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1 CZX

Each site: four spins, suppose in state |abcd〉s, where a, b, c, d are either spin |0〉 or spin |1〉, and we introduce the notation
ā to denote the negative of a, and the subscript s to remind ourselves that the spins are in a single site.

Now define a unitary transformation for any on-site state |abcd〉s: define UX = σx1σ
x
2σ

x
3σ

x
4 which flips all the four spins

of the site, i.e.
UX |abcd〉s = |āb̄c̄d̄〉s.
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Then we efine UCZ = z12z23z34z41 where each z = |00〉〈00|+ |01〉〈01|+ |10〉〈01| − |11〉〈11|. We have

UCZ |abcd〉s = z12z23z34(−1)ad|abcd〉s = ... = (−1)ab+cd+bc+ad|abcd〉s = (−1)(a+c)(b+d)|abcd〉s,

note since the effect of each zij is to attach a Z2 phase, all the four zij commute and UCZ does not necessarily have to be
written in the order of z12z23z34z41. Therefore we see that

UCZX |abcd〉s = UXUCZ |abcd〉s = (−1)(a+c)(b+d)|āb̄c̄d̄〉s.

We see that U2
X = U2

CZ = U2
CZ = 1, UX and UZ commute. We also see that in order for a state |Ψ〉 =

∑
a,b,c,d cabcd|abcd〉s

to have this symmetry, |abcd〉S and |āb̄c̄d̄〉s must appear at the same time, with their coefficient opposite if precisely a, c
opposite spin and at the same time b, d opposite spin, and their coefficient the same otherwise.

Each plaquette: the vh corner contains the v̄h̄ of the spin in that site, where v = up or down, h = left or right,
and again we define v̄ or h̄ to be the negativ of v or h. The Hamiltonian for this plaquette p does not only act on this
plaquette, but also on the four neighboring plaquettes:

Hp = −X4P
u
2 P

d
2 P

l
2P

r
2 , (1)

where X4 = |0000〉pp〈1111| + |1111〉pp〈0000| acts on the four spins of the plaquette p. (We assume the spins are in the
order of ur, ul, dl, dr.) The projections P2 = |00〉〈00| + |11〉〈11| act on the two spins of the neighboring half plaquette.
Therefore, each Hamiltonian term Hp acts essentially on four sites (i.e. 16 spins) surrounding the plaquette p. Note again
that, as the case for zzzz about, here the four projections PPPP can also be reordered since they commute with each
other. We know write the most general form of the state in on such a four site:

|ψ〉 = |a1b1c1d1〉s1 ⊗ |a2b2c2d2〉s2 ⊗ |a3b3c3d3〉s3 ⊗ |a4b4c4d4〉s4 ,

where by our convention, 1, 2, 3, 4 denote the four sites around the plaquette p in the order of ur, ul, dl, dr, and a, b, c, d
denote the four spins in a site in the order of ur, ul, dl, dr. Then, the Hamiltonian action is

Hp|ψ〉 = −X4P
u
2 P

d
2 P

l
2P

r
2 |a1b1c1d1〉 ⊗ |a2b2c2d2〉 ⊗ |a3b3c3d3〉 ⊗ |a4b4c4d4〉

= −X4P
u
2 P

d
2 P

l
2δd1a4 |a1b1c1d1〉 ⊗ |a2b2c2d2〉 ⊗ |a3b3c3d3〉 ⊗ |a4b4c4d4〉

= · · ·
= −X4δd3c4δc2b3δb1a2δd1a4 |a1b1c1d1〉 ⊗ |a2b2c2d2〉 ⊗ |a3b3c3d3〉 ⊗ |a4b4c4d4〉
= −δc1=d2=a3=b4δd3c4δc2b3δb1a2

δd1a4
|a1b1c̄1d1〉 ⊗ |a2b2c2d̄2〉 ⊗ |ā3b3c3d3〉 ⊗ |a4b̄4c4d4〉,

(2)

we see that in order to make the four-site state |ψ〉 to be the ground state of the Hamiltonian term Hp, we must have
c1 = d2 = a3 = b4 = 0 and 1 showing up on the same (positive) weight and the two spins in each of the four neighboring
half plaquettes have the same spins. Now define the total Hamiltonian to be

H =
∑
p

Hp (3)

to be the sum of all plaquette Hamiltonian terms. first thing to note is that different Hamiltonian terms commute with
each other: this is easy to see since the only overlapping part of the two such terms is X4 on one plaquette p and the P2

acting on one bond of p coming from a neighboring plaquette p′; and they commute since any of them acting first on a
state selects the bond to have the same spin, and on such a Hilbert subspace they commute. Therefore the ground state
of each Hp must also be the ground state of H, i.e.

|GS〉 = ⊗p∈P (|0000〉p + |1111〉p),

where P are the set of the plaquettes of the model. Note we are overlooking subtleties about boundaries. Also note that
the projection P2’ are ineffective when getting the ground state: what this means is that H =

∑
pHp and H =

∑
p H̃p,

where H̃p = −X4, will give the same ground state.
Now we have to prove that this (many-body) ground state respects the onsite symmetries UX and UCZ , respectively.

Note here by symmetry we mean the symmetry action simultaneously on all the sites, or rigorously
∏
UX , or

∏
UCZ . But

instead we will just use the notation UX and UCZ . It is easy to see that the ground state respects UX , since UX =
∏
σ1 is

simply the flip operator for all the spins. For any tensor basis |abc....〉 it simply gives |āb̄c̄...〉, and therefore for any states
it just flips all the spins, therefore

UX : |GS〉 = ⊗p∈P (|0000〉p + |1111〉p)→ ⊗p∈P (|1111〉p + |0000〉p) = |GS〉.
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Then for UCZ : for any |abc...〉, UCZ =
∏
s U

s
CZ , and each UsCZ gives a factor of (−1)l1+l2+l3+l4 , where as shown before

li are the product of the value of the state on the bond i of the site s. Look at bond i which consists of spin ab in the
site s: a belongs to plaquette p and b belongs to plaquette p′; and we find a′ in p and b′ in p′, where the bond aa′ and
bb′ are parallel. Then, it is easy to see that the ground state satisfies the condition that b = b′ and a = a′, which is just a
natural property of the ground state, therefore when UCZ acting on ab we get a phase (−1)ab, and when UCZ acting on
a′b′ we get another phase (−1)a

′b′ = (−1)ab, which gives unity.
Looking at a star s. Therefore four plaquettes involved, and the relevant part of the wavefunction is

⊗p∈s(|0000〉p + |1111〉p),

where p ∈ s means the four nearest plaquettes with s a corner. Or written more explicitly,

(|0000〉ur + |1111〉ur)⊗ (|0000〉ul + |1111〉ul)⊗ (|0000〉dl + |1111〉dl)⊗ (|0000〉dr + |1111〉dr),

where ur, ul, dl, dr are the locations of the respective plaquette relative to the site s, and the underlined spin belongs to
site s.

At this point we still have not seen the importance of the projections PPPP : we have just seen that they are
ineffective in selection the ground state and that the ground state has the symmetry UX and UCZ . In proving that UCZ is
a symmetry we used the ground state property that a = a′ and b = b′; in fact, any state satisfying this property will have
UCZ symmetry, and this property is exactly gauranteed by the PPPP part. Therefore, the importance of the PPPP
part is to let the Hamiltonian H to have the symmetrey UX and UCZ , not only the ground state; note that H =

∑
p H̃p

will not have this symmetry.
Now we prove H =

∑
pHp is UX symmetric and UCZ symmetric. Therefore we prove the [H,

∏
UX ] = 0 and

[H,
∏
UCZ ] = 0, i.e we prove the [Hp,

∏
UX ] = [Hp,

∏
UCZ ] = 0 for any plaquette p. As analyzed before, Hp acts on the

16 spins on the four sites at the corner of the plaquette p. The most general state is the superposition of

|ψ〉 = |a1b1c1d1〉s1 ⊗ |a2b2c2d2〉s2 ⊗ |a3b3c3d3〉s3 ⊗ |a4b4c4d4〉s4 ,

and we just need to prove Hp

∏
UCZ |ψ〉 =

∏
UCZHp|ψ〉 and Hp

∏
UX |ψ〉 =

∏
UXHp|ψ〉. Note we have, using (2),∏

UCZHp|ψ〉 = −(−1)φδc1=d2=a3=b4δd3c4δc2b3δb1a2δd1a4 |a1b1c̄1d1〉 ⊗ |a2b2c2d̄2〉 ⊗ |ā3b3c3d3〉 ⊗ |a4b̄4c4d4〉,

where φ = (a1 + c̄1)(b1 + d1) + (a2 + c2)(b2 + d̄2) + (ā3 + c3)(b3 + d3) + (a4 + c4)(b̄4 + d4), and

Hp

∏
UCZ |ψ〉 = −(−1)φ̃δc1=d2=a3=b4δd3c4δc2b3δb1a2δd1a4 |a1b1c̄1d1〉 ⊗ |a2b2c2d̄2〉 ⊗ |ā3b3c3d3〉 ⊗ |a4b̄4c4d4〉,

where φ = (a1 + c1)(b1 + d1) + (a2 + c2)(b2 + d2) + (a3 + c3)(b3 + d3) + (a4 + c4)(b4 + d4), we have φ− φ̃ = c1(b1 + d1 +
a2 + c2 + b3 + d3 + a4 + c4) in the Z2 sense, using the fact c1 = d2 = a3 = b4, and using d3 = c4, b1 = a2, c2 = b3, d1 = a4

this difference vanishes in the Z2 sense. We see that Hp commutes with UCZ . Then for UX :∏
UXHp|ψ〉 = −δc1=d2=a3=b4δd3c4δc2b3δb1a2

δd1a4
|ā1b̄1c1d̄1〉 ⊗ |ā2b̄2c̄2d2〉 ⊗ |a3b̄3c̄3d̄3〉 ⊗ |ā4b4c̄4d̄4〉,

Hp

∏
UX |ψ〉 = −δc̄1=d̄2=ā3=b̄4δd̄3c̄4δc̄2b̄3δb̄1ā2

δd̄1ā4
|ā1b̄1c1d̄1〉 ⊗ |ā2b̄2c̄2d2〉 ⊗ |a3b̄3c̄3d̄3〉 ⊗ |ā4b4c̄4d̄4〉,

which is obviously the same. Therefore Hp commutes with UX .
To summarize, we define symmetry X and CZ has siultaneously acting UX or UCZ on all sites. Then we can prove

that each plaquette Hp has this symmetry. Since the total Hamiltonian consists of mutually commuting terms, H also
has this symmetry.

The density matrix of the ground state can be written as the tensor product of the density matrix of each plaquette
ρ4 = (|0000〉 + |1111〉)(〈0000|+〉1111|). It is easy to trace out half of the degrees of freedom from ρ4 to obtain the
reduced density matrix on a bond, ρ2 = Tr2ρ4 = |00〉〈00| + |11〉〈11|, and the reduced density matrix on one site,
ρ1 = Tr1ρ2 = |0〉〈0|+ |1〉〈1|. Note this says that the two spins on a half plaquette spans a two-dimensional subspace, and
these two spins can be in either |00〉 or |11〉 rather than just one state. One can then define an effective spin that live
on the middle of the bond, |0̃〉 = |00〉 and |1̃〉 = |11〉. On these effective spins, the symmetry operation, UCZX , acting

on a string of half-plaquettes, can now be writte as ŨCZX =
∏N
i=1 X̃i

∏N
i=1 C̃Zi,i+1 where N + 1 ≡ 1 (periodic boundary

condition), where X̃ flips the effective spin and C̃Z acts on neighboring effective spins (on the two spins on the original
site),
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2 Statistical 1D and 2D Ising model

Befor talking about 2D, we look at the case of statistical 1D Ising model: The model is just

H = −J
∑
i

σzi σ
z
i+1 −H

∑
i

σzi ,

with partition function

Z =
∑

{σzi }=±1

e−βH =
∑

{σzi }=±1

eK
∑
i σ

z
i σ
z
i+1+hσzi ,

where we have defined K = βJ and h = βH. The basic conclusion of this model is that it is magnetized only at T = 0 and
is disordered at any finite temperature. This is easily understood using the energy-entropy argument, see the begining of
the Section for Wegner’s Ising gauge theory; one can also use transfer matrix to solve this case. This is nicely taught in
Altland and Simons, Section 8.1 and we recap here. We write

Z =
∑

{σzi }=±1

eK
∑
i σ

z
i σ
z
i+1+h

2 (σzi+σzi+1) =

∏
i

∑
σzi=±1

 e
∑
i L(σzi ,σ

z
i+1),

since the value of σzi will determine both L(σzi−1, σ
z
i ) and L(σzi , σ

z
i+1), we see that this is essentially a matrix multiplication:

for L(σzi , σ
z
i+1), the two values of σzi labels the row of L and the two values of σzi+1 labels the column of L, which gives a

2× 2 matrix L; and eL(σzi ,σ
z
i+1) is just element-wise exponentiate L, which gives

T =

(
eK+h e−K

e−K eK−h

)
,

therefore
Z = Tr

∏
i

Ti = TrTN ,

where we have assumed periodic boundary condition for the chain. Now, since we have the form of T , we can calculate ev-
erything: Z, F = −β−1 lnZ, or magnetization M = ∂hZ. The spontaneous magnetization can be obtained by calculating
M then sending h to zero, which always give

Mspontaneous = lim
h→0

M = lim
h→0

∂hZ = lim
h→0

h√
sinh2 h+ e−4K

= 0,

confirming our previous claim that there is no spontaneous magnetization in te statistical 1D Ising model. This is in
constrast to the statistical 2D Ising model, which does have a finite temperature phase transition as presented below. Note

we can also derive the 0+1D quantum mechanical model in the so called τ -continuum limit, where T = e−δτĤ = 1− δτĤ.
The quantum mechanical model simple reads (up to constant)

Ĥ = −2Kσx + hσz,

this can be easily tested, or see Fradkin and Susskind’s paper https://journals.aps.org/prd/pdf/10.1103/PhysRevD.
17.2637.

Before going to the 2D case, let us summarize the lessons here:

• For classical statistical systems with discrete symmetries, the discrete symmetry cannot be spontaneously broken in
(spatial dimension) d ≤ 1 (Stanley’s result);

• For classical statistical systems with continuous symmetries, the continuous symmetry cannot be spontaneously
broken in (spatial dimension) d ≤ 2 (Mermin-Wagner theorem).

The (classical) statistical 2D Ising model: again the derivation below can be found in https://journals.aps.org/

prd/pdf/10.1103/PhysRevD.17.2637. partition function is

Z =
∑

{σzn}=±1

e−S ,

where
S = −

∑
n

βτσ
z
n+τσ

z
n + βσzn+xσ

z
n,

5
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note here the model is allowed to be anisotropic. Here we have defined the two direction as τ and x for later use (transfer
matrix). We have also put the temperature β into S, where we defined the exchange constant J = 1 for the x direction
and Jτ for the τ direction as in βτ = βJτ . n runs over all sites of the 2D lattice. The model can be written as, up to
constant,

S =
1

2
βτ
∑
n

(σzn+τ − σzn)2 − β
∑
n

σzn+xσ
z
n, (4)

note that to use transfer matrix, we must have a matrix, i.e. we should have two set of variables labeling the row and
column of the transfer matrix. We should always keep in mind that the essense is

〈x′|T̂ |x〉 = T (x′, x),

where x and x′ denote the two sets of variables. Here there are two procedures: first, T (x′, x) is the target form one
(needs some cleverness) tries to arrive when given a classical partition function Z:

Z =

∫ ∏
i

[dxiT (xi+1,i)],

and if such T (x′, x) is found, one (again needs some cleverness) tries to find a quantum operator T̂ such that the matrix
element 〈x′|T̂ |x〉 is precisely Tx′,x. If both steps are achieved, one is then allowed to write

Z = TrT̂N

assuming periodic boundary condition in the classical system. Now we try to achieve these two steps for the action (4).
(notice this is first done, as referenced by Kogut, by Fradkin and Susskind in https://journals.aps.org/prd/pdf/10.

