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G(Fi2,712) = (T (P, 7)) (Far2)]) = v Y e [ag(m)ak(r)])
(5, m12) = (ap(m)af(m)]) = G*7'5(112)
. 5
G5 (i, wi) = /0 dre™1g e (r)
K=H—uN, Kln)=K,|n)
Feb 2

Adiabetic p = pp. In fermi liquid all spectual function is
A(pr,w) = 20(w) + Asmooth (W), 0 < z < 1( in Fermi liquid)

lim |{exact eigenstate of ﬁ]&;WACH =Vz
pP—PF
when p # pr,
z I'(p,w) +n
™ (w —vp(p — pr) + 051,)2 + (D(P, w) + 1)’

1 o
oL A(p, @)

r

(p-pp) <0

check: T'(p, w)‘ o (p — pr)?, where p is close to pr.
w=vF(p—pF)

Recall: (fz) = <d;dﬁ> = fj;f dw f(w)A(p,w), where f(w)A(p,w) = A.(P,w) is what is seen in
ARPES!!



Figure 1: From left to right are number versus momentum in non-interacting fermio, fermi liquid
and non-fermi-liquid type interacting systems. In an non-fermi-liquid type interacting system, at
p = pr typically is some power law behavior, e.g. in 1D Luttinger liquid by duncane Haldane.

1 T—0

fermi function f(w) = Trepe O(-w),
+00 0 0
lim (fy) = lim dwA.(p,w) = lim dwA(pr —e,w) =2 +/ dw Asmootn (PF, W),
pP—PF P—=pr | _ o e=07 J_ —o0
+oo 0 0
hm <TAL13’> = hm dee (ﬁ; W) = hm dWA(pF + g, w) = 0 + / dWAsmooth (va LU),
plpr P=PF J oo e0% ) oo e

Thus at T' = 0, the (n,)-p graph will be different for non-interacting fermion and fermi liquid and
non-fermi-liquid interacting system in fig. (1f).
Note: if '), were independent of w, I'(p,w) = I'(p), then Get(p, w)
Feb 4
Feb 9
S =S50 + Sint,

— z
w—[vp(p—pr)+8Xy,} —ilp—in]’

// // G (I + 0 ) (7, 1)V (7 = )0 (7 = ) (7, 7+ O)th (7).
Z = /D PT) e (7T)]e —S0o=5int — Clonst. /D rT)z/;a(FT)]/D[XQ(FT)]G—(SOJrSW)’

S = S0+ Sints So = [, [, (FT [7—ﬁ— }1/10(7’7)

i = / / n(Fr)x(Fr) = / / T () a (7)) X(77)-

Perturbation theory of S = Sy + Siy: diagrams corresponding to different green’s functions, as
shown in ﬁg.. For small parameter: rescale:

T) =/ Voo (7r), V(F—7") = Vou(F—7),
where v is the unit strength potential. Thus we have YV =ty = ¢v~'¢, and

/ / T)x = (—i)VTe / / (Fr + 0 ) r) o(Fr)
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Figure 2: Diagram representation of green’s functions in perturbation theory, note the subscript 0
means expectation value with respect to Sp.

Large-n limit: Fully interacting density-density correlation functon is related to the diagram

below in the new theory:

rT rT

D7~ 7,7 —7') = (n(Fr)n(F")), = [(n(7r))s

|
=
=
=
3t
S~—"
=
e
[ V)

g =77 —7) = (x(Fr)x(7'7')) s

Perturbation theory: statement:

Figure 3: diagramatic statement corresponding to eq.—.

9(77—7#77—7/) :90(77—7#77—7/)—/ / / / 90(77—7‘1,7—71)17(771—772,T1—T2)90(772—?7/772—T/)
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9(p,@) = go(P. @) — go(p,@)D(p, @) g0 (P, @), (2)

On the other hand, we have a natural object, the self-energy II for g¢:

P po @ 7] 10 b b
A L . p@ . P@F@P o

T1(p, ) (p.@) TI(p.a)
which is (_' 7)
S go(p,w
90-2) = T (5, 290 (7.9)
we see (7. 7)
W
~D(p, @) u

- 1= I(p,w)go (P, @)

In reality, we want retarded density-density green’s function (@ is the matsubara frequency)

(=)D(F,w) = Dret (P, w + 1),

wW—w41in

where = 0F. we have

_ IL,. (7, w + i)
1 —II(p, w 4 in) go (7, @)

wWw—w+in

= Dot (P, w + in).

I(p,w)
1 —TI(p, W) go (P, )

Random phase approximation (RPA)
Adhoc Approximation; replace II(p, @) by I (P, ), see fig. below.

a——
i/ 3
i 1

Generally we have II(p,w) = -~ @ -+ - el R

But in RPA only keep Il for II. This can be more systematic: to generalize theory: large n
method: o = 1,2 generalize to a = 1,2,--- ,n, potential V(¥ — ) — %V(F— 7), interaction line
90(7,7) = (r)V(7) = go(F,7) = 3 (T)V (),

1 111
—Dpw) = —2
L Dw) = 1— iy
as n — +o00, LII(p,w) — L1Io(p,w). Reason: see ﬁg..
Feb 11
Last time: large n medhod: RPA is ad hoc approximation.
renormalization group (RG) approach to the fermi surface

First, toy model:



Figure 4: The first diagram is Ilp, which only has sum of spin once. as n — 400, we have
%HO — %Ho. The second diagram, the spin index sum give ssame number of n as the first diagram,
but the interaction line gives a %! thus the second diagram is of 1/n ordre of the first one and will

— 0 as n — 400. The third one, still, the interaction line is 2 and the spin sum is 2, thus it is still
n—4o00 11,

of order 1/n compared to IIy and will vanish as n — +oc. ThusffD(_' w) TG
I,

Two momentum scales: A,pp; dim’less: A/pp; consider 0 < A/pr < 1. Shell in momentum
space around fermi surface: momentum p’ of any fermions have to satisfy:

[(I71 = 0) <A

i
> = prime sum around shell|(|p] — 0)| < A
I

Mist general translationally invariant Hamiltonian

’
KZZQ;&LA %VZ Z Z Z 5P1+P2,P3+P4 (p17p23p33p4) ; ; ﬁdyl
P P s

+ other terms e.g.: atatataaa 4 Sferimon operator terms
V = L% d =2, Look at momentum conservation: when p% <1,

P1tPe=ps+p1=0Q
i) |Q| >~ 2A: gives solution I and II: 75 <>
ii) |@Q] <~ 2A gives solution III.
Rewrite the interaction term using the analysis:

72 Z Z Z 05, +Fs,Fs+5a ¥ (Pl,P27P3»P4)&:; d;&

@)
i
=

k is the vector that has the length of a pencil stroke:
Now only discuss only (I) and (IT) and later will discuss (III).

