
p

′∑
p′

′ (
χp,↑(ω) χp,↓

)
M̃ωp,ω′p′

(
χp′,↑(ω

′)
χp′,↓(ω

′)

)
,

M̃ωp,ω′p′ is the Fourier transform of M ,

ψp,↑(τ) = χp,↑(τ), ψp,↑(τ) = χp,↑(τ), ψp,↓(τ) = −χ−p,↓(τ), ψp,↓(τ) = χ−p,↓(τ),

ψp,↑(ω) = χp,↑(ω), ψp,↑(ω) = χp,↑(ω), ψp,↓(ω) = −χ−p,↓(−ω), ψp,↓(ω) = χ−p,↓(−ω),

ψ(r, τ) =
1

β

∑
p

1√
vol

ei(~p·~r−ωτ)ψp(ω), χ(r, τ) =
1

β

∑
p

1√
vol

ei(~p·~r−ωτ)χp(ω),

ψ(r, τ) =
1

β

∑
p

1√
vol

e−i(~p·~r−ωτ)ψp(ω), χ(r, τ) =
1

β

∑
p

1√
vol

e−i(~p·~r−ωτ)χp(ω),

M̃ωp,ω′p′ =

[
[−iω + ξp]βδωω′δp,p′ −∆p−p′ (ω−ω

′)

vol

−∆∗
p′−p(ω′−ω)

vol [−iω − ξp]βδωω′δp,p′

]

(ψr(τ), ψr(τ))

 [∂τ − ∇2

2m − µ
]

∆r(τ)

∆∗r(τ)
[
∂t + ∇2

2m + µ
] ( ψr(τ)

ψr(τ)

)
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Z =

∫
D[∆,∆∗]

∫
D[ψ,ψ]e−S̃ =

∫
D[∆,∆∗]e

− 1
β

∑
ω

1
vol

∑
k

∆∗k(ω)∆k(ω)
×∫

D[ψ,ψ]e−
1
β

∑
ω

1
β

∑
ω′
∑′
p

∑′
p′ χM̃χ = const.detM̃ = const.etr ln M̃

special case: uniform case. ∆(r, τ) = 1
β

∑
1
vol

∑
k e

i(~k·~r+ωτ)∆k(τ) = ∆0 = const. , ∆0 =
∆k=0(Ω=0)

βvol

∆k(Ω)vol =
(

∆k=0(Ω=0)
βvol

)
βδΩ,0δk,0

Mωp,ω′p′ = β

[
[−iω + ξp] −∆0

−∆∗0 [−iω − ξp]

]

det
(
M̃ωp,ω′p′

)
=
∏
ω

∏
p

β2det

[
[−iω + ξp] −∆0

−∆∗0 [−iω − ξp]

]
=
∏
ω

∏
p

β2(−ω2 − ξ2
0 − |∆0|2)

= const. exp
{∑∑

ln[(−ω2 − ξ2
0 − |∆0|2)]

}
→ const. exp

{
βvol

(
1

β

∑)(
1

vol

∑)
ln[(−ω2 − ξ2

0 − |∆0|2)]

}
In the limit vol→∞, β →∞, we have integral

∫∞
−∞

dω
2π

∫
dk

(2π)d
.

Z ∼ exp

{
−βvol

[
1

λ
|∆0|2 −

(
1

β

∑)(
1

vol

∑)
ln[(−ω2 − ξ2

0 − |∆0|2)]

]}
saddle point. extreme: 1

λ |∆0|2−
(

1
β

∑)(
1

vol

∑)
ln[(−ω2−ξ2

0−|∆0|2)] = W (|∆0|2)=static potential.

Find ∂
∂|∆0|2W (|∆0|2) = 0,

1

λ
−
(

1

β

∑)(
1

vol

∑)
(−1)

(−ω2 − ξ2
0 − |∆0|2)

= 0,

solution ∆0(T = 0) = 2Λe−
1

ν(0)λ .
Now we will derive effective action W for the Goldstone mode.

e−W (∆,∆∗) = e−S
1
λ

∫
r

∫
τ

∆∗(rτ)∆(rτ)det(M̃)

We will call the determinant detM̃ as the one calculated in the fourier space.

detM̃ = DetM = e−SF [∆,∆∗],

M̃ωp,ω′p′ = βδω,ω′δp,p′

[
[−iω + ξp] −∆0

−∆∗0 [−iω − ξp]

]

Mrτ,r′τ ′ = δ(1)(τ − τ ′)δ(d)(r − r′)

 [∂τ − ∇2

2m − µ
]

∆r(τ)

∆∗r(τ)
[
∂t + ∇2

2m + µ
] 
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Let us first swtich off the temperal dependece, only add spatial dependence of the form ∆r(τ) =

∆0e
2i ~Q·~r, ∆(r, τ) = ∆0e

iθ(r,τ), to diagonalize M̃ , we use U

U+

 [∂τ − ∇2

2m − µ
]