1103/PhysRevD.17.2637; there the level of detailedness is more or less the same as Kogut. Notice this paper talks both
2D Ising and 4D gauge systems) First, we can use sz for odd rows and σz for even rows, i.e. we write

S =
∑
nr

∑
m∈nr

1

2
βτ (szm − σzm)2 − 1

2
βσzm+1σ

z
m + szm+1s

z
m,

where nr labels the rows, and for each row nr, m sums over the sites in this row. Note when nr is odd (even) szm is above
(below) σzm. Now we can define

S =
∑
nr

Lnr (s, σ),

where

Lnr (s, σ) =
∑
m∈nr

1

2
βτ (szm − σzm)2 − 1

2
βσzm+1σ

z
m + szm+1s

z
m,

and the partition function now becomes

Z =

∏
nr/2

∑
{szm}∈nr/2

∑
{σzm}∈nr/2

 e−
1
~
∑
nr
Lnr (s,σ),

or this can be written as

Z =
∏
nr

 ∑
{szm}∈nr/2

∑
{σzm}∈nr/2

e−
1
~Lnr (s,σ)

 , (5)

where nr/2 means we count rows by increment of 2, and for each two rows we look at all possibilities of the variables
{szm} and {σzm} in these two rows. I admit the above formula is not written in very good notation because the set of
values, say, {σzm} will determine both Lnr (s, σ) and the next row; but I assume this is understood. The nr/2 should be
understood as counting two rows every time. Suppose there are M sites in a row. Note that the two sums gives all the
possible configurations for s and m in a two-row, and for each such configuration, e−

1
~Lnr (s,σ) will spit out a number.

Note that if for the (i, i+ 1) rows we have (sz, σz), then for the (i+ 1, i) rows we have (σz, sz), therefore the part in the
large parenthesis in (5) is precisely matrix product, i.e. we write

Z =
∏
nr

Tnr = TrTN , (6)

where N is the number of rows and we have assumed periodic boundary condition for the τ direction,

Tnr =
∑

{szm}∈nr/2

∑
{σzm}∈nr/2

e−
1
~Lnr (s,σ).
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Now, to work out the form of the 2M × 2M matrix Tnr , we only need to work out the 2M × 2M matrix of Lnr , and

element-wise exponentiate Lnr : x → e−
1
~x. The matrix Lnr actually has a simple structure: assume its row is labeled

by σzm and column by szm, then suppose we are looking at the entry ({σzm}, {szm}), where the {σzm}, and {szm} pick a
particular configuration, we will see that the first term of Lnr only depends on the difference of (say) the number of
spin-ups between σ and s. Suppose this difference is nsσ, then the first term contributes 1

2βτ (2nsσ)2 = 2βτn
2
sσ. Note this

alreay completes the solution of T̂ . Let us write in a more explicit way:

〈{σzm}T̂ |{szm}〉
∣∣∣
nsσ=0

= eβ
∑
m σzm+1σ

z
m ,

〈{σzm}T̂ |{szm}〉
∣∣∣
nsσ=n

= e−2nβτ e
1
2β
∑
m[σzm+1σ

z
m+szm+1s

z
m], n ≥ 1,

(7)

And this is already enough to give the desired transfer matrix form of the classical statistical partition function, (6).
Now, suppose we want to go one step further: we want to write the classical partition function Z = TrT̂N as some

quantum Hamiltonian Z = Tre−τĤ . Tis way, we must have

T̂ = e−δτĤ = 12M×2M − δτĤ,

where we defined δτ = τ/N . Since δτ is small we have expanded the exponential to be an identity matrix and a small part.
Note again the above equation should be understood as a matrix equation. Now we simply need to compare T̂ = 1− δτĤ
with the form of matrix elements of T̂ in Eq. (7): we see that to identify T̂ with 1− δτĤ we must have: from the diagonal
element, we must have β ∼ −δτ ; then, from the n = 1 off-diagonal element we read that e−2βr = δτ . [Note actually I
have some doubt how to justify this argument; Kogut does not explain superclearly. I will just follow his reasoning here.]
Note due to n appear on e−2nβr , for n ≥ 2 actually the term is so small so that we can actually ignore them. This way,
Ĥ is only nonzero for n = 0 (i.e. diagonal) and n = 1. It is not hard then to show that Ĥ is of the form

Ĥ = −
∑
m

σ̂xm + λσ̂zm+1σ̂
z
m,

which is simply the 1 + 1 quantum (transverse field) Ising model. Note, we have introduced the parameter λ. It is
introduced in this way: note we just mentioned (with doubt) that δτ ∼ β ∼ e−2βr , this actually says that, in order to
get a quantum Hamlitonian (i.e. a smooth τ -continuum theory, in the language of Kogut), we must have β and e−2βr be
proportional to each other, i.e. β = λe−2βr for some λ. Kogut emphasize that this has the interpretation that this means
that, in order to get the same quantum Hamiltonian (meaning λ is kept fixed) from the classical model, the temporal
coupling must grows large when we let the spatial coupling becomes weak, and it seems to be a general feature. But note
that by varying λ we are indeed able to cover all the (βτ , β) choices for the 2D statistical Ising model. This is an example
that a d-dimensional statistical model is equivalent to a (d− 1) + 1 quantum mechanical model: note in statistical model
one never talks about temperal dimension so d is pure spatial dimention. We see in our Ising model example that we have
to separate one dimension in the statistical model and regard that direction as the temperal direction of the quantum
mechanical model.

The Kramers-Wannier duality: we use the 1D quantum model: define µxn = σzn+1σ
z
n, µzn =

∏
m≤n σ

x
m.Notice that σ’s

on different sites commute, due to the tensor structure, and only σx and σz on the same site anticommute. It easy to
check that we have µxnµ

z
n = −µzn ⊗ µxn, and µ on different sites commute (easy to show that µxn, µ

x
m commute, and µzn, µ

z
m

commute. Note we can think of n in µxn as (n, n + 1); m in µzm as [1, ....,m]; the only nontrivial case therefore is when
n+ 1 = m: but this case the two σz’s anticommute with the two σx’s and we have (−1)2 = 1). This way the Hamiltonian
is just

H = −
∑
n

µznµ
z
n+1 − λµxn,

i.e. we have
H(σ, λ) = λH(µ, λ−1), (8)

which states that the statistical 2D Ising model is self-dual, i.e. the high temperature and the low temperature phase
of the (very same) statistical 2D Ising model is dual to each other. We also have E(λ) = λE(λ−1). Therefore, if the
critical point is unique, we must have λ = 1. Note λ = 1 is deduced from the assumption that the critical point is unique
(therefore λ = λ−1), not from the fact that at the critical point E(λ) = E(λ−1): this is because at critical point E = 0
therefore even if E = λE λ is not determined.

Note here by duality we mean that for the 1D quantum (transverse field) Ising model H, H(λ) is dual to H(λ−1).
Now the question is: when translating the language back to the statistical 2D Ising model what does the duality mean?
To answer this, we first look at the self-duality of the isotropic statistical 2D Ising model:

Z(K) =
∑

{σi}=±1

eK
∑
〈ij〉 σiσj ,
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where i runs over all the 2D lattice sites, K = βJ . Note K > 0, so that Hamiltonian is actually H = −J
∑
σσ with

J > 0, and the ground state is ferromagnetic. At high temperature, K is small, we use eKσ = coshK + σ sinhK =
coshK(1 + σ tanhK) to do the expansion:

Z(K) = cosh2MN K
∑

{σi}=±1

∏
〈ij〉

(1 + σiσj tanhK),

where M is the number of columns and N the number of rows. Using the fact
∑
σ=±1 σ = 0 and

∑
σ=±1 1 = 2 we see

that only the terms in the sum with σi’s appearing all even number of times will contribute, and these are precisely the
ones where 〈ij〉 extends to a closed loop. Depending on the number of the bonds in a loop, call it n (notice n must be
even), we will get a term fn(MN) tanhnK, where fn(MN) is a degree-n polynomial of MN . Note we also have a factor
of 2MN recording the number of configurations for the spins. Now we write down the first few terms of f : we have f0 = 1,
f2 = 0, f4 = MN , f6 = 2MN , f8 = 1

2MN(MN − 5), etc., i.e. we have

Z(K) = 2MN cosh2MN K

(
1 +MN tanh4K + 2MN tanh6K +

1

2
MN(MN − 5) tanh8K + · · ·

)
.

then, consider the low-temperature expansion: since at zero temperature all spins are alighed, the low temperature
expansion can be done with respect to the number of flipped spins. Note that if one spin is flipped, four bonds are broken
which gives energy difference of 8K, and there are MN ways of choosing that spin; if two spins are flipped, then six spins
are flipped if they are neighbors; and eight bonds are broken otherwise, Creating energy difference of 12K and 16K, and
whose way of choosing configurations are ∼ N and ∼ N2, respectively. Therefore the low energy expansion gives

Z(K) = e2MNK

(
1 +MNe−8K + 2MNe−12K +

1

2
MN(MN − 5)e16K + · · ·

)
,

the above two equations cam be mapped term-by-term. This is actually reasonable: for any flipped spin, or more rigorously
the connected region of flipped spins, one can surround it by a square. Therefore the way of choising flipped spins are
exactly mapped to the way of chosing squares. We see that, for any given K and the model Z(K) in the high temprature
phase, we can fabriate another model K∗ and Z(K∗) which stays in the low temperature phase, where

tanhK = e−2K∗ ,

define exp(K) = x and exp(K∗) = y, this equation is x−1/x
x+1/x = 1/y2, or (x2 − 1)y2 = (x2 + 1), or x2y2 − x2 − y2 − 1 = 0,

or x2y2 − 1 = x2 + y2, square both sides we get x4y4 + 1− 2x2y2 = x4 + y4 + 2x2y2, or x2y2 − x2

y2 − y2

x2 + 1 = 4, or

sinh 2K sinh 2K∗ = 1, (9)

and we have Z(K∗)
(e2K∗ )MN

= Z(K)
2MN (cosh2 K)MN

which can be simplified to

Z(K∗)

sinhMN/2(2K∗)
=

Z(K)

sinhMN/2(2K)
.

now the duality is manifest: a temperature phase at K corresponds to a low temperature phase at K∗ provided
sinh 2K sinh 2K∗ = 1. Note the word duality simply means a mapping between two points in the phase space (here
the phase space is one dimensional K = J/T ) such that they have the same partiion function form (or, better, the
same form of Hamiltonian). Now, again, if we assume the model has a unique critical point (as is true for the 2D Ising
model) it must be at a temperature such that K = K∗, therefore the critcal temperature is given by sinh2(2Kc) = 1, or
x2 − 1/x2 = 2, or x2 = 1±

√
2 (of course we must pick plus sign since Kc > 0, therefore

Kc = J/kBTc =
1

2
ln(
√

2 + 1). (10)

As mentioned by Kogut, this result was found by Kramers and Wannier long before the Ising model was solved by Onsager.
We have just found the critical point of the isotropic statistical 2D Ising model. We have derived before that the

anisotropic statistical 2D Ising model can be mapped to 1D quantum transverse field Ising model. So how about the
critical points (or we should say line) of the anistropic statistical 2D Ising model? Kogut mentioned that we can use the
same method (low and high temperature expansion) to obtain, after a little effort,

sinh 2βτ sinh 2β = 1. (11)
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One should not confuse this equation with Eq. (9) although they have the same form: Eq. (9) is the relation for K and
K∗ between the dual models; while Eq. (11) is the condition for the model to be self-dual, i.e. at critical point. Eq. (10)
is really a special point of Eq. (11) in the case of βr = β.

Now we organize some things more straightly. We review what we have done: we have mapped the anisotropic
statistical 2D Ising model into a quantum transverse field 1D Ising model, using the transfer matrix technique. There
we introduced a parameter λ such that β = λe−2βτ . In the quantum transverse field 1D Ising model, we should that
the model at λ is dual to the model at λ−1 and hence the self-dual critical point is at λ = 1, this means that for the
anisotropic statistical 2D Ising model the self-dual critical point (line) happens at β = e−2βτ , setting λ = 1. On the other
hand, using low- nd high-temperature expansion we were able to find the duality between the isotropic statistical 2D Ising
model at K and that at K∗, and we solved the critical point which is Kc = K∗c = 1

2 ln(
√

2 + 1); and we mentioned that
the same method can be shown to give critical point for the anisotropic statistical 2D Ising model: sinh 2βτ sinh 2β = 1.
What is missing here is the relationship between the result β = e−2βτ and sinh 2βτ sinh 2β = 1.

It is easy to see that the former equation is simply a limiting case of the latter equation, when βτ →∞; in this ase, we
must have β very small, and therefore sinh 2β ∼ β, and we have sinh 2βτ ∼ e2βτ . This is saying that the condition for the
critical point obtained from the quantum case, β = e−2βτ , is valid only in the βτ →∞ limit. This is exactly true: we have
mentioned when using the transfer matrix technique that we were aiming for a smooth τ -continuum theory. A smooth
τ -continuum is a synonym for a quantum mechanical model, since in a quantum mechanical model temporal direction
is always continuous (except for quantum gate, etc.). To emphasize once more: the transfer matrix method writes a
(classical) statistical partition function Z as Z = TrTN , where this N does not have to be large; but to regard Z = TrTN

as a quantum mechanical problem, we must send N →, therefore δτ = τ/N is small, due to the fact that path integral in
quantum mechanics must be continuous in the τ direction. More concretely, the starting point of writing transfer matrix
towards a smooth τ -continuum theory (i.e. quantum path integral) is the moment we define β ∼ δτ ∼ e−2βτ , and this
is assumping β → 0 and βτ →∞. As mentioned by Kogut, this is a general feature when constructing the τ -continuum
theory, mapping a classical partition function to a quantum path integral: the couplings must be adjusted so that the
temporal coupling grows large while the spatial coupling becomes weak.

As we now have learned, the τ -continuum formulation of the anisotropic statistical 2D Ising model is just the path
integral for the quantum transverse 1D Ising chain, and the quantum transverse 1D Ising chain is exactly soluble, using
Jordan-Wigner transformation. The Hamiltonian eventually becomes a fermionic BdG model, and the dispersion can be
solved to be 2

√
1 + 2λ cos k + λ2. Note the lowest energy excitation happens at k = ±: when λ 6= 1 (i.e. not critical), the

excitation is gapped; when λ = 1, the spectrum is gapless and disersion is linear around k = π, i.e. Lorentz symmetry is
restored. The zero field is self-charge conjugate, hence a Majorana field.

3 Wegner Ising lattice gauge theory

2D Ising model: block of perimeter L corresponds to partition function ZL = µLe−2βL where µL counts the number of
blocks with perimeter L, where µ can be estimated using random walks, and 2L is the excitation energy. We see that as L
grows, region of spin flip is not energetically favored, therefore magnetization is not destroyed at low temperature; at high
temperature though, the entropy term µL grows much faster than e−2βL and spin flip regions are favored; hence phase
transition and magnetization vanishes. By the same spirit, if we look at 1D Ising model, the energy for spin flip interval
with size L is constant e−2β but entropy scales with µL, therefore magnetization is destroyed at any finite temperature.