.
=3 D B = e+ R =5 - R)al el agag,
P P2 |E|<A

=2 > v = F kg = - k)al al agag,

D1 P2 |E|<A

+(I1I).



|G| > A 1G] <A

Figure 5: Three allowed momentum configuration under RG. Details see http://guava.physics.
uiuc.edu/~nigel/courses/563/Essays_2013/PDF/Dwivedi.pdf

‘We must have
v(ﬁl7ﬁ27ﬁ3aﬁ4) = _’U(ﬁZaﬁlaﬁBaﬁll) = _U(ﬁlaﬁ23ﬁ37ﬁ4)
(I) and (II) is py ¢ P, so I = I1. Now relabel 2v — v.

O+ AN+ M) =" N w(@,po. s = o + k. pa =1 — kKal,_.al agap

71 P2 |k|<A

i .

Loat ot _ o (gt — dened o ,
write 4 0. 2+kapz ag, =: (aﬁl_gaﬁl)( +ka’p2) := density operator near p;- density operator near
po. This is density density interaction near the Fermi surface.

Look at (II1): ) 4 P = 0, is a different term.
V(D1 P2y D35 Da) 0, +5.55+5. = resolve Kronecker &

= 0(P1, o = —1 — K, P, a = —s — k) = w(ph, ps, k).

(III) Z Z Z w(pr, ps, k ;diq,g&%d—g—ﬁ

71 73 |E|<A

We are done with this toy model. The first term (I)=(II) is density density operators at different
points of the fermi surface, the other term, (III), is two pair operators, again, at different points
of fermi surface. It will turn out: the first term (I)=(II) is responsible to fermi liquid theory. The
second term (III), also an interaction, its physics will destroy the fermi surface. It will lead to
superconducting instabiliy of the fermi surface (for some value of w);

Kohn-Luttinger theorem: any interacting fermion system, will eventually undergo a supercon-
ducting instability, at some low temperature T.. The theorem doesn’t tell you what T, it is. In
reality, if we don’t see SC it is because the lab temperature is not low enough.

Another thing: fermion system is ubiquitous, this analysis also applies to hign energy physics.

Now we will switch off by hand w (will add them on later), and will only discuss the presence
of the first type interaction. Now what we discussed has no physics.


http://guava.physics.uiuc.edu/~nigel/courses/563/Essays_2013/PDF/Dwivedi.pdf
http://guava.physics.uiuc.edu/~nigel/courses/563/Essays_2013/PDF/Dwivedi.pdf

RG: Not toy model, start with a theory which has no A

Since A is completely up to us, we can make A/pp as small as we want. As long as we can do
so, we can always narrow down the interaction to the term (I)=(II).

We choose 2D for simplicity, no pauli spin. For example we subject the fermions to a strong
magnetic field so they polarize so we don’t have to consider spins.

Ty O = [ 52" 0(0.3) = (y(r). T, 0)s:

—00

7 = Tre K = / DT (1), o)l

B
= /0 dr | S B0 05(7) + K, (7 +07), 0,(7))

Some convention:

V) = 5 3PV

V=L" (d=2)

RG is best thought as zero temperature. in T' = 0 we get rid of the scales, and the only ones
we have are A and pp.

Feb 16

Firt hint on the second homework: D(7 — 7’) analytic continuation. (First do the analytic
continuation, then take imaginary part.)

RG

Start with a theory (most general) without ‘cut off A’.

For simplicity, start in d spatial dimensions with d = 2 , no Pauli-spin index.

System in a box of dimensionize L, momentum is discrete, Vol= L.

p L N
w(T)— m%e aP?

V(F) =
A~ ~ A~ A~ —2
K=H—-uN, K= Zgﬁ&;&ﬁ, &= 2= — p=vp(|p — pr) + +O(|p] — pr)?. We want the sys.

P
to have translational invariance, thus

. 11

_ 1 T

K=Y ¢alay+ 2 Vol 61 +72. s+ V (D1, D2, D3, Pa) Gy, G Qi Oy
i P1,P2,P3,P4

Now we go to coherent path integral. This is the natural way to think about RG.



Z = Tre PK = /D (P)a(r)e

B/2

B/2 _
s=[ [ ToAT)O D) + K (Tl + 0%, 0()}
Next: go to Matsubara space: at T'= 0, w,, — w, fourier transform:

< dm
B = [ GG, @),

= [ GreEru@)

T Ao~ d dws [~ do
S = %pr( W) [—iw + &lvg(w QW/ wl/ / s} _OO% Z X

—o0 P1P2P3P4
X O+ 72, is+ia (2)8(@1 + Do — W3 — Wa)v(P1, Po, D3, Pa) V5, (@), (@3) U, (@2) b, (@1),
it has U (1) invariance: ¢5(@) — " 9(@), (@) — e~ 5(@).
Now comes the RG step: we choose some completely arbitrary ‘band width’ around pp, band

width is A < pp. In p, — p, plane we draw the fermi surface, we choose pr and A(to give the
annulus), refer to the annulus as the shell.

Then, split
Z:/DW@m%®W”

[ @ Al <A _ ol Al
wo@) = { TEC) i o S | = =107 = o))+ 0171 —pr)] - Alp(@) (3

Define O[A — [(|p] — pr)|[V5(@) = ¢5 @), O[(15] — pr)| — Alvp@) = 97 (@).
Imagine integrating out in the path integral all ¢§ (w) and wp? (@), (we will do this implicitly),

2= [ DFs@), pp@)e 5@ ve@)

/Drﬁ@w%@ﬂm“ﬂjfL/@5 ~"=/DW§@w§@H/DWQ@w%@H

z / DS @), 45 @ / Dl > (@)~ S (5 @77 @05 @)+v7 @)

defne (D). > () ]e—S {05 @405 @).v5 @)+ @)} — —S&{v5 @05 @)}
D[y @), b7 (@))e™ 51 F07 @05 @Hg @) = o= Sinlvy @05

thus
:/D[@;(w)y¢§(w)}e—53f{ﬂ§(w),w§(w)}



the partition function does not chance under the RG transformation. now we end up having the
fermions whose momentum length is much away from pr by A

now let us discuss how this effective action must look like.