∆0e
2i ~Q·~r

∆∗0e
−2i ~Q·~r

[
∂t + ∇2

2m + µ
] U

U = diag(ei
~Q·~r, e−i

~Q·~r) set ∆0 = |∆0| > 0,

e−i
~Q·~r
[
∂τ −

∇2

2m
− µ

]
ei
~Q·~r =

[
∂τ −

1

2m

(
e−i

~Q·~r∇ei ~Q·~r
)(

e−i
~Q·~r∇ei ~Q·~r

)
− µ

]
=

[
∂τ −

1

2m

(
−∇+ i ~Q

)(
−∇+ i ~Q

)
− µ

]

U+

 [∂τ − ∇2

2m − µ
]

∆0e
2i ~Q·~r

∆∗0e
−2i ~Q·~r

[
∂t + ∇2

2m + µ
] U =

 [∂τ − ∇2

2m + i
~Q·∇
m − (µ− Q2

2m )
]

∆0

∆0

[
∂τ + ∇2

2m − i
~Q·∇
m + (µ− Q2

2m )
] 

Fourier tramsform

Ñ1 → (M̃1)ωp,ω′p′ = βδωω′δp,p′

 [−i
(
ω − i ~Q·~pm

)
+ ~p2

2m −
(
µ− Q2

2m

)
−∆0

−∆0 −i
(
ω − i ~Q·~pm

)
− ~p2

2m +
(
µ− Q2

2m

) 
−SF [∆ = ∆0e

2i ~Q·~r,∆∗ = ∆0e
−2i ~Q̇~r] = ln det(M̃1) =

= βvol

∫
ω

∫
p

ln

[
−

(
ω − i

~Q · ~p
m

)
−
(
p2

2m
− (µ− Q2

2m
)

)
− |∆0|2

]

let ω′ = ω − i ~Q·~pm , it is below the real axis of ω, and | ~Q̇~p/m| < |∆0| = 2Λe−
1

ν(0)λ , |~p| < Λ, the

integral is not changed. Thus the only change is µ→ µ′ = µ− Q2

2m .

−SF = [∆ = ∆0e
2i ~Q·~r,∆∗ = ∆0e

−2i ~Q̇~r] = Taylor in Q2/2m, we get

−SF [∆0,∆0] + βvol
∂SF
∂µ

(−1)
Q2

2m
+O(Q2/2m)2

differentiate with respect to the chemical potential we get the number density of fermions.
The calculation tell us we can calculate the fermion determinant even if its not a delta in space.

−SF {∆ = ∆0e
2i ~Q·~r} = SF [∆0] + βvolρ

Q2

2m

temporal dependence: assume ∆r(τ) = ∆0e
2iΩτ . (|∆0| = ∆0), choose U = diag[eiΩτ , e−iΩτ ]

Thus

U+

 [∂τ − ∇2

2m − µ
]

∆0e
2iΩτ

∆∗0e
−2iΩτ

[
∂t + ∇2

2m + µ
] U =

 [∂τ − ∇2

2m − µ
′
]

∆0

∆∗0

[
∂t + ∇2

2m + µ′
] 

µ→ µ′ = µ− iΩ. Thus
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−SF = [∆ = ∆0e
2iΩτ ,∆∗ = ∆0e

−2iΩτ ] = −SF [∆0,∆0] + βvol
∂F
∂µ

(−i)Ω + higer term

= −SF [∆ = ∆∗ = ∆] + βvolρiΩ + ...

This is just a way to calculate some initially complicated looking determinent of fermions.
conclusion: if we can write ∆r(τ) = ∆0e

2iv(r,τ), where all the time and spatial dependence of

∆r(τ) is in the phase, if ~Q→ (∇θ), Ω→ (∂τθ), then for general variation:

SF [∆ = ∆0e
2iθ(rτ),∆∗ = ∆0e

−2iθ(r,τ) = SF [∆0] +

∫
τ

∫
r

[iρ∂τθ(r, τ) +
ρ

2m
(∇θ)2]

Note: compare with S[φ, φ∗] =
∫
τ

∫
r

{
φ∗(∂τφ)− 1

2m∗ (∇φ∗) · (∇φ) + g
2

(
|φ|2 − ρ0

)2}
,

we see that the fermion SC low energy theory is the same as the low energy theory of bosons.

S[φ =
√
ρeiv] =

∫
τ

∫
r

{
iρ(∂τθ) + ρ

2m (∇θ)2 + g
2 (ρ− ρ0)2 + 1

8mρ (∇ρ)2
}

Conclusion: SC is really boson fluid, the goldstone mode in SC isn’t really there, because you
couple to electromagnetism, which is a gauge theory (minimal coupling), and the Higgs mechanism
gets rid of the goldstone mode, because the fermions are charged, and there is a charge associated
with the phase and couple to electromegnaticsn. On the otheh hand helium-3 doesn’t have charge,
thus have goldstone mode.

Everything we talked about W can also acquire angular dependence, and we just have to consider
each wave mode (s,p,d) wave....

The end of the class for the 2016W.

26