Wegner’s motivation: have a model which does not magnetize but have nontrivial phase diagram. This is the Ising
lattice gauge theory. Note as Leon writes in his PHY217 lecture notes, Kitaev’s toric code is “largely a reinterpretation of
the Ising lattice gauge theory introduced much earlier by Wegner”. Let us use Toric code’s language to start with since
it’s simple.

First the crucial starting point is that spins now live on the bonds of a d-dimensional cubic lattice, i.e. now we put a
spin state on the middle of each bond. This spin state of course has most general form of a| ↑〉+b| ↓〉. Define Pp =

∏
i∈p σ

z
i

to be product of σz of a plaquette p, and Ss =
∏
i∈s σ

x
i to be product of σx of a star s. Wegner’s Ising lattice gauge

model then has the form
S = −J

∑
p

Pp.

Note that for any s, p, we have [Ss, Pp] = 0, this is because SsPpS
−1
s will flip either 0 or 2 bonds (i.e. flip the spin state) in

a plaquette p, and the product is not changed. To be more precise: for any state |ψ〉 we have to prove SsPp|ψ〉 = PpSs|ψ〉:
since Pp only acts on p therefore for i /∈ p the action is simply just Ss; now we just need to look at the four spins states
on the plaquette; note such a state is just a linear superposition of |abcd〉 where a, b, c, d ∈ {↑, ↓}, therefore we just have
to prove that SsPp|abcd〉 = PpSs|abcd〉. since Ss flips 0 or 2 spins of {a, b, c, d} and Pp|abcd〉 = abcd|abcd〉, we see that
[Pp, Ss] clearly holds.

We stress here that Wegner’s Ising lattice gauge theory is classical gauge theory, in the sense that only the plaquette
term Pp is involved therefore there is no nontrivial commutation relation.
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Elitzur’s theorem: now we compute such a quantity

〈σzi 〉 ≡
∑

spin config σ
z
i e
β
∏
p Pp+h

∑
j σ

z
j∑

spin config e
β
∏
p Pp+h

∑
j σ

z
j

,

the important thing to notice is that the 〈σzi 〉 on the left is just telling to calculate the expectation value of σz on bond
i, and has different meaning from the σzi on the right; the σzi on the right is actually a dummy variable: it changes as
different spin configurations are picked from the sum.

define σ̃zj = −σzj for j ∈ s where s is a star containing i., and σ̃zj = σzj otherwise. We have

〈σzi 〉 =

∑
spin config−σ̃zi e

β
∏
p P̃p+h

∑
j /∈s σ̃

z
j−h

∑
j∈s σ̃

z
j∑

spin config e
β
∏
p Pp+h

∑
j σ

z
j

,

note the crucial point is that, 1) the left side contains not a variable; if we write the left side as −〈σ̃zi 〉, we will not be able
to get the desired result; 2) we do not change the denominator since it is just a sum; otherwise we will not get desired
result either. Following the above, change the notation back σ̃zj → σzj , we have

〈σzi 〉 = −
∑

spin config σ
z
i e
β
∏
p Pp+h

∑
j /∈s σ

z
j−h

∑
j∈s σ

z
j∑

spin config e
β
∏
p Pp+h

∑
j σ

z
j

since −σzj = σzj − 2σzj , we have

〈σzi 〉 = 〈−σzi e−2h
∑
j∈s σ

z
j 〉,

we see that as h→ 0, 〈σzi 〉 = 〈−σzi 〉 and therefore 〈σzi 〉 = 0.
The mathematical reason for this to vanish is all hidden above. The physical interpretation is that even in the presence

of h, the configuration with σzi positive and the other with σzi negative only differ by a finite energy barrier (the two
configurations are related by the operator Ss), thus this is essentially a quantum mechanics problem with only a few local
degrees of freedom. We have seen that symmetry is never broken in a finite quantum system. For similar argument,
see Nagaosa below Eq. (3.4.9). To summarize: the local expectation value vanishes in a gauge system because only
local gauge transformation is needed to change this local expectataion value, unlike in a non-gauge system with global
symmetry, in which the change of all degrees of freedom is needed to change the local expectation value.

The significance of Elitzur’s theorem is that gauge systems cannot have local order parameters. In other words, if a
gauge system exhibits different phases, the phase transition cannot be discribed by broken symmetries.

Below we will study 2D Ising gauge theory and 3D Ising gauge theory. We will see that the 2D Ising gauge theory
is equivalent to a (classical) statistical 1D Ising model, and that the 3D Ising gauge theory is equivalent to a quantum
(transverse field) 3D Ising model. The 2D claim is easy: as the case of statistical 2D Ising model, we again define two
directions as the temporal τ and spatial x directions. We can then use the gauge freeom to fix σzn,τ = 1, where now we
are labeling the Ising variable on a bond (n, n+ τ) as σzn,τ . This way, the action becomes

S = −J
∑

σzn,xσ
z
n+τ,x,

we see that the remaining two coupled Ising variables are neighbors in the temperal direction of the bonds; different spatial
positions are therefore decoupled, meaning that Wegner’s (classical) 2D Ising gauge theory is equivalent to (decoupled
and classical) statistical 1D Ising model. We have proved before that a statistical 1D Ising model is always in disordered
phase for any finite temperature T > 0, so is the 2D (classical) Ising gauge theory, i.e. it only has one phase.

Now we study the Wegner’s (classical) 3D Ising gauge theory. Again we use the temporal gauge, i.e. we set σzn,τ = 1;
but note we are not exhausing gauge freedom: if we apply the same in-layer gauge transformation for all the spatial layers,
i.e. if we are performing a τ -independent gauge transformations, clearly σzn,τ = 1 is still maintained. Now, we classify
all the plaquette terms in S into two types: the vertical/temporal one (i.e. the ones containing a τ direction) and the
horizontal/spatial one (i.e. the one that lies in the spatial layer), and give them different coupling constant:

S = −βτ
∑
pτ

Ppτ − β
∑
px

Ppx ,

where Ppτ , due to the temporal gauge, can be written as Ppτ = σzn,xσ
z
n+τ,x = − 1

2 (σzn,x − σzn+τ,x)2 + 1, therefore, up to
some constant,

S =
1

2
βτ
∑
pτ

(σzn,x − σzn+τ,x)2 − β
∑
px

Ppx ,
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by completely analogous method of using transfer matrix method to rewrite the (classical) anisotropic statistical 2D Ising
model to the quantum Hamiltonian (i.e. the τ -continuum theory), here again we have

Ĥ = −
∑
n,i

σxn,i − λ
∑
px

Ppx , (12)

where in taking the τ -continuum limit we have assumed

β ∼ δτ ∼ e−2βτ → 0.

Now we have a 2+1D quantum Ising model Ĥ. Now we see the remaining gauge freedom is precisely exercised by the
star operator Ss acting on the site of the 2D lattice: we have probed that [Ss, Pp] = 0, or S−1

s PpSs = Pp, or

S−1
s ĤSs = Ĥ.

This means that if |ψ〉 is an eigenstate of Ĥ, then Ss|ψ〉 is also an eigenstate. We further conclude that Ss|ψ〉 is just |ψ〉
(which contains serious assumption/argument which must be justified!), as Kogut does. This means that 〈ψ|σzn,i|ψ〉 =

〈ψ|S−1
n σzn,iSn|ψ〉 = 〈ψ|(−σzn,i)|ψ〉 = 0. This can be regarded as the quantum version of the Elitzur;s theorem.

Now we proceed further to show that the Wegner’s 3D Ising gauge theory is equivalent to the statistical 3D Ising
gauge theory. We first show the former is equivalent to the quantum transverse field 2D Ising model. By analogy of the
equivalence between quantum transverse field 1D Ising chain and the statistical 2D Ising model, one should believe that
a quantum transverse field 2D Ising model is equivalent to a statistical 3D Ising model (again, in the highly anisotropic,
τ -continuum limit).

We start by using the remaining gauge fixing freedom to eliminate σzn,y. For detailed justification that this is possible
and that this exhausts all the remaining gauge freedom, see Kogut’s argument therein; however I an not very familiar
with his language: he was doing the elimination on the operator label; but the only thing I can understand is doing gauge
fixing in the original classical Ising gauge model. Therefore I will hand-wave my argument, which I believe is essentially
equivalent to Kogut’s language: we have mentioned before that in writing down the quantum model (12) not all gauge
freedoms are fixed. Therefore we can first fix all the gauge freedom and then write down the quantum model: we can
gauge fix σzn,τ = σzn,y = 1 and leave σzn,x undetermined, and this has exhaused all the gauge freedom. Therefore, when
using transfer matrix to write the quantum model, what we will get is simply

Ĥ = −
∑
n,x

σxn,x − λ
∑
Px

σzn,xσ
z
n+y,x. (13)

Now we proceed to define a dual lattice: sites n∗ of the dual lattice is associated with (i.e. at the center of) the plaquette
P . We then define

µ1
n∗ = Pp = σzn,xσ

z
n+y,x, µzn∗ =

∏
n′≥0

σxn−n′y,x,

where we have chosen n to be, e.g. the lower-left corner of the plaquette p. It is easy to see that µxn∗µ
z
n∗ = −µzn∗µxn∗ , and

that µxn∗µ
z
m∗ = µzm∗µ

x
n∗ (both in the tensor product sense) when m not n. On the other hand, we have µzn∗µ

z
n∗−y = σxn,x,

we see that the Hamiltonian (13) can be written as

H = −
∑
n∗,i

µzn∗µ
z
n∗+i − λ

∑
n∗

µxn∗ .

This again in turn is the quantum Hamiltonian formulation of the statistical 3D Ising model with 1/λ (remember that
from d-dimensional statistical to (d−1)+1-dimensional quantum, λ always appear in the σzσz term and not the transverse
field term), therefore we have

HWegner’s classical 3D Ising gauge(λ) = λHStatistical classical 3D Ising(λ−1), (14)

therefore we have a mapping between the high- (low-) temperature properties of the gauge system and the low- (high-)
temperature properties of the statistical 3D Ising model; and the latter is of course well studied.

This map gives more intuitive characterization of the gauge theory: in the low temperature phase of the statistical 3D
Ising model, 〈0|µzm∗ |0〉 is an order parameter and is nozero. This term is mapped to 〈0|

∏
n≥0 σ

x
m,n−y,x|0〉 of the 3D Ising

gauge theory, which is nonzero at high temperature not zero at low temperature. Therefore we call the latter a nonlocal
disorder parameter. It can be thought of as a kink operator, and the intuitive picture for the two phases of the gauge
theory is as follows: at low temperature phase, the gauge theory is free of kinks, while for T above a critical Tc, there is a
kink condensate. The kink language talks about the string operator, Alternatively, we can use a gauge-invariant language
in which the fundamental objects are the plaquette term Pp = ±1 (note it is a classical object so we can talk about its
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value): if Pp = −1 we call it frustrated. We see tat if the operator
∏
n≥0 σ

x
m,n−y,x is appled to the T = 0 state of the

gauge theory, which is free of frustrated plaquettes, then a frustration is made at m∗. Therefore, the phase transition
from the low temperature to the high temperature phase can be viewed as a frustration condensation. Note that kink
and frustration are just two languages of the same object; this object is fundamentally nonlocal (which is better seen in
the kink langauge), and therefore can develop vacuum expectation value, without violating Elitzur’s theorem.

So far we have established the equivalence between the gauge 2D Ising and the statistical 1D Ising, and between the
gauge 3D Ising and the statistical 3D Ising. Note these two equivalences are totally different in flavor, since in the first
equivalence temperature map is T to T , and in the secnd equivalence the temperature map is T to T−1. One must bear
this mind.

A part left unstudied is the scaling of (gauge invariant) correlation functions in the gauge theories. We will talk about
it when I have time, and for now we refer to Kogut, IV D. We only state the most important conclusion: for gauge theory
with two phases,

• At high temperature, we have the area law: 〈∏
i∈C

σzl

〉
∼ e−A;

• At low temperature, we have the perimeter law: 〈∏
i∈C

σzl

〉
∼ e−P .

It is the behavior of this correlation function that determines a gauge theory has two phases. The two scaling behaviors
can be obtained using high- and low-temperature expansions, taking into account the complication due to gauge freedoms.
Note the argument for the low temperature phase does not work for 2D because the expansion has vanishing radius of
convergence, consistent with the fact that the 2D gauge theory only has a high temperature phase. The area law is
hand-in-hand with the kink condensation: the rough argument is that, when calculating 〈

∏
C σ

z〉, there can be Nc kinks
inside the contour C, and Nc ∼ A the area enclosed by C. This picture applies to Ising gauge theories in any dimension.
The unique property of the 2D is that kinks cost finite energy to be produced, and therefore it is very easy to produce
kinks and obtain area law, as soon as temperature is inifinitesimally above zero.

The 4D Ising gauge theory is self-dual, with self-dual point λ = 1, with two phases; the phase transition at λ = 1 is
first-order. For details, see the paper by Fradkin and Susskind which we alrady mentioned before: https://journals.

aps.org/prd/pdf/10.1103/PhysRevD.17.2637.

4 Z2 and U(1) spin/gauge models: summary and generalization

As can be sensed, Kogut’s review actually discussed several types of duality. Now we give a summary and comment on
the different types of dualities. This is following the nice Review of Robert Savit, https://journals.aps.org/rmp/pdf/
10.1103/RevModPhys.52.453.

First of all, let us review the statistical Ising model. Quote Savit: these models can be regarded either as classical
statistical mechanical systems in d space dimensions, or as Euclidean cutoff quantum field theories in d spacetime
dimensions. In the former case, the argument of the partition function should be thought of as the exponential of the
Hamiltonian of the classical statistical system, while in the latter case the partition function’s argument is the exponential
of the Lagrangian of the quantum field theory.

Let first adopt the first point of view. Then we can try to map the classical Hamiltonian into another classical
Hamiltonian, by defining new variables on the dual lattices: this is the Kramers-Wannier duality. Savit has made a nice
summary of the duality of the Ising and Ising gauge theories. Remember so far we have spins defined on either sites
(Ising theories) or links (Ising gauge theories), which are spins defined on 0D and 1 objects. We can then generalize the
idea to define spins on r-dimensional objects, where r = 0 and 1 for the case just mentioned, i.e. we write Ising spin as
σ(x1,x2,...,xr) = ±1. Note in Ising spin (defined on 0D sites), each term is defined on 1D link, and in Ising gauge spin (define
on 1D link), each term is defined on 2D plaquette. Therefore we define terms for the general r-dimensional spin on a

s = r+ 1 dimensional object which we call plaquette, or a better name s-simplex ∆s, i.e. each term is Σ∆s
≡
∏2s
i=1 σ∂i∆s

,
where note ∂i∆s are i-th r = s − 1-dimensional faces of the s-simplex, and for hypercubic lattices there are 2s of them.
The classical or statistical action then is Z = e−βH , with

H = −J
∑

∆s∈Zd
Σ∆s

.
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From these construction, it is evident that whenever s ≥ 2, we have r = s − 1 ≥ 1, and therefore the object on which
Ising spin σ(x1,...,xr) sits, ∂i∆s, also has boundaries, which we call ∂j∂i∆s, where j = 1, 2, ..., r − 1. The Hamiltonian H
then has local symmetry due to the transformation of these r − 1 objects, due to the fact that each term

∑
∆s

is gauge
invariant. Now, we recap that

• Ising theory: r = 0, s = r + 1 = 1;

• Ising gauge theory: r = 1, s = r + 1 = 2.