But before: let’s now choose to look at correlation functions.

(Y5 @1) - - - P, (@n) Vg, @) - - U, (@) s

choose the momunta inside the corr. func. are inside the thin shell: |(|p;| —pr)| < A, [(|7}] —pr)| <
A, thus

(W5 (@1) - Y, @)y, @) W, (@ ))s = (W5 (@1) - U, @)y, @1) W (@)D,

-z / DT @), 5 @5 @) w;n@nm;(wa)..@; AR L
= 5 [ P @65 @5, @) U5, @), @) . B, @) [ DG @), 07 @) ST @ @5 @4 @)
-z / D(F; @), V5 @5 @) b5, @), @) . T, @) P @5 @)

= (05, @1) ... V5. @)y @) - .. Vg (@) 50ss
= (¥, (@1) -+ 5, (@)Y, (@1) - Uy (@) 50

becomes the momunta inside the corr. func. are inside the thin shell: |([pj|—pr)| < A, [([P}|—pF)| <
A. this is only valid when |(|p;| — pr)| < A, [(IP}] — pr)| < A..

If for some reason, we are only interested in the momentum shell A/pr < 1, we can use the
derivation above. Effective action allows the fermions inside the thin shell to be simple calculating.
Now: what this effective action will look like? Using the U(1) symmetry,

S {To(@), Y5(@)} = / i sz 7,005 @5 @)

dw dw dwy 1 / / / /
/ / : / s / 27T4 Vol Z Z Z Z 27(6(@1 t w2 —Wws — w4)5ﬁ1+52,ﬁs,54
p1 P2 P3P

S 70 AN — _
X Va(@1, W2, W3, W, Pr, P, D3, )V, (@)Y, (@3) Y5, (@2) 5, (@)

+ All kinds of interactions with more than four fermion operators, e.g. six of them...

we just did taylor expansion. We will expand all funcdtions Vs, Vy, Vg, -+ about w; = 0, and
|ﬁ]| = PF, €.2.
. 1 o p _
Va(p,@) = 2 [~ + (mi )81 = pr) + O@*, (1] — pr)?, w(|pl — pF))]

the Zj is some coefficient. The terms in the O(...) is irrelevant, in the since that if we shrink A
more and more, then we will find, as making A/pr even smaller, all the irrelevant terns will just go
away.

Va(@j, pj) = Va(@ = 0,p;) + O(w;)



the O(w,) is again irrelevant. We call Vi (@ = 0, ;) = K4(p1, P2, D3, Pa)-
Vs (@;,P;) = Vs(w;.|p;| = pr) + higher terms
those in V4 are already all irrelevant. Thus all in Vg are irrelevant,.... That is the logic of RG.

Feb. 18

V(@) = P @) + ;5( W), Pp(@) =15 @) + 7 (@)
(7] —pr)l <A, (73] = pr)l <

(V5 (@1) - - Py (@N )37 (@) - Py (@) = (U, (@1) -+ Yy (@N )P (@) - - Dy (TN)) S

1

o~ Sese T3 @05 / DITs @), 3 @)]e™ 51 @0 @07 @07 @)

The shell A/pr < 1. In general, last time we wrote down

aw<wp}—/ Ej% @65 @)

dwy dos diws dwy 1
‘*‘/ﬁ ﬁ/ﬁ %Volz Z Z Z 216(Wr + W2 — W3 — Wa)0g, 455,555, 7
P1 D2 D3 Da
o s s T < < /— <
><V4(w1,w27w3,w4ap17P2»P3,P4)1/Jﬁ4(w4)1/153(w3)¢52(W2)¢ﬁl (@1)
+ All kinds of interactions with more than four fermion operators, e.g. six of them...

Good news is that, as A — A’(< A), is further reduced, much of this vanish! We call those
vanishing terms “irrelevant”.
Thus

Va(p,®) — o | =@+ 2 (5] — pr)

Vi(Wy, Wa, W3, Wy, P, P2, P3, Pa) — Va(P1, D2, D3, P1),
Ve — 0, Vg—0,

that’s the only dependence we have to care about. Thus it is simpler to do, in A/pr < 1. Then,
we can reconstruct the Hamiltonian from the coherent path integral.
Answer(the prime in the ) meas in shell |(|p] — pr)| < A):

Kef'f_z

p

ot n 1 .
= (18] - pr)alay + §jz Z S Gnt v (B, P2 B3, a)a L g,

D2 D3 Pa

We dropped the Z; that is appearing in the effective Hamiltonian. Perhaps there is some power

v(pP1, P2, D3, Pa) = \/ZokW(ﬁl,ﬁg,ﬁg,@;) but we don’t care at present.
Now our previous “toy model” has become the model that discribes the real world.
Look at handout, solution (I), (IT) and (III):

10



in the limit A/pr < 1, |k| = 0. Thus

N . 1 1 At
Kly = Kewr =300 afip+ 5> Y GV by — p2) (@), a5)(a), d7)

P P11 P2

K’F,L_T, is “integrable”. i.e. exactly solvable: because fi; = (&;dﬁ has eigenvalue 0 or 1, [finite

volume, p’ discrete| [z, IA(FAL.TA] =0, [z, N5 = 0. there are infinite number of conservation laws:
fy. The only unknown now that discribes the fermi liquid theory is is V(1 — p2). p; = %. Thus
we see that RG plus the simple geometric consideration of momentum conservation, simplifies the
theory a lot.

Note: we have not discussed solution (III). Let ignore that first.

Now: we are going to use the Large “N” analysis and RPA (random phase approximation).
Large n parameter appears natually: n = pp/A.