By analogy of our previous experience in writing the statistical Ising model using the transfer matrix method, we see
that the dimension of ∆s, which is s, must be smaller than the dimension of the hypercubic lattice, which is d, by 1, i.e.
s ≤ d− 1, in order to separate out one lattice direction to make it a temporal direction. This direction then can be made
continuous if we assume the coupling along this direction, which we call Jτ , is different from those along other “spatial
directions”, which we call Jx. Define βτ = Jτ/kBT and β = Jx/kBT (which amounts to setting Jx = 1), our previous
lesson tells us that the τ -continuum limit, or a quantum formulation, is given in the highly anisotropic case

β ∼ δτ ∼ e−2βτ → 0.

On the other hand, when s = d, one cannot go to the τ -continuum limit, i.e. there is no dynamical degrees of freedom.
The example of the s = d cases we have studied are the Ising model in 1D and the Ising gauge model in 2D (Note we just
commented on the latter in the last Section without studying it in detail; but our study of the 2D Abelian lattice gauge
theory carefully derived in the section does apply to the Ising gauge theory in a complete analogous way, which leads to
the same conclusion that the Wilson loop always have area law, and that there is only one confining phase), the partition
function is just a simple product of numerical (β-dependent) factors.

We just mentioned that we have a gauge theory whenever s ≥ 2. In this case, the natural gauge invariant correlation
function has its fundamental block as ∂∆s, which is an s− 1 object; more generally any s− 1-dimensional closed surface
(or we should say hyperloop) is gauge invariant.

The classical duality transformation maps a (s, d, β) Ising model to a (s̃, d, β̃) model, with

s̃ = d− s, sinh 2β̃ sinh 2β = 1.

Note we have studied the d = 3 case, at which the (s, d) = (1, 3) Ising model is dual to the (s̃, d) = (2, 3) Ising lattice
theory; this is exactly what we exhibited in the last section with the conclusion written there in Eq. (14). Note the
relation further implies that, if the dimension d is even, then the model (s, d) with s = d/2 is self-dual. We have studied
such self-dual models in the lowest dimensions, (s, d) = (1, 2) and (s, d) = (2, 4), where the former is the 2D Ising model
studied with the conclusion Eq. (8), and the latter is the 4D Ising gauge theory which we commented at the end of the
last section.

However, one must note that the following dualities that we have mentioned do not fall into the above (i.e. Kramers-
Wannier) duality: we have mentioned briefly (since the duality is easy to estalish) that the 2D Ising lattice gauge theory is
dual to 1D Ising chain [see Kogut Eq. (5.35)]; we have also mentioned in passing that the 2D Abelian lattice gauge theory is
dual to 1D planar spin chain [see Kogut Eq. (6.46)]. Note these two dualities are not like Kramers-Wannier duality: the K-
W duality, is a statement about two theories in the same (spacetime/space) dimension d, and the ordered/disordered phase
of one theory maps to the disorder(confined)/ordered(deconfined) phase of the other theory. However, the two dualities
we mentioned here does not map inversely (i.e. does not map temperature of one theory to the inverse temperature of
the other theory), and what’s more the duality is about two theories in different dimensions (so far we have d = 2 for
one theory and d = 1 for the other). Such a duality was first noticed by Migdal and then Kadanoff. The statement is
basically that

“Most 4D gauge theories are similar to their 2D spin system counterparts in the sense that the renormalization-
group equations have the same structure in both systems, and they exhibit the same kind of instantons, etc.”

quoted from Fradkin & Susskind, PRD 17 2637. Kogut mentioned that more generally there is correspondence between a d-
dimensional gauge system and d/2-dimensional spin systens for gauge groups ZN (Z2), U(1) and SU(N); the corresponding
spin system has ZN (Z2), U(1) and SU(N)×SU(N) spin rotation symmetry. The claim of Fradkin & Susskind is the case
with d = 4. Note Kogut in his review has studied briefly this statement in d = 2: the duality between a 2D Ising lattice
gauge theory (d = 2, s = 2) and a 1D Ising chain (d = 1, s = 1), and the duality between a 2D Abelian lattice gauge
theory and a 1D planar spin chain. As mentioned above, the duality maps confinement/deconfinement to disorder/order,
which is opposite to the mapping direction in Kramers-Wannier duality.

Then, let us see what we adopt the latter interpretation of regarding the model as a Euclidean quantum field theory
in d space-time dimension. Quote Savit: If we adopt the latter interpretation, we can rework the lattice theory so that
it is expressed in terms of the Hamiltonian of the quantum field theory. (This is not the same as the Hamiltonian of the
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classical statistical system described above.) This is exactly the τ -continuum formlation of a quantum Hamiltonian, which
is a formalism developed by Kogut and Susskind; this is referred to by Savit as the lattice Hamiltonian formalism. Go on
quoting Savit: In the Hamiltonian formulation of latticized quantum field theory, one space-time direction is identified as
time, and the lattice spacing in that direction is sent to zero. Thus the d-dimensional lattice becomes a (d− 1)-dimensional
lattice plus one continuous time axis. In order to have a chance of retaining the same (large distance) physics when the
time direction lattice spacing is sent to zero, it is necessary to allow lattice coupling constants in the time direction to
vary with the lattice spacing so that the effective interaction over some fixed distance is unchanged.· · · Since time is now
continuous, it is relatively straightforward to define ommenta which are canonically conjugate to the coordinates of the
theory. The Hamiltonian can then be written, in the usual way, in terms of these coordinates and momenta. Thus, unlike
the Lagrangian or the classical statistical mechanics Hamiltonian, this fielf-theoretic Hamiltonian contains noncommuting
operators. Example would be the (quantum) transverse field Ising model obtained in Kogut’s review.

Furthermore, the quantum Hamiltonian so obtained can also have several dualties. To start with, the 1D transverse
Ising model is self-dual, reflecting the fact that the classical statistical 2D Ising is self-dual. Thinking reversely, since we
know that the classical statistical 4D Ising gauge theory is self-dual, it must also be possible to show that the quantum
lattice Hamiltonian corresponding to the 4D Ising gauge theory is also self-dual. This is briefly mentioned at the end of
the last section.

We go on following Savit to give a summary of the dualities for the U(1) theories: again dimension is d and simplex
number s, with s = 1 a spin model and s ≥ 2 a lattice gauge theory. The dual theory is a Z∞ invariant theory, also in d
dimensions, with simplex number s̃ = d− s, and analogous to the Kramers-Wannier duality, the high- (low-) temperature
region of the original theory is mapped into the low- (high-) temperature region of the dual theory. Following the derivation
of KT theory, we see that the dual theory can be easily converted into a third form, in which the physical degrees of
freedom appearing are spin waves and the topological excitations of the original U(1) invariant spins. The topological
excitations exist on closed manifolds if dimension d− s− 1.

5 Abelian lattice gauge theory

Wegner’s (classical/statistical) Ising lattice gauge theory is generalized to (classical/statistical) continuous (Abelian)
lattice gauge theories by Wilson and Polyakov. The starting point is a planar (XY) model: let spins have only XY
components and write sn = (cos θn, sin θn), then the action is

H = −J
∑
n,µ

sn · sn+µ = −J
∑
n,µ

cos(θn − θn+µ) = −J
∑
n,µ

cos ∆µθn, (15)

where we introduced the finite difference ∆µθn = θn+µ − θn. Now we specify two cases: the original XY model is defined
on the sites of a (square) lattice. In this case, the model has a global U(1) symmetry and is just called the XY model.
Although the symmetry is just a global one and there is no gauge freedom, the model itself is interesting in the sense that
it has two phases which are both disordered by the creed of Mermin-Wigner theorem; and the phase transition is induced
by vortex condensation rather than broken symmetry (no symmetry is broken as required by M-W theorem). This is the
famous KT transition and will be studied in the next section. In this section, we study the other case in which the XY
variables θ are located on the links of a lattice, and this immediately introduced local continuous symmetry. We then
denote these variables by θµ(n), with the consistency condition θµ(n) = −θ−µ(n + µ), and define curlθ(n) = θµν(n) =
∆µθν(n) −∆νθµ(n) = θν(n + µ) − θν(n) − θµ(n + µ) + θµ(n) = θµ(n) + θν(n + µ) + θ−µ(n + µ + ν) + θ−ν(n + ν), it is
easy to see that curlθ(n) is invariant under transformation θµ(n) → θµ(n) + χn+µ − χn = θµ(n) + ∆µχn, and we define
the action of the Abelian lattice gauge theory to be

S = J
∑
n,µν

(1− cos θµν(n)).

Note that everything here parallel’s the classical analysis of Maxwell’s theory of electromagnetism. Under proper condition

which we will analyze below, the cos term can be expanded and we have S = J
∑

1
2θ

2
µν → J

∫
ddx
ad

1
2θ

2
µν , and the

correspondence to the action S = 1
4

∫
d4xFµνFµν can be identified. Here we will introduce J = 1/2g2, where g is the

lattice coupling constant.
Now we look at phases of the Abelian lattice gauge theory by looking at the scaling law of gauge invariant correlation

functions. Note again Elitzur’s theorem applies so that the ground-state expectation value of say cos θµ(r) vanishes, and
we have to use the gauge invariant quantity for correlation function. We use the Wilson loop variable ei

∑
C θµ(r), and

therefore the gauge invariant correlation function is〈
ei
∑
C θµ(r)

〉
=

1

Z

∏
r,µ

∫ 2π

0

dθµ(r)ei
∑
C θµ(r)e−S .
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First we suppose J � 1, or g2 � 1, which amounts going to the high temperature regime, and then we can use the
high-temperature expansion. Again we use the fact that

∫
dθeiθ = 0, and

∫
dθ = 2π. Notice that the action term

e
1

2g2

∑
cos θµν =

∏
r,µν

e
1

2g2 cos θµν(r)
=
∏
r,µν

e
1

4g2 (eiθµν (r)+e−iθµν (r))
=
∏
r,µν

∑
n

1

n!

1

(4g2)n

(
eiθµν(r) + e−iθµν(r)

)n
,

now remeber that θµν(r) is the sum of four θ variables on the four links around a plaquette. Since 1/4g2 � 1, we may
want to just look at the n = 0 and n = 1 terms: we are forced to look at n = 1 terms because of the term ei

∑
C θµ(r) in

the correlation function: we must pair it with e−i
∑
C θµ(r) which comes from n = 1 terms of the expansion of the action.

Notice the number of n = 1 terms equals the number of plaquettes inside the contour: the cartoon picture is simply that
we are drawing little squares inside the contour, until the little squares can tile up the entire contour; each little square
is contributed by a n = 1 term in the action which is accompanied with a 1/4g2; and apparently the number of squares
is roughly the area A inside the contour, which gives (1/4g2)A. To summarize, we have〈

ei
∑
C θµ(r)

〉
'
(

1

4g2

)A
= e−A ln 4g2

.

What is important but left unproved is that the high-temperature expansion has a finite radius of convergence. Therefore
if we also include the higher n contributions, we should have〈

ei
∑
C θµ(r)

〉
'
(

1

4g2

)A
= e−Af(g−2)

where f(g−2) is a finite function for g2 � 1 with leading term ln 4g2. The detailed form of f depends on the details of
the model, but as we see, at zeroth order the argument and result is the same for both Abelian lattice gauge theory and
Ising lattice theory.

Then, suppose J � 1, or g2 � 1, i.e. the lattice coupling constant is small. We guess without proof that a naive
continuum limit could be taken and the action could be replaced by the Gaussian approximation, which in 4D is simply
the Maxwell action for electromagnetism, 1

4

∫
d4xF 2

µν . Therefore we write, at small g2,〈
ei
∑
C θµ(r)

〉
→
〈
eig

∮
C
Aµdx

〉
=

1

Z

∏
r,µ

∫
dAµ(r)e−

1
4

∫
d4xF 2

µν+ig
∮
Aµdx,

where the integral of Aµ goes from −∞ to∞. We then follow Kogut to point out two technical problems of this equation:
first is that the right hand side can be evaluated only after a particular gauge is chosen, and here we will choose Feyman’s
gauge; the second is that, when evaluating the right hand side, the gauge field propagator will appear; but note that we
cannnot directly use the continuum propagator since we are after all doing lattice gauge theory and hence a lattice cutoff
exists; what we should use is a lattice propagator. Considering that the lattice propagator and the continuum propagator
only differ much at lattice cutoff, we will simply use the continuum propagator while separating the (short distance) part
which must be substituted by a lattice propagator: i.e. we substitute 〈Aµ(x)Aν(0)〉 = δµν∆(x) by

∆(x− y) = ∆(0)δx,y + ∆̃(x− y), ∆̃(x) =

{ 1
2π2

1
|x|2 , |x| > a,

0, otherwise.
(16)

A digression: let us review some basics of path integrals: note by virtue of ax2 + bx = a(x + b/2a)2 − b2/4a, we have
− 1

2ax
2 + bx = −a2 (x− b)2 + b2/2a. We have adjusted the coefficient of the quadratic term to be 1

2a due to the following
reason: note the Gaussian integral is then ∫ ∞

−∞
dxe−

1
2ax

2+bx ∝ e b
2

2a ,

The lesson from here is that: the propagator is ∆ = a−1, and if we write the Gaussian term as half times 1
2ψ∆−1ψ, and

if ψ couples to J , then after integrating ψ we get 1
2J∆J . Therefore we see that, as long as write the Gaussian term with

the 1/2 in the coefficient, we can simply write the result after the integral, simply replacing ψ in the gaussian term by J ,
and replacing ∆−1 by ∆, and the 1/2 in the coefficient is retained. Therefore, we have∫

Dψe
∫
− 1

2ψ∆−1ψ+Jψ ∝ e
∫

1
2J∆J .

The only thing one should be careful is the final sign, because in practice we do not always have the above sign choice;
in the above, we have − 1

2ax
2 + bx, but we may also have i

2ax
2 + ibx, − 1

2ax
2 + ibx, and so on. Then one simply have to

adjust the result from b2

2a to i
2
b2

a , − b2

2a , and so on.
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Next we review some basics about photon propagators. Note the rigorous derivation takes care of the complica-
tion due to gauge choices, see e.g. Srednicki for detail; but here we just give a very naive derivation. We have
e−S , where S = 1

4

∫
d4xF 2

µν = 1
4

∫
d4x(∂νAµ − ∂µAν)2, define Aµ(x) =

∫
d4keikνxνAµ(k) we have 1

4

∫
d4xF 2

µν =
1
4

∫
d4x

∫
d4k

∫
d4k′eikx(kνAµ(k) − kµAν(k))eik

′x(k′νAµ(k′) − k′µAν(k′)) = 1
4

∫
d4k(kνAµ(k) − kµAν(k))(−kνAµ(−k) +

kµAν(−k)) = 1
4

∫
d4kAµ(k)A∗µ(k)(−2k2)+2

∫
d4kAµ(k)A∗ν(k)kµkν = 1

2

∫
d4kAµ(k)∆−1

µν (k)A∗ν(k), where ∆−1
µν (k) = δµνk

2−
kµkν , therefore ∆µν(k) = 1

k2Pµν where Pµν = δµν − kµkν
k2 , or more rigorously we should write ∆µν(k) =

gµν−kµkν/k2

k2−iε , and

therefore ∆µν(x−y) =
∫

d4k
(2π)4 e

ik(x−y) Pµν
k2−iε . We now want to evaluate ∆µν(k), but this is constrained by the gauge fixing

we use. The detail can be found in Srednicki; here we just say that due to
∫

d3k
(2π)3

eik·(x−y)

k2 = 1
4π|x−y| , we will get the usual

Coulomb interaction (if we use Coulomb gauge).
Now go back to our problem. One immediately notices that our scaling of ∆(x− y) is different from the Coulomb law:

from Eq. (16) we see that we have ∆(x− y) ∼ 1
|x−y|2 , but the Coulomb law gives ∆(x− y) ∼ 1

|x−y| , as mentioned above.

The technical reason is that for our case, we are doing the integral
∫∞

0
k3dk e

ikr

k2 ∼ 1/r2, and the Coulomb case, due to

the Coulomb gauge, we are doing the integral
∫∞

0
k2dk e

ikr

k2 ∼ 1/r. The physical reason should be answered when I come
back to look at this issue once again.

Now go back to our low temperature correlation function
〈
eig

∮
C
Aµdx

〉
: from the gaussian integral we just reviewed,

we see that here only for the sites on the contour C do we have a linear term, and therefore only these terms will affter
the result after the Gaussian integral on A. Therefore we can directly write the result〈

eig
∮
C
Aµdx

〉
= e−

1
2 g

2
∮
C

∮
C

∆(x−y)µνdxµdyν = e−
1
2 g

2
∮
C

∮
C

∆(x−y)dxµdyµ ,

where we have used the fact that there is a δ function in the propagator (which again is not proved). The final minus
sign is due to the “i” appear in the coefficient on the exponential.

We expect to get perimeter law from this equation. If ∆(x − y) is short range (e.g. if we have a Yukawa potential
with some screening distance) then the two contour integrals will only interact when the two contours are close to each
other, which can give perimeter law. However now ∆ is power law and not short range, therefore detailed calculation
is needed. Now we actually evaluate the double integrals on the exponent: we start by choosing for ourselves a contour
along which the calculation is easy: we choose a rectangular contour, and call the two directions τ and r. Notice that
since the integral element is dxµdyµ with the same µ, we see that the lines along which x and y changes must not be
perpendicular; and therefore we are only left with these cases: call the four sids of the rectangular contour I, II, III and
IV , then we must have (x, y) ∈ {I, I}, {II, II}, {III, III}, {IV, IV }, {I, III}, {II, IV }, i.e. (x, y) are on either the same
side or the opposite sites. In the first case, say we just look at (x, y) ∈ {I, I} which is a τ direction, the integral gives

II,I =

∫ T

0

∫ T

0

δ|x−y|>a∆̃(x− y)dxµdyµ = 2

∫ T

0

dy

∫ y−a

0

dx∆̃(x− y) =
2

2π2

∫ T

0

dy

∫ y−a

0

d
1

(y − x)2
=

1

π2
(T/a− ln(T/a)),

and the second case, say we just look at (x, y) ∈ {I, III} which again are both along τ direction, we have

II,III =

∫ T

0

∫ 0

T

∆̃(x− y)dxdy = − 1

2π2

∫ T

0

dx

∫ T

0

dy
1

R2 + (x− y)2
= − 1

π2

[
T

R
arctan

T

R
− 1

2
ln(1 +

T 2

R2
)

]
,

Note the first integral is very easy to evaluate; the second integral can be evaluated by Mathematica (with assumptions
that T > 0, R > 0). We specialize to the case T � R, and we finally have

∮
C

∮
C

∆(x − y)dxµdyµ ' (∆(0) + 1
πa2 )P −

(1/π)T/R− 4/π2 ln(R/a), where P = 2(T +R) is the perimeter of C, therefore we have〈
eig

∮
C
Aµdx

〉
' e−

1
2 g

2cP+ g2

2π
T
R+ 2g2

π2 ln R
a ,

we see that the long-range character of the massless propagator ∆(x) has generated additional long-range effects in
addition to the perimeter law. Our core claim, that the correlation behavor at weak and strong coupling is different, can
now be clearly seen. We admit that the weak coupling limit is rather naive, but this result strongly suggests that the
Abelian lattice gauge theory in 4D is a two-phase system.

After this, Kogut went on to show actually the gauge invariant correlation function (i.e. Wilson loop) actually
measures the force law between static charged quanta which can be placed into the system. This can be seen by noting
that

∮
C
Aµdxµ =

∫
d4xδµ(x ∈ C)Aµ, where the δ function means that it picks nonzero value whenever x ∈ C. This way,

we can regard the δ function as some kind of external current Jµ(x) = δµ(x ∈ C), Therefore〈
eie
∮
C
Aµdxµ

〉
=
〈
eie
∫
Aµ(x)Jµ(x)d4x

〉
= Z(J)/Z(0),
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where Z(J) is simply the partition function in the presence of the coupling term between the external current Jµ and the
potential Aµ(x).

Kogut then went on to use the correspondence between free energy density and ground-state energy density to argue
that we can actually read off the force law V (r) between the static charged quanta, which is given by

V (R) = − lim
T→∞

1

T
ln〈e−ie

∮
Aµdxµ〉,

and conclude that at strong coupling we have the area law V (R) ∼ R, which leads to quark confinement, and at weak
coupling we have V (R) ∼ const., which means the quarks are deconfined, and what’s more from the concrete calculation
above we have V (R) ∼ const.− e2/R, i.e. even Coulomb’s law can be recovered.

The above completes the analysis of the 4D (classical) Abelian lattice gauge theory. The 3D (classical) Abelian lattice
gauge theory is not studied in the review. Now we look at the 2D (classical) Abelian lattice gauge theory, the gauge
invariant correlation function reads

〈ei
∑
C θµ〉 =

1

Z

∫ ∏
n,µ

dθµ(n)eβ
∑
n,µν cos θµν+i

∑
C θµ .

Note we can write
∑
C θµ(n) =

∑
{P}∈C θµν(n), which is simply the Storke’s theorem, therefore the action is only a

function of θµν . Now the integral variable is still θµ(n). We try to see if we can also express θµ(n) in terms of θµν(n),
under proer choce of gauge.

This can be achieved: we choose the temporal gauge so that θτ (n) = 0, then actually we have θx(n) =
∑∞
j=0 θx(n+jτ)−

θx(n+(j+1)τ) =
∑∞
j=0 θµν(n+ jτ), therefore we have successfully written θx(n) also in terms of θµν(n), which can serve as

new integral variable. To summarize, we have

〈ei
∑
C θµ〉 =

∫ ∏
{P}∈C dθµν(n)eβ

∑
n,µν cos θµν+i

∑
{P}∈C θµν∫ ∏

{P}∈C dθµν(n)eβ
∑
n,µν cos θµν

,

the most important thing is that it says that the correlation function for each elementary plaquette is actually decoupled,
i.e. we have

〈ei
∑
C θµ〉 = 〈ei

∑
{P}∈C θµν 〉 =

∏
{P}∈C

〈eiθP 〉 =

(
I1(β)

I0(β)

)A
,

where A is the number of elementary plaquettes inside the contour C, or the area of C, and we have written θP = θµν ,
and we have

I1(β)

I0(β)
=

∫ 2π

0
dθP e

β cos θP+iθP∫ 2π

0
dθP eβ cos θP

=
2πBesselI(0, β)

2πBesselI(1, β)
,

the last equality is obtained via Mathematica. Note the denominators (numerators) across the equalities are equal. When
g2 � 1 we have β = 1/2g2 � 1 therefore I1(β)/I0(β) ' β/1 = 1/4g2, this means that the original Wilson loop

lim
g2→∞

〈ei
∑
C θµ〉 ' e− ln(4g2)A.

when g2 � 1, we have I1(β)/I0(β) ' 1− 1/2β = 1− g2, therefore

lim
g2→0

〈ei
∑
C θµ〉 ' eln(1−g2)A ' e−g

2A.

In summary the 2D model confines for all g. The strength of the interquark potential is a smooth function of g which
extends between g2R at weak coupling and ln(4g2)R at strong coupling. We also see that the 2D Abelian lattice gauge
model is exactly solvable, due to the fact that, after gauge fixing, the plaquette variables are related to the remaining
link variables (which cannot be fixed even after all gauge fixing) by linear transformation, and therefore one can choose
the plaquette variables as independent variables. Note in 3D, we actually have

∑
P∈Cube θP = 0, i.e. the sum of the six

plaquette variables on the six faces of the cube vanishes, showing that all the plaquette variables cannot be independent.
Therefore the 2D method leading to exact solution cannot be generalized to higher dimensions.

Note that in the above derivation, in choosing the temporal gauge we have the correspondence that the 2D Abelian
lattice gauge theory corresponds to 1D planar spin model.

Finally, we use transfer matrix method to study the connection between the Abelian lattice gauge theory and the
τ -continuum quantum Hamiltonian. First, separate the action for the Abelian lattice gauge theory into two terms, one
involving only plaquettes along τ direction, and the other involving plaquettes just in the spatial direction:

S = βτ
∑
n,k

(1− cos θ0k(n))− β
∑
n,jk

cos θjk(n),
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where we have labeled the (d − 1) spatial directions by j, k, and temporal direction τ with index 0. Note we have also
assigned anisotropic couplings as before, which will result in β ∼ δτ ∼ e−2βτ → 0 in the quantum (i.e. τ -continuum) limit.
We then choose the gauge θ0(n) = 0, and the τ -independent gauge transformations are still manifest local symmetries of
the system (i.e., there are still gauge freedoms unfixed, which are those which transform each spatial layer in the same
way, i.e. τ -independent). This way, θ0k(n) = θk(n+τ)−θk(n). In the τ -continuum limit, θ0k(n) becomes small and slowly
vary, therefore we have 1 − cos θ0k ' 1

2θ
2
0k ' 1

2a
2
τ (∂θk/∂τ)2, where aτ denotes the lattice spacing in the τ direction. We

then have
∑
n,k →

1
aτ

∫
dτ
∑
m,j where j is just along spatial direction, and m is some spatial site. The action becomes

S →
∫
dτ

1

2
βτaτ

∑
m,j

θ̇2
j (τ,m)− 1

aτ
β
∑
m,jk

cos θjk(τ,m)

 .

Therefore to obtain a sensible limit, βτ must scale as a−1
τ and β as aτ . The constant of proportionality will be identified

with the coupling constant g2 which is held fixed, βτ = g2/aτ → ∞, and β = aτ/g
2 → 0. Now we write the action in

terms of a Hamiltonian: to do so we must set up a Hilbert space for each fixed τ slice. We promote θk(m) to a quantum
field, and define its conjugate momentum Lj(m) with

[Lj(m), θj′(m
′)] = iδjj′δmm′ .

And the quantum Hamiltonian, after the transfer matrix derivation, gives

aH =
∑
m,j

1

2
g2L2

j (m)− 1

g2

∑
m,jk

cos θjk(m).

Define G(χ) = ei
∑
m

∑
±j Lj(m)χ(m) =

∏
m e

i
∑
±j Lj(m)χ(m) =

∏
mGm(χ), we have

G(χ)θj(m)G−1(χ) = θj(m) + χ(m+ j)− χ(m) = θj + ∆jχ,

we see that we have
G(χ)HG−1(χ) = H.

Then we define θj(m) = agAj(m) and Ej(m) = (g/a2)Lj(m), we have

[Ei(r), Aj(r
′)] = iδijδ(r − r′).

Note since Lj(m) is an angular momentum operator, i.e. it is conjugate to the angular variable θj(m), its spectrum is
discrete: Lj(m) = 0,±1,±2, ..., which implies the electric flux on a link, a2Ej(m), is quantized in units of the charge g.
The Hamiltonian becomes

H = a2
∑
m,j

1

2
E2
j (m)− 1

g2a

∑
m,jk

cos θjk(m).

For the second term we can define θjk = a2gBi where (i, j, k) = (x, y, z),(y, z, x) or (z, x, y), therefore we have, after
expanding cosine,

H = a3
∑
m,j

1

2
E2
j (m) +

1

2
B2
j (m).

6 XY model and KT transition

We follow Nagaosa’s book and Kogut’s review paper. The XY model is written in Eq.(32). Here we specify the model to
a 2D square lattice, and write it as

H = −J
∑
〈ij〉

cos(θi − θj).

It is obtained from 2D planar (i.e. XY) Heiseiberg model by using e±iθ = S±. We know look at the spin-spin correlation
function at high and low temperature T to show that it has two phases:

〈eiθie−iθj 〉 =
1

Z

∫ ∏
m

θme
i(θi−θj)e

− J
kBT

∑
kl cos(θk−θl),
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• At high temperature, T is large and we can expand according to the small parameter J/kBT . The zeroth order term

is just 1 which vanishes due to the integral
∫ 2π

0
dθme

iθm = 0 for m = i or j. The first nonzero order is contributed

by paths connecting Ri and Rj : each bond 〈kl〉 on this path corresponds to a phase ei(θk−θl), and all these phases
along the bond will cancel (the first and the last will cancel eiθi and e−iθj , respectively). Each bond will contribute

a factor of 2πJ/kBT due to
∫ 2π

i
dθ = 2π. Note there are infinite such paths, but the dominant ones (least powers

of 1/T ) are the ones are the shorted paths, and we get 〈eiθie−iθj 〉 ∼
(

J
2kBT

)|Ri−Rj |
.

• At low temperature, thermal fluctuation should be small, suggesting θi varies slowly and smoothly in the system,
therefore it should be valid to expand the cosine to ∆θi. We get 〈eiθie−iθj 〉 = |Ri −Rj |−kBT/2πJ .

Two things we leared: low temperature there is no magnetization (i.e. 〈eiθi〉 → 0), which is in accord with Mermin-
Wagner theorem; second, the low energy phase is critical (algebraic). This phase support another form of excitation,
not considered in the conventional Ginzburg-Landau theory: vortices. In the continuum limit H = J

2

∫
(∇θ)2d2R, whose

equation of motion ∇2θ = 0 supports vortex configuration θ = arctan y/x. We have ∇θ = (−y,x)
R2 , ∇2θ = 0, therefore

Evortex = J
2 ·
∫ 2π

0
dθ
∫
dRca RdR · 1

R2 = πJ lnRc/a, where a is lattice spacing and Rc system size. Free energy F = U − TS
where S = lnW , where W is number of configurations of putting one vortex in the sample which is roughly W = R2

c/a
2,

therefore F = (πJ − 2T ) lnRc/a. This is the KT picture: at low temperature, the only low energy excitations are spin
waves (not Goldstone modes! since in 2D the continuous symmetry is not broken), vortex-antivortex pair can appear but
they are in bound state; free vortex cannot appear. As temperature grows, size of the vortex-antivortex pair grows until
the size diverges at Tc.

The above picture/argument is coarse, in the sense that only one vortex is discussed. Below we will use the duality
transfomation (periodic Gaussian model) to give a full analysis. We will find: 1. vortex sector and spin wave sector
decouple (i.e. with no interaction); the vortex sector is equivalent to a 2D Coulomb gas (Sine-Gordan model).