Now, we need the pauli spin index of fermion to write simplest equations. Why: so far, no pauli
spins (spin polarized or spinless). v(pi, pa, P3, Pa) = —v(Pa, D1, D3,Pa) = —v(P1, P2, P, P3), because
of the Pauli principle. Write v(p1, p2, k), Simplest situation: set v to be constant. But we can’t,
because v(p1,p2, k) — 0 as p1 — pa. The way out is to generalize to include Pauli spin. Rewrite
KA o With spin index:

with Pauli spin, SU(2) invariant: (repreted indices «, 3,7, ¢ are summed)

eﬁ_zg ;;1 &Pl»a+2\/012 Z Z Z X

P1 D2

X5p1+p2,p3+p4 [vl(plap27p3vp4)5aﬁ5'y6 + U2(P1,P2»P3»P4)5a55ﬁ7] P ;F)g ~ p2,6ap1,,8

there are only two delta functions for the spin, because of the SU(2) symmetry. (Perform a SU(2)
transformation, system is invariant so...) if I change (p2, ) <> (p1, 8) v picks up a minus sign. Thus

vy and vy are different! vi (2, Pi, P, Pu) = —v2(P1, P2, P3, Pa), v1(P1, P2, Pa, P3) = —v2(P, P2, D3, Pa),
we can relabel. (the same logic when we argue that solution (II) is solution (I))so we can write

v(P1, P2, D3, Pa) = 201(51752753,54)7 and
eff = Z g_‘aﬁl ap1,a 2 VOI Z Z Z Z O+, s +72 U v(p1, P2, p3,p4)5a,@575a s, Oé/\pg 'ydpmt;aphﬁ
P D2 3 Da

0apdys = 5(0apdys + 0asdys] + 3[0asdys — dasdys);
v1 (P, P2y D3, Da) = 501 (P, Py D3, Pa) +01 (P2 D, D3, Da)]+ 5 [v1 (D1, Do D3, Da) —v1 (P2, D1, D3, D))
U+(ﬁ1aﬁ2aﬁ3aﬁ4) + - (ﬁ17ﬁ27ﬁ37ﬁ4)7 Then

Keff = Z 'gﬁd;h apy,a + 2 VO] Z Z Z Z 5P1+P27P3+p4

v_ (P, D2y D3, D4) 5 [0080ys + 0asbysl+ \ st - -
X o o o a- a- a a
{ V4 (P1, P2, D3, P1) 5 (00805 — Oasdya) Basa P,y P20 001

Now, generalize the idea of fermi liquid/RG to spin. To write in terms of Pauli matrices:
identity:

1, 1 1 1
5 aB\y @ :_7604 0 =0 604;
a:§123(20 Jap(50%)16 = =7 0apdys + 5015005

11



or

a=1,2,3

Thus

A~ / 1 1 ’ ’ g

_ s e X ot - .
Keg = Z &p 71,0001, + 5% Z Z ‘/C(php% k) : (aﬁl—g,alaﬁl’al)(aﬁ2+E,agaﬁQ’a2) :
7 1 P2 |K|<A

1 1 ’ ’ -4 At Ua N At Ua R .

+§W Z Z Z Vs(plap% k) : (aﬁlfl;,al(7)alﬂlaﬁl’ﬂ1)<aﬁg+lz,a2(?)OQ[?QCL]}E’BZ) : +W —function
P P2 |E|<A a=1,2,3

This is the standard fermi liquid theory.

Feb 23
Last time we studied spin liquid with Pauli degress of freedom. In the handout: V,, z = ¢,s
denote the potential for charge or spins, p; and py are both of the magnitude of pg, v(0)V, (pl,pg) =

ZF"‘P; cosf), V, (pl,pg,lg), Yo Frel® 91y = (py,po), F¥ = fermi liquid parameter, p; =
l=—0o0

l
D;/|Pj]. Recall d = 3: P(cosbi2) = —Q?L Y Y (P1)Yim (1), density of states: v(§), & = &5 =
m=—I1

£ _ Pk _ (|5 - pp) + O — pr)?,

BZ
5(€ — €=
B Xﬁ: (€= &) _ # of states at energy¢ dip 5 .
V(&) = Vol B Vol - / (2m)4 €%

d—» o 00 .
e =0 = [ Ghe-lor(A-pl = [ G [T st o-pe)) = o [ G

( ngles (27T)d

ad/2
Sa—1 = By [(1/2) = /7.
Get back to large n calculation: n = pp/A

= Z 27 dplvo‘ + 2\/01 Z Z Z Z 5;01+p27:l>3+p4

x{ ( 1aﬁ27ﬁ37ﬁ4)%[50¢65’76+6a6576]+ }
U4 (D1, Do, D3 Pa) 5 [0ap0ys — Oasdys)

where vy is even function, can take as vy = v as a const, while the upper term v_ is zero !
In the following we proceed ASSUMING wv_ IS ZERO, and use the notation vy = v.
comment: [0,3015 —as05] = %5015(%5 -2 > (%a“)a,@(%a“)wg, the first term is v.., the second
a=1,2,3

is vg, v, = %v, vs = —2v, check:

c(at T .
D Basdys = Basdyp) : (@), —iop, a®p18) @y tmp yBpas)
afyé

12



= Z (’ (“;—k,ﬁamﬁ)(azta,k,—ﬁapwﬂ) s (a;r)l—h—ﬁai’l»ﬁ)(a;r>2+k,ﬁap2=*ﬁ) :>
f=+1

diagram for the last two terms are shown below:

2 s P B . —p
a > I > - a > I > -
f i A i
1 : aﬂ[ ~k.f l : a]—’[ ~k.—p
vk v i
1 1
| |
. -5, 1 =0 + B, 1 =0
a = € € al € €
Pt @prp paries Dp,.-p

Now we discuss emerging large n, or zero’s sound collective excitation in a fermi liquid.
We will go back to density-density correlation function.

D(T’ - 7“’, T — 7_/) = <(EG‘(T, T)/‘/}U(Tv T)) (@a’(r/a 7-/)1/)0' (T/V T/))>Cﬁs

= diagrams below:

[N

Figure 6: diagrams for D(r — v/, 7 — 7').

Look at second and third diagram, call A and B. diagram A is shown in ﬁg..

Figure T7: diagram A. Note that the interaction used 1is the first term:
(a;;lfk,,é’aplﬁ)(a;mk’,ﬁam’_ﬂ) .

fourier transformed:the labels on the diagram from left to right (and up and down) is D(E, w),
E,w| |p1, Q1,p1 — k, Q1 — @, HE,E, [Ip2 + k, Qs + @, Pa, 2, HE,E, The vetice from left to right: four

13



B’s in the left O, four —f3 in the right O, integral of A is

) (-1
iy — 71 ’L(Ql —w) - fﬁl_];

I = (=1(for fermi loops)) [

Q1,p1

] (—1(1st order in interac.))v

x (—=1(for fermi loops)) /

Q2,72 Z§2 - fﬁz Z(QQ - w) -

d S
where [ = [ &2, over |(|fl — pr)| < A, fy = [, 42,

Phase space in momenta: there is no constrain on p'; we can integrate all the p; in the shell.
For ps: the same . The volume in phase space: (2rpp2A) from the integration of p7, and the same
amount from s, thus is (2rpr2A)2.

That is for diagram A.

(-1) (-1) ]
&

k,o
R-kQ-0 "p7p kO -a-a
Figure &: diagram B. Note that the interaction wused is the second term:

T t )
(@p, —k,—p1,6)(@py k gp2,—p) -

For diagram B: E w, ||]31,§1, P — IZ Q, — w as shown in ﬁg then from top to botton the
vertical propagator: k’ w’, and the right half P kK - P1 — K - k Q — @ — @, the right
going one is k w. Left part has spin 4 §; right part has spin four —f. Phase space in momentum:
there is no constrain on the integral for ﬁl. Thus 27pp2A. k integral: (2A)2. Thus total volume is
(27pr)(2A)3, thus the ratio of phase space volume of B and A is L thus if n = pp/A > 1, thus
the ratio is % == n2, thus diagram B is down compared to A by a factor of n. Just by counting
the area of the phase space in momentum space

Conclusion: when pp/A > 1, only the RPA diagrams are surviving.

Ths D Q@Q Q@@ ______

The spin in the circles are: if the first is 43 then the circle next to it has 4(—f), and the next

circle has 4 f3, etc. 'D(E, w) = 2%, HO(E, w) is defined as the interal for the “O”. the factor
—llo(R,w)v

of 2 above is obtained by summing over 8 =1,/ (the geometric series doesnt care about spin so

14



only a factor of 2 shows up). v: constant strength of interaction; this is valid whe n |E| < A and

Next time: discuss the retarded greens function associated with that.

Feb 25
Fermi liquid

D(r—r',7 =) = (0 (rT)1ho (r7)) (o (r' T Voo (r'7"))s) — (W (r7) s (r7)))]

Fourier interaction =v 0 constant in p’ space.
D(E, W)= —""—
1 —TI(k,w)v

(_1)D(kvw)|iw—>w+i0+ = Dret(k7 w)
Why care about D(E, w)? One reason: Linear response.
Apply external potential U (r, t) coupling to density of femrions, K — K+ [ dira(r)U(r,
U (k,w) and measure resulting change in expectation vaule of density operator §(f)(k, w) =
Assume T = 0, in general
(Oliaglm) (mli}0) (Ol n) (nlfig|0)

o) = D) =X | S TR =07 = (— (ks — ko) —i07)

t) —fourier:
D, (k,w)u

(k,w).

Tell us: response blows up whenever w equals one of the excitation energies k,, — ko. (unless matrix

element in numerator vanishes for some reason.)
infinite volume limit , D, (k,w) = develops in general branch cut. see explicitly in example

below: analytic continuation: HOJ,(E, w) = HO(E,w)hgﬂwHoJr,
200y, (K, w)

D, (k,w) = =
1 -1y, (k,w)v

(Ol ) (nlat|0) (OlaL ) (nlfg|0)
w— (kp — ko —i07)  w — (—(kn — ko) — i0T)

Non-interacting system v = 0:

Dﬁo)(law) = 2H0,T(E7w) = Z
n

K)o = ké°)ln>o,

Interactiong: D(k,w) = poles from numerator plus poles from vanishing of denominator (these

Lo

function of w.
last pole will stay isolated: zero sound collective mode.

An explicit calculation:
Evaluation of IIy(q, ) for |§] < pr any @, at T = 0.
70
2 )
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are due to interactions)
extra ploes: from vanishing of denominator
or(k,w) = %Doﬂ,(k,w). Solve this equation first graphically, plot at fixed value of k as a

P
— 2m  2m>



%D(O) (fw)=0(®

L

TN

|

~
+
o [y
5]
it
f@]]

<y
S]]
bl
Ql

.0

“t:
8] |~Ql

Figure 9: The one loop diagram that contributes to Hp7r(lz,w).

dP (- (=1)
(—i)?(two yukawa vertices)(—1)(fermi loop) / / 2m)d Q) — gP 772 i(Q+w) —&p1g)e
N P CDCD ) -/ “r
_ §P a2 (= (=0 —i€p g0) (2m)

I_(_Z) L2mi [[1—=6(Es_ m)] (€prg2) O p)l — OEp )
- (s ga t @+ &p g (FD)Ep g T+ ip, g

I=(-1) (€ﬁ+§/2)_ (513_5/2) _ ( +q/2) (513—5/2)

(s go + @+ ik g 0~ Epign—Epigp)
Thus

o dep @(£ﬁ+§/2) - @(51376/2)
o(q,w) = =
(2m)® i — (£ﬁ+1f/2 - f}3+q‘/2)
o o\ 2 5
Now we have condition |q] < pr, 5oz — &5 = 3 ((Pi q/2)% — P2) =+51 - @ , the second
term is much smaller than the first. Thus

1
O(p1472)~OE5_z2) = &5 (Eprgn=Ep)® (€5)+5 (€51 42=6p) 0" (€p)+ |- [E5H(Ep_gn—Ep)0' (E5)+

16
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= (fﬁ+§/2 - 513—(7/2)@/(513) +oe= 7.5(513)
Collect .
HO q7 f (27r)d 71 6(}51;) +o
d function: 0(§)— [UF(P pr)+O(P—Pr)’] = ;-6((p—pr)+ ) = =6(p—pr) = 126(p—pr)

Now specialize to d = 3: (d = 2 analogous)

. 2 chos@%é(p—pp)
Ho(q,w):/%/dcosedgb b

S R RN 0 U B Btk
= 5 dr———"pr— = -5 2 In .
(2m)?2 ), Tiw—EEqr  4An? vy VEq 1 @

= %i—%i = v3p(€ = 0) is the fermi states density at 3D.
March 1
- 20, (K,
Dy(F.w) = 2o (k)

1T, (E, w)v

is the retarded version of fermion density: D(x, ") = (¢, (2)s (2)Y,. (2" ) (2')), = (F, 7).