We use the following approxiation (due to Jacques Villain) and Poisson summation formula

eλ cos θ '
∞∑

m=−∞
eλe−

λ
2 (θ−2πm)2

and
∞∑

m=−∞
h(m) =

∞∑
l=−∞

∫ ∞
−∞

dφh(φ)e2πilφ,

combine the two and do the integral for φ we get [−λ2 (2πφ− θ)2 + il(2πφ− θ) + ilθ = −λ2 (2πφ− θ − il/λ)2 − l2/2λ+ ilθ

], note that the Gaussian integral gives
√
π and that we are doing integral variable substitution φ→

√
λ2π2φ = φ′,

eλ cos θ ' 1√
2πλ

∞∑
l=−∞

eλeilθe−l
2/2λ. (17)

Note another way of showing this approximate identity, according to Kogut, is that we have the rigorous Fourier decom-
position

eλ cos θ =

∞∑
l=−∞

eilθIl(λ)

where Il(λ) is Bessel function (of some kind), and we have the limiting form lim
λ→∞

Il(λ) = 1√
2πλ

e−l
2/2λ of Gaussian form.

This formula will be used all the time. Now we start from the original definition of the partition function

Z =

∫
dθ1 · · ·

∫
dθNe

βJ
∑
〈ij〉 cos(θi−θj),

using the formula above we get

Z =

∫
dθ1 · · ·

∫
dθN

∑
{lij}

e
∑
〈ij〉 ilij(θi−θj)−l

2
ij/2βJ ,

by writing
∑
〈ij〉 lij(θi − θj) =

∑
i θi
∑
µ li,µ, the integral over θ’s can be evaluated and we get a constraint in li,µ which

is
∑
µ li,µ = 0, this is saying that divl = 0 i.e. l is divergenceless. We now have

Z =
∑
{lij}

e−l
2
ij/2βJδdivli=0,
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Analgous to the continuous case ∇·B = 0⇒ ∃A s.t. B = ∇×A and that ∇·B = ∇·(∇×A) = 0 satisfies automatically,
now we there should also exists ni living on the sites such that the condition divl = 0 is automatically satisfied. Suppose
the x bond has the condition li,x = n(i + y) − n(i). Note the lesson we now learn is that the li,y condition is entirely
constained by the li,x condition, and must be li,y = −n(i+ y) + n(i+ y − x) [e.g. it cannot be li,y = n(i) − n(i + x) or
anything other than that]. According to these definition we have li,−y = −li−y,y = −(−n(i) + n(i − x)), and li,−x =
−li−x,x = −(n(i− x+ y)− n(i− x)), it is easy to check that divl = 0 is automatically satisfied.

Now that we have find a way to get rid of the δ function using the new variable n, we write Z in terms of the new
variables:

Z =
∑
{ni}

e−
1

2βJ

∑
i,µ(n(i)−n(i−µ))2

,

now we again use Poisson summation formula and write

Z =

∫ ∞
−∞

∏
i

dφi

∞∑
{m(i)}=−∞

e−
1

2βJ

∑
i,µ(∆µφ(i))2+2πi

∑
im(i)φ(i),

Kogut then claims that, upon some analysis, we should identify φ(i) with the spin waves of the originl model and m(i)
with its vortices. We can now do Fourier transform to φ: define φi =

∑
k e

ik·riφk, we have ∆xφ(i) =
∑
k(eikx−1)eik·riφk,

and therefore
∑
i(∆xφ(i))2 =

∑
i

∑
k(eikx − 1)eik·riφk

∑
k′(e

ik′x − 1)eik
′·riφk′ =

∑
k,k′(e

ikx − 1)(eik
′
x − 1)δk,−k′φkφ−k =∑

k(eikx − 1)(e−ikx − 1)φkφ
∗
k =

∑
k(2 − 2 cos kx)φkφ

∗
k, therefore

∑
i,µ(∆µφ(i))2 =

∑
k(4 − 2 cos kx − 2 cos ky)φ∗kφk.

Therefore the exponential becomes A ≡ − 1
2βJ

∑
k φ
∗
k(4 − 2 cos kx − 2 cos ky)φk + 2πi

∑
k e

ik·ri
∑
im(i)φk, using the

ax2+bx = a(x+b/2a)2−b2/4a, we have A =
∑
k−

4−2 cos kx−2 cos ky
2βJ |(φk+

2πi
∑
i e
ik·rim(i)

− 1
βJ (4−2 cos kx−2 cos ky)

)|2− (2πi
∑
i e
ik·rim(i))2

− 2
βJ (4−2 cos kx−2 cos ky)

,

and after integrating φk, we get

Z = ZSpin Wave ·
∞∑

{m(i)}=−∞

e
−2π2βJ

∑
i

∑
i′ m(i)

∑
k

e
ik·(ri−r

i′ )
4−2 cos kx−2 cos ky

m(i′)
,

or we define the spin wave propagator G(r) =
∑
k

eik·r

4−2 cos kx−2 cos ky
=
∫

BZ
d2k

(2π)2
eik·r

4−2 cos kx−2 cos ky
, we have

Z = ZSpin Wave ·
∞∑

{m(i)}=−∞

e−2π2βJ
∑
i

∑
i′ m(i)G(i−i′)m(i′).

where ZSpin Wave is the part after integrating φk. We see that the spin wave part and the vortex part decouples. Since
spin wave does not give transition, the transtion must be induced by the vortex part.

At large enough r, we have G(r) ' − 1
2π ln r

a −
1
4 ; at r = 0, we have G(0) ' 1

2π ln R
a . The former shows that

vortices interact through a logarithmic potential; the latter is consistent with the self energy of a single vortex. Then it
is better to introduce G(r) = G′(r) + G(0) where G′(r = 0) = 0. This way, the exponential of Z gives −2π2βJ times
[
∑
im(i)]2G(0) +

∑
i

∑
i′ 6=im(i)G′(i − i′)m(i′), wheere the first term indicates that the biggest contribution to Z is the

configurations with
∑
im(i) = 0, i.e. the vortices are neutral. We can therefore write

Z = ZSpin Wave ·
∞∑

{m(i)}=−∞

′e−2π2βJ
∑
i,i′ 6=im(i)G′(i−i′)m(i′),

where the sum
∑′

means neutral configurations of vortices only. We now plug in the asymptotic form of G(r) =
− 1

2π ln r
a −

1
4 : we get

Z = ZSpin Wave ·
∞∑

{m(i)}=−∞

′e
π2βJ

2

∑
i,i′ 6=im(i)m(i′)+πβJ

∑
i,i′ 6=im(i) ln

|r−r′|
a m(i′),

we can use 0 =
∑
i,i′ m(i)m(i′) =

∑
i,i′ 6=im(i)m(i′) =

∑
im

2(i) to get

Z = ZSpin Wave ·
∞∑

{m(i)}=−∞

′e−
π2βJ

2

∑
im

2(i)+πβJ
∑
i,i′ 6=im(i) ln

|r−r′|
a m(i′),

The first term gives the chemical potential of each vortex and the second term gives the logarithmic interactions between
different vortices. This is exatly the partition function for Coulomb gas in 2D. The phases of it is known: when β is
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large (low temperature), the chemical potential suppresses the vortices therefore there is only spin waves; the logarithmic
potential says that, at low temperature, even if vortices populate, they appear in vortex-antivortex pairs (bound state).
As temperature is raised, vortices are not suppressed; they are still not free but the interactions are effectively screened.

In fact, we can follow Savit and generalize this to any lattice theory with a U(1) invariance. Savit has done this
rigorously for the d=3 planar (XY) model in a 1978 paper. But here we just sketch the general form that he give in his
review paper: on a d dimensional lattice, remember we define the simplex number s to be the dimension that each term
occupies (and therefore Ising/XY model has s = 1 which is the bond dimension and Ising gauge/abelian gauge has s = 2
which is the plaquette dimension). On each simplex of dimension s− 1, place a complex phase Qµ1...µs−1;i = eiθµ1...µs−1;i ,
these phases interaction according to the form

Iµ1..µs;i = cos

(
1

(d− s)!
εµ1...µsα1...αd−sεα1..αd−sβγ1...γs−1

∆βθγ1..γs−1;i

)
= cos(εε∆θ),

where the ε is just the fully antisymmetric tensor. Now we try to understund this term a little better: note i is a d
dimensional vector which labels the site in the d dimensional space/spacetime lattice; for each site i, in order to define
the variable θµ1...µs−1;i which lives on a s− 1 simplex (i.e. boundary of the s simplex), we just have to define the variable
direction, which is specified by s− 1 directions, µ1, ..., µs−1. Now, remember that in the XY model, for each site i, there
are actually two terms, depending on the direction of the bond x or y, where bond is simply the s = 1 simplex. This
means that, in our generalization, fixing i we can also obtain differen terms; and these terms are distinguished by there
simplex directions µ1...µs, and each term is exactly what we write down here, Iµ1...µs;i. Therefore we stress that, each
term corresponds to one simplex (i.e. for any chosen s simplex, a term should be written down). Let us understand the
part in the parenthesis better: as an example, in the usual Abelian lattice gauge theory, s = 2, and the variable lives on
bonds, i.e. θµ;i, where i is the starting point of the bond and µ is the direction of the bond. Then, ∆βθγ1...γs−1;i takes
derivative along direction β, where β is restricted to the only free direction in the s simplex after fixing γ1...γs−1, in other
hand, we have

∆βθγ1...γs−1;i = θγ1...γs−1;i+γs − θγ1...γs−1;i, β = γs.

Note the introduction of εε sums over the codimensions, which gives (d−s)! terms; these are redundant and that’s why we
need to divide by (d−s)!. But through this εε we can indeed introduce the correct sign convention when taking derivative
∆β along different coordinate β. One then follows the KT transformations to proceed.

7 Non-abelian lattice gauge theory

Again we follow Kogut. As summarized by Kogut: the lattice action has simple properties at strong coupling (area
law, linear potential) which may be properties of the strong interactions. The continuum quantum theory has simple
short-distance characteristics (as lattice constant a → 0 we have g → 0, i.e. the interacting theory is weakly coupled
at short distances). The immediate question is whether these two theories are related: the idea case is that they lie on
the two ends of one renormalization group trajectory and that the theory of non-Abelian gauge fields enjoys asymptotic
freedom on fine lattices and confinement on coarse ones.

The action for SU(2) theory is

S = − 1

2g2

∑
n,µν

trUµ(n)Uν(n+ µ)U−µ(n+ µ+ ν)U−ν(n+ ν) + h.c.

where

Uµ(n) = exp[iBµ(n)], Bµ(n) =
1

2
agτiA

i
µ(n).

We can taylor expand the action to recover Yang-Mills theory S = 1
4

∫
d4x(F iµν)2.

Choosing temporal gauge, the 2D SU(2) lattice gauge action can be mapped to an SU(2) × SU(2) Heisenberg spin
chain. Here SU(2) × SU(2) is due to the fact that any Uµ(n) lives on the link therefore it admits a SU(2) on one end
and another SU(2) on the other end. We know that SU(2) is equivalent to a four-component vector ~s = (a, b, c, d) in the
sense of SU(2) = a+ i(bσ1 + cσ2 + dσ3), therefore we have trUx(n)U−1

x (n+ τ) = 2~s(n) · ~s(n+ τ), which is disordered at
all temperature due to Mermin-Wagner.

Kogut then talked about renormalization group flow of the O(3) model: Z =
∫ ∏

n d~s(n) exp(− 1
2g

∫
∂µ~s · ∂µ~sd2r).

Then he gives the generalized version of the RG equation, which is a dgda = 1
2π (N − 2)g2 for O(N) model. In fact, Altland

& Simons has a more generalized version (Sec. 8.5): For S[g] = 1
λd

drtr[∇g∇g−1], we have d lnλ
d ln b '

(N−2)
4π λ − ε, where

ε = d− 2. We see that it is the same as above if we make the identification 2g = λ and a = b. We will always set N > 2.
We then see that, if d < 2, the β function (i.e. the RHS of the above RH equation for λ) is always positive. Note that
a = b is lattice spacing and therefore is the inverse of momentum cutoff. We see that, λ (or g) is a decreasing function

21



of the momentum cutoff, i.e. a smaller coupling must be used with a finer space-time cutoff than with a coarse one. In
other words, the long distance properties of the theory (i.e. a → 0) are described by a strongly coupled Action (since
λ = 2g → 0 but its inverse is large therefore a strongly coupled action).

8 Ruben’s paper

Relevant papers:

• Charles Stahl, Self-correction from higher-form symmetry protection on a boundary, https://arxiv.org/pdf/

2206.05294.pdf

• Oliver Buerschaper, Siddhardh Morampudi, Frank Pollmann, Double semion phase in an exactly solvable quantum
dimer model on the kagome lattice, https://journals.aps.org/prb/pdf/10.1103/PhysRevB.90.195148

• Aleksander Kubica and Beni Yoshida, Ungauging quantum error-correcting codes, https://arxiv.org/pdf/1805.
01836.pdf

• Yaodong Li, C.W. von Keyserlingk, Guangyu Zhu, Tomas Jochym-O’Connor, Phase diagram of the three-dimensional
subsystem toric code, https://arxiv.org/pdf/2305.06389.pdf

• Ruben Verresen, Nathanan Tantivasadakarn, and Ashvin Vishwanath, Efficiently preparing Schr¨odinger’s cat,
fractons and non-Abelian topological order in quantum devices, https://arxiv.org/pdf/2112.03061.pdf

• Nathanan Tantivasadakarn, Ryan Thorngren, Ashvin Vishwanath, Ruben Verresen, Long-range entanglement from
measuring symmetry-protected topological phases, https://arxiv.org/pdf/2112.01519.pdf

• Nathanan Tantivasadakarn, Ruben Verresen, Ashvin Vishwanath, The Shortest Route to Non-Abelian Topological
Order on a Quantum Processor, https://arxiv.org/pdf/2209.03964.pdf

Any lattice as a graph is made out of 1-cells and 0-cells, which in the language of chain complex is denoted as C1
∂−→ C0,

where here Ci = F2[e1
i , e

2
i , ...] = ⊗l=1,2,...F2[eli] is a vector space over F2, with basis e1

i , e
2
i ... the i-dimensional objects. C0

and C1 are directly identified Hilbert spaces of qubits placed on the middle of the bonds or on the sites.
On such a graph there exists an important state, the cluster state. This state is a quantum state living in the Hilbert

space C1 ⊗ C0. It is defined in the stalizer language: according to the graph connectivity it is natural to consider the
following two kinds of operator: the centered-star operator Z0S

X
1 and the boundary-bond operator Z1L

X
0 , where 0 (1)

denotes the fact that this operator lives on the 0-cell (1-cell), and SX1 =
∏
X1 where all the X1 lives on the bonds that

connects to Z0, and LX0 = X0X0 where the two X0’s are the boundary of Z1. Note that these two kinds of operators
commute with each other, hence these two terms define a commuting projector Hamiltonian. Here we have abused
the notation to use the operator to also label the corresponding underlying cell. The cluster state is defined as the
state stabilized by all these operators: Z0S

X
1 |ψ〉 = |ψ〉. Now for 2D case, measuring Z0 on all the 0-cells gives a toric

code: the measurement on all the 0-cells defines a homomorphism group {M0
m} labeled by measurement outcome m,

whose elements M0
m are maps M0 : C0 ⊗ C1 → C1. For each M0

m, the resuting state |ψ1〉 = M0
m(|ψ〉) is a toric code

state: the toric code state is defined as a state in C1, stabilized by stars S1 and plaquettes P1. The resulting state |ψ1〉
is stabilized by all the S1’s is evident; |ψ1〉 is also stabilizied by all P1’s due to the fac that P1|ψ1〉 = P1M

0
m|ψ0〉 =

Z0S
X
0 Z0S

X
0 Z0S

X
0 Z0S

X
0 M

0
m|ψ0〉 = M0

mZ0S
X
0 Z0S

X
0 Z0S

X
0 Z0S

X
0 |ψ0〉 = M0

m|ψ0〉 = |ψ1〉, i.e. fundamentally due to the fact
that measurement commputes with the plaquette operators inside C1 ⊗ C0, and that |ψ0〉 is stabilized by the boundary
bond operators and hence by the plaquette operators. On the other hand, measuring Z1 on all the bonds (i.e. measuring
all the 1-cells) defines another homormorphism group {M1

m} whose elements are maps C0 ⊗ C1 → C0. The resulting state
|ψ0〉 = M1

m|ψ〉 is no longer symmetric under local Z0: as Z0|ψ0〉 = Z0M
1
m|ψ〉 = M1

mZ0|ψ〉 = M1
mS

X
1 |ψ〉 which does not

have fixed value, but it has the global symmetry: (
∏
Z0)|ψ0〉 = M1

m(
∏
Z0)|ψ〉 = M1

m(
∏
Z0S

X
0 )|ψ〉 = M1

m|ψ〉 = |ψ0〉, and
also |ψ0〉 = M1

m|ψ〉 = M1
mZ1L

X
0 |ψ〉 = LX0 (−1)m|ψ0〉, meaning that |ψ0〉 satisfies the property that the wavefunction is

symmetric under flipping any two spins on the adjacent 0-cells and at the same time appending a phase (−1)m that is the
measurement outcome on the 1-cell connecting these two 0-cells. This condition suffices to completely recover the state
|ψ0〉.