We calculated IIj.

fixed k: DT(E, w) is of the cot(x) function type, but the rightmost pole is different. the poles.
At IT = 1/v has some extra holes. The continuum poles become branch cut.

- 1— 0
o (¢, @) = v3p(§ = 0) {;&ln [_qu] — 1}

VFq

the prefactor is the fermi states density at 3D.
at T = 0 GA"T(w) =3 [ (0lA|n)(n|AT0) _(0]AIn)(AT|0)

= hn—ko—i0T) — w—(k 7,60)71.04 . Lenman representation.

Now, to analytically continue it:

w~+ 0T
Ho7r(cj,w):u3D(§:O)<I>( + 0 >

Urq

®(z) = 2In2H — 1. analytic properties of this function: branch cut at Rez € [—1,1]. around
+1: 2 = (z — 1) =re"?, 2 =1+re", iIm®(z +i0T) = iIm®(1 + re'™) = ilm (5°In [25F]) =
Lof (—im) = £(—inm), only when |z < 1. Thus iS®(z +i0T) = £(—ir),

bl el

O(z +i07) = ( o1

—1) —zga:@(l —|z]).
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T w
—1—-—506(1 - = —
F Tso( s, s

. s
Iy, (§,w) = vsp(§ = 0) % In

Now go back to vanishing the denominator, % =1y, (k,w),

D(s)

1 1

VaG=0) v |
L ;

So

The plot of ®(s)-s: continuum branch cut on the left of s = 1 and a single pole on the right(
the zero sound mode). this is the zero sound mode of the interacting fermions system: w = sovpk,
energy propto wavevector, and sgvg is like the sound velocity.

w—k= |E| plot: zero sound mode at w = sovrk, so > 1. at w < vpk, particle-hole continuum,
can excite arbitrarily close to fermi surface excitations. They are called p-h continuum because any
of these excitations create pair of them. The zero sound mode will not decay, it will live on forever.
what is zero sound mode physically? It appears already at 7" = 0, thus it has nothing to do with
actually sound. It is a pure quantum phenomenon. second, to visualize it:

If we take a fermi sea p, —p,, collective mode involving all fermions moving in the same directions.
A non-interacting fermion system doesn’t have this collective mode, so it is due to interactions.

= 2V3D(0)(I)(S)
D, (k,w) = =3 C)2)
) = T 0)(s)0
Expand the denominator about s = sp: [1 — v3pv®(s)] = [1 — v3pv®(sp)] + (—1)vspv((s —

50)®’ (s0) + %@”(80) + --+). we see there is pole pf D, in s — s¢!
use fact ®(s) = ®(—s) is symmetric ®'(s) = —d’(—s), therefore

. 2v3pP(|s0l) 2v3pP(—|s0)) -
D,.(k,w) = + + other isolated poles
) = T vapu(s — [so) @ (0] T (“Dapu(s & 5@ (50D P
2 ([so]) 1 1 49 (o)) 50

1
~ (—1)wd/(|s s—Iso]  s—+lsol| — (=1)wd(|so|) 52 — 52 + other.
(=1)v®'(|so]) |s0] |50l (=1)v®'(|sol) 0

Recall HW #3, represent interactions in terms of additional/auxiliary field, x(x), x = (r,7),
(x(@)x(z"))s = glx—a") = g(r—7',7—7"), fourier transform it to get g(7,w) = go(p,w) [the original

potential ,which is a constant.] —go (5, ©)D(§,w)go(P,w), D = 1D is the density density correlation
1

function. g(p,w) = (90)*%41’ in the RPA proximation, become

1 _
(90)~ 1= — 11"

18



Here in D, (k,w) = %-, o, = v3p®(s), gr(p,w) = Azt T other, = A(y;q) —s2

A%, w = Fvrsoq(pole). No different except for ¢? numerator, from the (1)) correlators
in Phy 217A for magnetism: £ = 3[(8;¢)* — (V¢)?] + ¢* +

We are done with Fermi liquid. Next topic: deal with term solution IIT (W term) that appear
in the shell, that leads to SC: How to handle the W term .

March 3
Term below SU(2) invariant interactions generalization to include pauli spin. (o = +1 =1, =

—1=1),& =3, — —p

S = /dr{ /Ep,a( 4 gp] Yp.o(T) + [SU(2) invariant interactionS]+}
p
11 , /
w2 2
p2

p1

It

Z Ve(ph, P2 E)'(&Jf ;G )(dT s Aya)
¢ Tee TN pi—kap P Patk,an P22

[<A

!

a O.H.

11 ’ ’ R R g “ ~ ~ .
5% Z Z ‘/S(plvp% k) : (at _E’al(7)061131a171,31)(a;2+];7a2(?)azﬁzaﬁz,ﬁz) : +W —function

+§W / Z / Z [WO (plapQ; k) (ap&al (So'y)alﬁla—p3+k,ﬁl )7(77[}_171,042 (_iay)amﬁrzwpl +1€7ﬁ2)7'

p1 P2 i

+Wh (p17p3; k)(apg,al (5 : iay)alﬂli—ps-‘rk,ﬁl)T : (w—Phsz(_iO’y : 5)a262¢p1+k7ﬁz)r] .
0 —i [eatond -
note ¥ = < i 0 ), [, = fféiz dr, iagﬂ = €qp, OloY = | doYo¥ |. Z = fD[1/},7,/}]efS.
opdond
implest case V, = V; = W7 = 0, only consider Opl,pg,ﬁ = —4% = constant, an >0, thus
Simplest Vo=V, =W; =0, onl ider Wo(p1, 73, k 5 tant, and A > 0, th
Wy is attrative.

Decouple: 4-fermi interaction Wy with auxiliary (hubbard stratonovich) field A, A*.
For each value of k.

H exp A/(Z/wpg, TE p3+ki> (Z/wpl+k,iwp1ﬁ>

k

T 1 T

Let us define

(Z ,7/)p3,¢1/’p3+k,¢> = @Z(T), <Z ,¢P1+k,iw—p1ﬁ> = @k('r),

b3 p1

use L(AT = A7) (A — AD) = LAAT — (A*® + A*) + AD"D

e~ X (AT=APT)(A-AD) NPT _ /dA dAe— FATA+H(AD” +A*<I>)
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the previous is equial to

I [tconsts) [ Pl Airlexnl-p3 [ 8500 + 5 [ w3 + 45020

k

To summarize: V., =V, = W, =0, W, is constant:

~ [P0 Tpa(le™ = [ Dlbyalr). Ty o) [ Dl A1)
/Z% ) |5+ 8] a0+ 5 o T ALIAw0) - o1 L) + AL )]
k

define

SO/Z%Q[wMM>

we have

(35 DIAIMA() 1 LGS DAL (A (DB (1)] g
ZZ/D[Ak(T)aAZ(T)] 3 BA Zo-—/D[ww]ef PRI BRI~ S0,

. 3 [ (o DAL (M Ak(T) S Gor DAk (T) @5 (1) + A (1) P (7))
— [ Dl ape Zofe R )%
Note the Z, above is just some constant, Zy = e %0 = ... and will be overlooked.

/D [Ag(r), AL (r)]e” WIBAM] = Z (... )3, -

Now use cumulant expansions:

L;[(Abﬁm@zww AL <I>k<r>]

(e )3,
A(r) _ cy e AR _
/TZ — Z) VOl - Jza (I)k(T) - Zaa VOl - Ja? (bk(T) - le'

Now X is real random variable, (e/X) = exp{J(X)C‘g—!Z(X2>C +---}=exp{ Z L T (X™)e} (x) =
(@)e, (2?) = <_5F<2: + (()e)? (%) = (@%)e + 3(a?)e(z)e + ((2)c)?

when J, X are vectorial numbers,
(7 X) = eXP{Z LT X))} (T X))o = Jidij{@ims)e, ete. (@) = (@i)e, (mizy) = (wiz)e +
(i)e(@j)e, <$z%wk> (TizjTn)e + (Ti)e(TjTr)e + -+ + (@i)e(Tj)e(Th)e

. . 1
(V" ZHIZ7Y — exp{(J*Z + JZ*) . + 5<(J*Z +JZ)) -}
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March 8
A (T = - % ’
Define Za = fT Zk? Jo = 5(51 )7 Zy = (I)k(T)v (Z 7/}p3¢w—p3+k,],> = q)k(T)v (Z ¢p1+k,iw—p17T> =
D3 . P1

O (1), !

3 |(BED e (1) + 2k ¢w AL(T)
(e F [ §0 = exp / Z { vol Yo+ VO1<(I)k(T)>O:|

(B)o = (Y1) = 0 because of U(1) invariance of So: 1 — e’®, 1) — e~ 1.
Next term: J2((Z*)?) + J*2(Z?) also vanishes. so only J.J*(Z*Z)o nonvanish.

/Z/Z vol V01 ()@*k’(f’)>o+0[(A*A)2]}

An(r) = 3 Y e ALQ), Bu(r) = 1 e a,, (),
Q Q

Thus
1 1 1 1 .~ B\ Ak
= exp {ﬂ g Vol ; B % ol kz AR(Q)Ap () {(Pr ()27 (2 ))o + }
Since 1
D4(Q) = 3 SN Uk (- D)1 (@)
Q p
thus
(@r(Q)P Z Z Z >kt (T A D)y 1 (@1) 8y 1 @3) g (T + Q)
w1 Pp1 w3  P3
= -1
<wP1>G'(Ql)1/}p3,o" (92» = Ogor 5171172559 [T Ql £p1
Thus

<¢fp1+k,¢(—wl+§)¢p1,T(wl)%g,T(WSW—pwk'(—wrﬂrﬁ/»o = Op1ps B0z1w5 (Vpy 4 (@1)Vp, 4 (@1))o (W(=01+ Q)Y 4, | (—T00

-1 -1
= 0k 1050 = 00l B0}, 1 6xe X (K, Q
k. 00y’ ZZ T 6 i+ 10—, = 00l B30}, g 65y X (K, §2)

w  P1
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Z = [ DIAR(Q), AL(Q)]e"WIAAT] when

QM—‘

> i 2 |5 - 0] AT @A + AL @A)
Q

k

For which A the W is minimized? First look at the static limit. Soppose A, (k) is time
independent

Ar(Q deezﬂTAk( ), if Ag(7) = A} is time-independent, becomes Ay (9 deeZQT Aj =
B(SQOA;c Thus static case:

WAL E = 0,850 = 0) = 3 30 L 571 - x( = 0) (385087) (Bmp) +
a k

-5 (11 Z) 5 - X agag + ofatay)
k

General:

WAL, Af] = ( 12){ (T Te ) +7(T)E.E+O(k:4)}A,§A,C

(Now we are all working at finite temperature 7'.)

—B/dd r)(VA*) - (VA) + r(T)A*A + B(T)(A* AP + -]
Br(T) = [§ = x(k = 0,2 =0)].
=~ 1 1 T | ~1
X(k’,Q):B;ﬁ o iwl—gler% _iwl'i_iﬁ_ngpl

let vol = oo, contour integration can also treat with finite temperature. Through calculation we
get

- [ ) ey
XK, = =
@m)d i€,

thus

X(k =00 =0) = / (ddp 1= 2np(&)

2m)d 2¢,
note §p =D /2m — B = p2/2m —p%/Qm ~vp(p—pr) + O(p *pF)Q, insert 1 — fdg&(g —¢),
= [ 266 - &), Ip—prl < A,

b=0.0-0)~ [ a9 L) / e [ - nF<§>]

—vpA f —vpA g
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nF(é-): 1+ex7$_£/T thuS —ng

vpA

(5)25—725

_vpA g
T &kpT

split fOkBT = Jo +f’°BT choose zp > 1 fixed, so that tanh(xz/2) =

>l
I
=
—~
ol
Il
=
2l
Il
(=]
~—
Il

v(0)In (

0 at T' =T, r(T.) changes sign, % =v(0)In [

kgT

1
kT, = vpAe vOX

then have to show this is consistent with RG: A’ < A, we have

March 10
SCatT =0.