Using the cluster state technique the arXiv2011.03061 paper by Ruben et al looked also at preparing the toric code on
the diamond lattice, see their Fig. C.2. Again, here one puts qubits on both the bond and sites of the diamond lattice: so
strictly speaking C1 is associated with the pyrohclore lattice (see blue dots in their plot) and only C0 is the diamond lattice
(see red dots in their plot), and the cluster state lives on the diamond-pyrochlore lattice whose Hilbert space is C1 ⊗ C0.
Using the logic explained above, measuring the diamond lattice qubits, i.e. the red cubits, i.e. those live in C0, gives the
toric code on the “diamond” lattice, which is essentially a toric code whose qubits forms a pyrochlore lattice. Note that
the main point of the paper arXiv2011.03061 is to estimate the realistic value of the Wilson-loop correlation function
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using cold atoms, where realistic means that there is always longer range interaction than just the “nearest-neighbor”
terms Z0S

X
1 and Z1L

X
0 that we talk about.

We can further attach 2-cells to the graph, so that we have C2 → C1 → C0. In the language of chain complex

9 1D physics

The following content in this section is copied from Xiao_project_2.

We now want to prove 〈Tτei
∑
j(Ajφ(rj)+Bjθ(rj))〉 = e−

1
2 〈Tτ [

∑
j(Ajφ(rj)+Bjθ(rj))]

2〉:
The term in the exponential can be written:

∑
j Ajφ(rj)+Bjθ(rj) = 1

βΩ

∑
q[A(q)φ(−q)+B(q)θ(−q)], this is of course

done using φ(r) = 1
βΩ

∑
q e

iq·rφ(q) and θ(r) = 1
βΩ

∑
q e

iq·rθ(q), therefore
∑
j Ajφ(rj)+Bjθ(rj) = 1

βΩ

∑
q φ(q)

∑
j e
iq·rjAj+

1
βΩ

∑
q θ(q)

∑
j e
iq·rjBj = 1

βΩ

∑
q[A(−q)φ(q) +B(−q)θ(q)] = 1

βΩ

∑
q[A(q)φ(−q) +B(q)θ(−q)], where we defined A(−q) =∑

j e
iq·rjAj and B(−q) =

∑
j e
iq·rjBj . Note that it is defined that

q · rj = (k, ωn/u) · (xj , uτj) = kxj − ωnτ,

therefore A(q) =
∑
j e
−iq·rjAj =

∑
j e
−i(kxj−ωnτ)Aj . Note that Z0 =

∫
DφDθe−S0/~ with

−S0 =

∫ β

0

dτ

∫
dx

[
i
1

π
∇θ∂τφ−

1

2π

(
uK(∇θ)2 +

u

K
(∇φ)2

)]
,

this gives, after Fourier transform, note that∇θ(r) = ∇( 1
βΩ

∑
q e

iq·rφ(q)) = ∇( 1
βΩ

∑
q e

i(kx−ωnτ)φ(q)) = 1
βΩ

∑
q ike

iq·rφ(q) =
1
βΩ

∑
q(−ik)e−iq·rφ(−q) and ∂τφ(r) = 1

βΩ

∑
q(−iωn)eiq·rφ(q), therefore

−S0 =
1

(βΩ)2

∑
q,q′

∫
dτdx

[
ei(−q+q

′)r[i
1

π
(−ik) · (−iωn)θ(−q)φ(q′)− 1

2π

(
uKkk′θ(−q)θ(q′) +

u

K
kk′φ(−q)φ(q′)

)]
,

completing the dτdx integral gives
∫
dτdxei(−q+q

′) = δq=q′βΩ, therefore

−S0 =
1

βΩ

∑
q

[
− ikωn

π
θ(−q)φ(q)− k2

2π

(
uKθ(−q)θ(q) +

u

K
φ(−q)φ(q)

)]
,

this is

−S0 = − 1

βΩ

∑
q

(
θ−q φ−q

)(uK
2π k

2 ikωn
2π

ikωn
2π

u
2πK k

2

)(
θq
φq

)
,

or we write −S0 = − 1
2βΩ

∑
q

(
θ−q φ−q

)
M−1

(
θq
φq

)
with M−1 = 1

π

(
uKk2 ikωn
ikωn

u
K k

2

)
. Note of course we have θ−q = θ∗q

and so for φ. Now we have

〈Tτei
∑
j(Ajφ(rj)+Bjθ(rj))〉 =

1

Z0

∫
DφDθe

− 1
2βΩ

∑
q

(θ−q φ−q
)
M−1

θq
φq

−i
(B−q A−q

)θq
φq

+h.c.


,

then we have

〈Tτei
∑
j(Ajφ(rj)+Bjθ(rj))〉 = e

− 1
2βΩ

∑
q

(
B−q A−q

)
M

Bq
Aq


,

where we used (∏
i

∫
duidu

∗
i

2πi

)
e−u

†Au+h†u+u†h =
eh
†A−1h

DetA
.

Note that a simple matrix inverse gives M =

[
1
π

(
uKk2 ikωn
ikωn

u
K k

2

)]−1

= π
k2(u2k2+ω2

n)

(
u
K k

2 −ikωn
−ikωn uKk2

)
.

Now we proceed further to evaluate the expoential: theAA term on the exponential on the right isAA = − 1
2βΩA−q

πuKk2

k2(u2k2+ω2
n)Aq,

using Aq =
∑
j e
−iq·rjAj we get AA = − 1

2βΩ

∑
i,j

∑
q AiAj

uKπ
u2k2+ω2

n
eiq·(ri−rj), the sin part in the exponential is odd with re-

spect to i, j so it cancels and we are left with AA = − 1
2βΩ

∑
i,j

∑
q AiAj cos(q ·(ri−rj)) uKπ

u2k2+ω2
n

. To deal with the divergent

part, we define F1(r) = 1
βΩ

∑
q(1− cos(q · r)) 2πu

u2k2+ω2
N

, then AA = − 1
4

∑
i,j AiAjKF1(ri− rj) + (

∑
iAi)

2 1
2βΩ

∑
q

uKπ
u2k2+ω2

n
,
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where we have separated the finite and infinite part. Since this AA term appears on the exponential, we see that the
infinte part will render the exponential zero; on other other hand, if

∑
iAi = 0 (which is called neutral coefficients A),

the would-be-infinite part actually vanishes, meaning the exponential is finite (instead of zero). Let us only look at these

neutral cases: then we have AA = − 1
2K

∑
i<j AiAjF1(ri − rj). Also define F2(r) = 1

βΩ

∑
q e

iq·r −i2πωn/k
u2k2+ω2

n
, then it can be

shown that (also assuming B is neutral:
∑
iBi = 0)

〈Tτei
∑
j(Ajφ(rj)+Bjθ(rj))〉 = e

− 1
2

∑
i<j

[(−AiAjK−BiBjK−1)F1(ri−rj)+(AiBj+BiAj)F2(ri−rj)]
. (18)

Further using the fact that 〈[φ(r)−φ(0)]2〉 = KF1(r), 〈[θ(r)− θ(0)]2〉 = K−1F1(r) and 〈φ(r)θ(0)〉 = 1
2F2(r), we have that

the exponential is equal to − 1
2

∑
i<j〈[(−AiAj(φ(ri)−φ(rj))

2−BiBj(θ(ri)−θ(rj))2+2(AiBjφ(ri)θ(rj)+BiAjφ(rj)θ(ri)))]〉,
where we have used some translation symmetry; this is − 1

2

∑
i<j〈−AiAj(φ(ri)

2 + φ(rj)
2) − BiBj(θ

2(ri) + θ(rj)
2) +

2(AiAjφ(ri)φ(rj)+BiBjθ(ri)θ(rj)+AiBjφ(ri)θ(rj)+BiAjφ(rj)θ(ri))〉, note that we have
∑
i<j〈AiAj(φ(ri)

2 +φ(rj)
2)〉 =∑

i<j〈AiAjφ(ri)
2〉+

∑
i>j〈AiAjφ(ri)

2〉 =
∑
i6=j AiAj〈φ(ri)

2〉 =
∑
i〈φ(ri)

2〉Ai
∑
j 6=iAj =

∑
i〈φ(ri)

2〉Ai(−Ai) = −
∑
iA

2
i 〈φ(ri)

2〉.
This way, finaly we see that the exponential is actually a square

〈Tτei
∑
j(Ajφ(rj)+Bjθ(rj))〉 = e−

1
2 〈Tτ [

∑
i Aiφ(ri)+Biθ(ri)]

2〉. (19)

or more concisely,

〈eA〉 = e
1
2 〈A

2〉.

S =
1

2πK

∫
dxdτ

1

u
(∂τφ)2 + u(∂xφ)2] +

2g

(2πα)2

∫
dxdτ cos(

√
8φ(x, τ)),

define r = (x, uτ), q = (k, ωn/u),

Z

Z0
=

1

Z0

∫
Dφe−(S>0 +S<0 )

[
1− 2g

(2πα)2u

∫
d2r cos(

√
8(φ>(r) + φ<(r))) +

2g2

(2πα)4u2

∫
d2r1d

2r2 cos(
√

8(φ>(r1) + φ<(r1))) cos(
√

8(φ>(r2) + φ<(r2))) + ...

]
integrate out the fast modes φ>: using 1

Z>0

∫
Dφ>e−S

>
0 cos(

√
8(φ>+φ<)) = 1

Z>0

∫
Dφ>e−S

>
0 1

2 (ei
√

8(φ>+φ<)+e−i
√

8(φ>+φ<)) =

1
2e
i
√

8φ< 1
Z>0

∫
Dφ>e−S

>
0 +i
√

8φ> + 1
2e
−i
√

8φ< 1
Z>0

∫
Dφ>e−S

>
0 −i
√

8φ> = 1
2e
i
√

8φ<〈ei
√

8φ>(r)〉 + 1
2e
i
√

8φ<〈e−i
√

8φ>(r)〉, using

Eq. (19) we get 〈e−i
√

8φ>(r)〉 = 〈ei
√

8φ>(r)〉 = e−4〈(φ>(r))2〉, therefore 1
Z>0

∫
Dφ>e−S

>
0 cos(

√
8(φ>+φ<)) = cos(

√
8φ<)e−4〈(φ>(r))2〉.

But I do not understand: here the neutral condition is missing
∑
iAi 6= 0, so how can we directly use the previous result?

Next, we use cos(
√

8(φ>(r1)+φ<(r1))) cos(
√

8(φ>(r2)+φ<(r2))) = 1
2

∑
s=± cos

(√
8(φ<(r1) + sφ<(r2) + (φ>(r1) + sφ>(r2)))

)
=

1
4

∑
s=± e

i
√

8(φ<(r1)+sφ<(r2)+(φ>(r1)+sφ>(r2)))+e−i
√

8(φ<(r1)+sφ<(r2)+(φ>(r1)+sφ>(r2))), therefore 1
Z>0

∫
Dφ>e−S

>
0 cos(

√
8(φ>(r1)+

φ<(r1))) cos(
√

8(φ>(r2)+φ<(r2))) = 1
4

∑
s=±

(
ei
√

8(φ<(r1)+sφ<(r2))e−4〈(φ>(r1)+sφ>(r2))2〉 + e−i
√

8(φ<(r1)+sφ<(r2))e−4〈(φ>(r1)+sφ>(r2))2〉
)

=

1
2

∑
s=± cos(

√
8(φ<(r1) + sφ<(r2)))e−4〈(φ>(r1)+sφ>(r2))2〉, therefore we have

Z

Z0
=

1

Z<0

∫
Dφe−S

<
0

1− 2g

(2πα)2u︸ ︷︷ ︸
λ

∫
d2r cos(

√
8φ<)e−4〈(φ>(r))2〉︸ ︷︷ ︸
A

+
2g2

(2πα)4u2︸ ︷︷ ︸
1
2λ

2

∫
d2r1d

2r2
1

2

∑
s=±

cos(
√

8(φ<(r1) + sφ<(r2)))e−4〈(φ>(r1)+sφ>(r2))2〉

︸ ︷︷ ︸
B

+...

 ,
Now we want to reexponentiate this to obtain the effective action. The terms inside bracktes are of the form 1−λA+ 1

2λ
2B+

o(λ2) where we denoted λ = 2g
(2πα)2u , then we have 1−λA+ 1

2λ
2B+o(λ2) = e−λA+ 1

2λ
2B− 1

2λ
2A2+o(λ2), this is the cumulant

expansion. Note it’s important to add the term − 1
2λ

2A2 because e−λA−
1
2λ

2A2

= 1 − λA + 1
2λ

2A2 − 1
2λ

2A2 + o(λ2) =
1− λA+ o(λ2), which is the first lesson in cumulant expansion. This way we get

Z

Z0
=

1

Z<0

∫
Dφe−S

<
0 −δS ,

with

−δS =− 2g

(2πα)2u

∫
d2r cos(

√
8φ<(r))e−4〈(φ>(r))2〉 +

g2

(2πα)4u2

∫
d2r1d

2r2

∑
s=±

cos(
√

8(φ<(r1) + sφ<(r2)))e−4〈(φ>(r1)+sφ>(r2))2〉

− 2g2

(2πα)4u2

∫
d2r1d

2r2 cos(
√

8φ<(r1))e−4〈(φ>(r1))2〉 cos(
√

8φ<(r2))e−4〈(φ>(r2))2〉,

(20)
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Originally φ has momentum cutoff |q| < Λ; what we just did was to introduce a smaller cutoff Λ′ < Λ such that φ>(q)
lives in Λ′ < |q| < Λ. Now we have integrated out φ> so that the remaining field φ< has cutoff |q| < Λ′. Now we want
to do some rescaling such that the momentum cutoff of φ< goes back to the original value, Λ. To do this, we define new
momentum qnew = Λ

Λ′ q, whose cutoff is Λ. This means that rnew = (xnew, uτnew) = Λ′

Λ (x, uτ) = Λ′

Λ r, or r = Λ
Λ′ rnew.