S[A, A* 4,1 = BZQ ZAk

1
kT, = UFA/G v(0)N

”UFA UFA
kT’

UFA
kpTe |’

w P P’
M§p7§/p/ is the Fourier transform of M,
Upa(T) = Xpa(T)y Up () = Xp (1), Yp (1) = =X, 1 (7),
Yy, T( w) = Xp, T(w)v Ep,T(w) = XP,T(w)a ¢p,¢(w) = _Yfp,l,(_w)7
_ 1 L iprany _1 !
Y(r,7) 3 zp: oo Yp(@), x(r,7) 3 Zp: -
) = 2 3 e TG @), X r) = £ Y
752l R P
wa@ o= [ [- lwl’?p]/?joiw;?pp ':W ]
S R [—iw — &) 80w Op
_ [0 = %2 — 4] Al
(1/% (T)a 7/}7" (T)) A: (7’) I:at n - + /,L:|
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Tle—3 —5 2 v LA @A®)
:/’D[AvA*]/IDW)ﬂMe_S :/'D[A,A*]e - M
/ Dl Bl T ¥ Tar T o XX _ ot det il = const e 7

special case: uniform case. A(r,7) = %Z%Ek ei(E‘F‘WT)Ak(T) = Ag

= const. , Ag =
Ag—o(0=0)

Bvol B

Ap(@)vol = (222550 go5 o
A [_iw‘i'gp} —Ao

ey =5 IG5

ZLLJ*

= const.exp { 30 3" [(-@% — &3 — |A0P)]}
~ const. exp {6vol (; Z) (Vlol Z) nf(—@? — € |A0|2)]}

In the limit vol — 0o, 3 — oo, we have integral [~ 4= [ -4

dot (V) = Hngzdt[ el } [IT1#=" & - 18l

(27r)d

z~ o { vl |10 - (1) (55 ) w22 - & - 2o}

saddle point extreme: 3|Ag|?— (% Z) (&) In[(—w* =3 —|Ao[?)] = W(|Ag|*)=static potential.
Find 8|A E W(|Aol?) =0,

- (5) (W) matme

solution Ag(T =0) = 2Ae” T
Now we will derive effective action W for the Goldstone mode.

e—W(A,A*) — e—S% fr f_,_ A*(r‘r)A(rT)det(M)
We will call the determinant det)M as the one calculated in the fourier space.

detM = DetM = ¢~ SrlAAT],

e [—iw + &) —Ay
wa,w’p/ = ﬁ(sw’w/dp,p/ |: —AS [_lw _ Ep]
v
Mr'r r'r = (5(1)(7' - T/)(S(d) (7“ — ’I“/) |i87 2m ,LL:| AT(Z—)
| M) (oS
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Let us first swtich off the temperal dependece, only add spatial dependence of the form A,.(7) =
Doe? QT A(r,7) = Age™7) | to diagonalize M, we use U

0 -5 —n]  ApedT

U+ 2mA L ) U
Afe @7 [c% + o+ u]
U = diag(e'@7, e7i@7) set Ag = |Ag| > 0,
—iQ-7 v? iQ-7 1 —i@Q-o iQ-7 —iQ-i iQ-F 1 L= =
e Or — — —p| e’ = 8T——( Ve )(e Ve )—,u = |0, 7(—V+ZQ)(—V+ZQ>—
2m 2m 2m
. 2
S RE 5 T S B A = S e T =] Ao
Fourier tramsform
o 2 2
- ) £ o) o
N1 = (M1)ap,wp = Bdaw Opp 5
1 (M1)zp,p p,p A —Z(@—z%)—fm—&—(u—%)

—Sp[A = Age* T A* = Age 29"] = Indet(M;) =

<ot [ [ (3-L2) - (£ - L) 1]

let W' =w— zQp, it is below the real axis of @, and |@p/m| < |Ag| = 2Ae” EON D] < A, the
integral is not changed. Thus the only change is p — p/ = p — Q
—-Sp=[A= NG T AF = Aoe_%@] = Taylor in QQ/Zm7 we get
0Sr Q?

_SF[A07 AO] + 6\70187#( )% + O(Q2/2m)2

differentiate with respect to the chemical potential we get the number density of fermions.
The calculation tell us we can calculate the fermion determinant even if its not a delta in space.

o 2
~Sr{A = 80 DT) = Sp[Ag] + rolp s

temporal dependence: assume A, (7) = Age? . (|Ag| = Ag), choose U = diag[e™?, e~1%7]
Thus

[37 v’ni _ /4 Age2i - [37 v:L _ M'} Ao
v Agez—mf 0.+ Z + 4] V= ZO 0.+ % +u

p— ' = p—iQ. Thus
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—Sp=[A= A062i577 A* = Aoe*QiﬁT] = —Sr[Ag, Aog] + BVOl?)Z(_i)9+ higer term

= —Sp[A = A* = A] + BvolpiQ + ...

This is just a way to calculate some initially complicated looking determinent of fermions.
conclusion: if we can write A,.(7) = Age?*("7) where all the time and spatial dependence of

A,(7) is in the phase, if § — (V0), © — (8,0), then for general variation:

SplA = Age?0T) A* = Age 20T = Sp[A] + / / [ip0-0(r, T) + %(W)Q]

Note: compare with S[6,6°] = [, [, {#"(0:6) — 5= (V") - (V6) + § (16 = o) },

we see that the fermion SC low energy theory is the same as the low energy theory of bosons.

Slo = /e = [, [, {ip(0:0) + (V) + $(p — po)* + 52(V)*}

Conclusion: SC is really boson fluid, the goldstone mode in SC isn’t really there, because you
couple to electromagnetism, which is a gauge theory (minimal coupling), and the Higgs mechanism
gets rid of the goldstone mode, because the fermions are charged, and there is a charge associated
with the phase and couple to electromegnaticsn. On the otheh hand helium-3 doesn’t have charge,

thus have goldstone mode.
Everything we talked about W can also acquire angular dependence, and we just have to consider

each wave mode (s,p,d) wave....
The end of the class for the 2016W.
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