Plug this into the linear term we have −δS1 = −
(

Λ
Λ′

)2 ∫
d2rnew

2g
(2πα)2u cos(

√
8φ<( Λ

Λ′ rnew))e−4〈(φ>( Λ
Λ′ rnew))2〉, now define

φ<( Λ
Λ′ rnew) = φnew(rnew), then we hae −δS1 = −

(
Λ
Λ′

)2 ∫
d2rnew

2g
(2πα)2u cos(

√
8φnew(rnew)e−4〈(φ>( Λ

Λ′ rnew))2〉, we see that

effectively the coupling constant becomes

gnew =

(
Λ

Λ′

)2

e−4〈(φ>( Λ
Λ′ rnew))2〉.

https://www.physik.uni-muenchen.de/lehre/vorlesungen/wise_17_18/TVI_TMP-TA4_-Condensed-Matter-Field-Theory/

exercises/ps11.pdf

10 A Brief Introduction to CFT

The following content in this section comes from the MBJC_talk_on_CFT.
Start from massless Dirac fermion in 1+1D (which is a CFT): we know that in the quantum theory the vector and

axial currents are both conserved (0 = ∂µJ
µ = εµν∂µJν , or ∂−J+ = ∂+J− = 0). In the bosonized theory, first try

L0 = 1
4λ2 Tr∂µg∂µg

−1: it is classically CFT but not quantumly since there are no two conserved currents. Turns out
the correct one is L = L0 + kΓ[g], with k integer and that k = 4π/λ2. Note that at this λ value, it has two conserved
currents J = g−1∂g (from EOM) and this λ value is a gapless RG fix point. (Witten’s Non-Abelian Bosonization in Two
Dimensions).

Up to now we have not shown L is a CFT: if the action is invariant under a conformal coordinate transformation then
the theory is a classical CFT; if furthermore the measure is invariant under a conformal coordinate transformation then
the theory is also a quantum CFT. Here, since from L0 the field g is dimensionless and that the term Γ[g] is a top form
and has no metric, the theory L0 is both a classical and quantum CFT, and so is the theory L.

For a quantum CFT, (the expectation value of) all the observables are computed according to the conformal Ward

identities ∂z̄

[
〈T (z, z̄)X〉 −

∑n
i=1

(
1

z−wi ∂wi〈X〉+ hi
z−wi)2 〈X〉

)]
= 0, and the equation that (bar)(unbar) all the barred

(unbarred) variables), where T = −2πTzz and T̄ = −2πTz̄z̄. By diagrammatics one can actually show that the energy-
momentum tensor 〈T (z)〉 = 1

2k+Cθ
〈Ja(z)Jb(z)〉(original reference?), which is different from the classical energy-momentum

tensor T (z) = 1
2k (exercise 15.1 of the CFT book).

Above we also have to assume γ is simple Lie group Ḡ-valued, which corresponds to ḡ. Using the conformal Ward

identity (see CFT yellow book P621-623 or P181-121) gives Ja(z)Jb(w) ∼ kδab
(z−w)

2
+
∑
c ifabc

Jc(w)
(z−w) , [T (z)Ja(w)] = (z −

w)−2Ja(w), and [T (z)T (w)] = c
2 (z − w)−4 + 2T (w)/(z − w)2 + ∂T (w)/(z − w) and so forth. Then introduce Ja(z) =∑

n∈Z z
−n−1Jan , andT (z) =

∑
n∈Z z

−n−2Ln, we get the set of algebra

[Jan , J
b
m] =

∑
c

ifabcJ
c
n+m + knδabδn+m,0,

[Lm, T
a
n ] = −nT am+n, (21)

[Lm, Ln] =
c

12
m(m2 − 1)δm+n,0 + (m− n)Lm+n,

The bracket for Jan defines an affine Lie algebra (call it g) at level k = k∨(since (θ, θ) = 2; the bracket for Ln defines a
Virasoro algebra v (Note we can also obtain the copy for J̄ which gives another copy of g, and similarly for T̄ – every
holomorphic object has an antiholomorphic copy). We thus see that the current and energy-momentum tensor together
defined

g⊕ v, (22)

which we call a chiral algebra (chiral in the sense that there is another copy for J̄ and T̄ ).
A natural question to ask: what is the relation between ḡ and g? Is there a v̄?
Answer: g is obtained froom ḡ via nontrivial central extension, and there is a v̄, the so-called Witt algebra, whose

nontrivial central extension is v. (This is how Witt algebra appears: note in 2D, CFT is equivalent to saying that the

transformation must be of the form z → f(z), and Z̄ → f̄(z̄), and define the generator L
(c)
n = −zn+1d/dz then the Lie

algebra is [L
(c)
m , L

(c)
n ] = (m− n)L

(c)
m+n which is the Witte algebra). Note that g is not directly the central extension of ḡ,

but is the central extension of the loop algebra ḡloop. ḡloop is the analytic mappings from the circle S1 to ḡ. That g is not
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the central extension of ḡ makes sense, first because a simple Lie group ḡ has trivial central extension; second because the
classical current J is discribed by the loop algebra.

More generally, by promoting a Lie algebra from classical theory to quantum theory amounts to doing a (one-
dimensional) central extention of the Lie algebra. If nontrivial extension exists, i.e. there is a new central element
appearing on the RHS of Lie commutator which cannot be eliminated in anyway, we say the symmetry develops a quan-
tum anomaly. When looking at the representation, this central element can only act with a constant, which is called the
central charge or anomaly charge. We see above that k and c are the anomaly charge, called the level and the central
charge, respectively, of the CFT.

As another rather trivial example: Lorentz algebra (as semisimple Lie algebra) only has trivial extension; it turns out
Poincare algebra also only has trivial extension. But Galileo algebra has nontrivial extension in which another central
element, M , can appear on the RHS of Lie brackets. The eigenvalue (i.e. the central charge) of M is just the mass. In all
the above cases where nontrivial central extension exist, the physical meaning of this nontrivial central extension is the
existence of superselection rule: since different central charge label different representations, a quantum system, which
can only carry one representation, can only have one central charge, and not the superposition of them.

Deriving the central extension: assume [Lm, Ln] = (m − n)Lm+n + c(m,n), we must have c(m,n) = −c(n,m); by
the redefinition Lm → Lm + b(m) we have c(m,n) → c(m,n) + (m − n)a(m + n) therefore we set c(m, 0) = c(0,m) =
c(1,−1) = 0. Then the Jacobi Identity for Lm, Ln, L0 gives c(m,n) = a(m)δm+n,0 for some a, and then Jacobi Identity
for Lm, Ln, Lp gives 0 = (m−n)a(m+n)− (2m+n)a(n) + (m+ 2n)a(m), which gives a(m) = 1

6m(m2− 1)a(2). We then
define a(2) = c/2 and we get Virasoro.

Note that from the Mathematical point of view, it is not natural to have a predefined Lie bracket between the generators
of the affine Lie group g and the Virasoro algebra v. However, as a physical theory, such a Lie bracket can be very naturally
obtained in a WZW theory, since the energy-momentum tensor is written as the bilinear of the current.

Now formulate the above from a mathenatical point of view. the minimal data to start with is solely the affine Lie
algebra g: one then defines the current Ja(z) as the generating function for this algebra. The study of the representation
theory of the algebra inevitably require the study of its universal enveloping algebra U(g): for example, the element
Ja(z)Jb(z) does not live in g but lives precisely in U(g). The quantity : Ja(z)Jb(z) : cna be written in an antisymmetric
part and a symmetric part, which must be of the form

: Ja(z)Jb(z) :=
1

2
fabcJ

c(z) +
κ̄ab

ξd
T (z),

and contracting with κ̄ab we have T (z) = ξκ̄ab : Ja(z)Jb(z) :. We give this quantity a name, the energy-momentum
tensor, which coincides that in a physical (i.e. WZW) theory. Then by defining T (z) =

∑
n∈Z z

−n−2Ln we automatically
get a well-defined Lie algebra 22. The process

g→ U(g) ⊃ T ≡ κ̄ab : JaJb :→ g⊗ v

is called the Sugawara construction. Along with this construction, the constant c is seen to be defined by c = 2kdξ. By
choosing ξ = 1/(2k + Cθ) to agree with the Ward Identity. Therefore the parameter c is fixed to be c = 2kd

2k+Cθ
.

The class of CFT with such a chiral algebra g ⊕ v is called WZW theories. Such a chiral algebra signifies that the
observable of the theory is current and energy-momentum tensor.

Definition of chiral algebra (Beilinson, Drinfeld, 2004) on a more general sense: the generators of symmetry are
observables in a quantum theory (e.g. momentum, angular momentum). In CFT, the generators of the conformal
symmetry are also a basis for the observables, in this sense the observables form a Lie algebra (the Lüscher-Mack theorem),
called the symmetry algebra W. In 2D, the symmetry algebra is direct sum of the holomorphic and antiholomorphic
functions, Wtot = W ⊕W ′, each direct summand called a chiral algebra. Since the stress tensor is always in the theory,
we must have

v ∈ W.

Formally speaking, the information of a CFT is contained in a chiral algebra and its representations. The classification
of chiral algebras is obviously a too ambitious task. However, when the chiral algebra is of the form 22 (i.e. the chiral
fields being just T (z) and J(z)), i.e. the WZW theories, we have known a great deal.

The next biggest question is representation theory: The Lie algebraW acts on the Hilbert space H, called aW-module.
With two conditions: 1. representation is unitary (i.e. the module is endowed with a positive definite product; 2. the
energy is bounded from below.

W = {W i∈Z≥0

n∈Z } ∪ {C}
The virasoro: identified as Ln ≡W 0

n . For at least m ∈ {0,±1} and generator W i
n must satisfy [W 0

m,W
i
n] ≡ [Lm,W

i
n] =

((∆i− 1)m−n)W i
m+n; in particular, [L0,W

i
n] = −nW i

n, any vector in H will be anihilated by all W i
n with sufficient large

n. We have the graded structure on n; according to n > 0, n = 0 and n < 0 we have

W =W− ⊕W0 ⊕W+;
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Therefore there most be an energy operator, which is L0 = −z∂/∂z, it measures the scaling dimension of other
operators.

10.1 Conformal group and algebra in classical theory and CFT

A CFT is a QFT invariant under the conformal group. The conformal group describes the symmetry of the underlying
manifold. Although both invariant under the conformal group, the representations that they carry are different.

The conformal group acts on the metric as gµν 7→ σ(x)gµν(x). Under infinitesimal: xµ 7→ xµ + εµ(x), then we have, in
the infinitesimal case, ∂µεν+∂νεµ = s(x)gµν(x) where s(x) = σ(x)−1 is some scalar function. taking trace (or contracting
by gµν) one gets s(x) = 2

d∂ρε
ρ = 2

dg
ρλ∂ρελ. Therefore the first order equation for εµ is

∂µεν + ∂νεµ =
2

d
gµνg

ρλ∂ρελ. (23)

(Note that the equation below is not useful: On the other hand, taking spacetime is euclidean so gµν = ηµν , and take

another derivative we get ∂µs = 2
d∂ρ∂µε

ρ = 2
dη

ρν∂ρ∂µεν = 2
dη

νρ∂ν∂µερ
ηνρ=ηρν

= 1
dη

νρ∂µ(∂νερ + ∂ρεν) = 1
dη

νρ∂µ(sηνρ) =
∂µs) Then from the original equation take derivative we get ∂ρ∂µεν +∂ρ∂νεµ = ∂ρsηµν . Now we want ∂ρ∂µεν =?, the only
way to get this is to write three equations by permuting ρ, ν, and µ to get 2∂µ∂νερ = ηµρ∂νs+ ηνρ∂µs− ηµν∂ρs, and then
contracting with ηµν we get 2∂2ερ = (2−d)∂ρs. Then we have 2∂2∂νερ = (2−d)∂ρ∂νs, we also have 2∂2∂ρεν = (2−d)∂ν∂ρs
therefore we have (2− d)∂ρ∂νs = ∂2(∂νερ + ∂ρεν) = ∂2sηνρ, contracting by ηνρ finally we get (2− d)∂2s = ∂2s, or

(d− 1)∂2s = 0. (24)

Note this equation looks convenient but it is actually loosing information from the original equation (23) because we have
taken three derivatives on εµ. For example, it is seen from 23 that when d = 2 and euclidean geometry what we have is
the Cauchy-Rieman equation ∂0ε0 − ∂1ε1 = 0, ∂0ε1 + ∂1ε0 = 0, but this cannot be obtained from Eq. (24).

therefore the finite conformal transformations are the direct product of the group of holomorphic coordinate transfor-
mations with that of antiholomorphic coordinate transformations. This is an infinite-dimensional Lie group.

Why Lie group? This is equivalent to asking why symmetry transformations form Lie group structure, i.e. why care
the brackets. Then we just remember that the group satisfies composition rule U(T (θ))U(T (ξ)) = U(T (f(θ, ξ))), which is
the Baker–Campbell–Hausdorff formula, where f is inferred from exp(X) exp(Y ) = exp(X+Y + 1

2 [X,Y ]+ · · · ). Therefore
when expanded by the generators we have (1+θata+ 1

2θ
bθctbc+ · · · )(1+ iξata+ 1

2ξ
bξctbc+ · · · ) = 1+(θa+ξa+fabcξ

bθc+
· · · )ta + 1

2 (θb + ξb + · · · )(θc + ξc + · · · )tbc, we see the lowest nontrivial order is θaξbtatb = fabcξ
bθcta + 1

2 (θbξc + ξbθc)tbc,
which gives tbtc = fabcta+tbc, where we used the fact that tbc = tcb. Therefore we also have tctb = facbta+tcb, which gives
[tb, tc] = (facb−fabc)ta, which is the Lie bracket. We see the essense that leads to the analysis of Lie bracket is the Baker–
Campbell–Hausdorff formula, which contains Lie bracket. This formula is fundamentally reflecting the fact that the Lie
group multiplication is noncommutative. Here, of course, our Lie group multiplication is function composition, therefore
is natually noncommutative, which justifies the appearance of a Lie bracket. This requires us to find the Lie algebra of
holomorphic transformations, which are natually identified with the vector fields of the conformal transformation, which

are L
(c)
n = −zn+1d/dz. They satisfy Lie algebra [L

(c)
m , L

(c)
n ] = (m− n)L

(c)
m+n, the Witt algebra.

The above is the classical theory, i.e. the conformal transformation was studied in the classical theory (i.e. manifolds)
and not the quantum theory. In quantum theory, one studies the conformal transformation on the quantum states. As
shown by Weinberg, this amounts to finding the central extension of the classical Lie algebra (in our case this is the Witte
algebra). Of course there is always a trivial central extention, in the sense that the Lie algebra brackets are not modified.
However, it turns out (??) that the central extension describing the quantum theories with conformal invariance must
be nontrivial. An equivalent way of saying is that the quantum theory develops an anomaly. Now the Lüscher–Mach
theorem (or see the analysis in Weinberg) gives the form of this extended algebra: it is exactly the Virasoro algebra:

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm+n,0.

10.2 How Kac–Moody algebra emerge in a quantum theory

In this section, we show how a Kac–Moody algebra emerges in a physical theory.
Consider N -free massless Majorana fermions in 2D spacetime: the action is S = 1

2

∫
d2xiΨ∂xΨ (usually there are two

families, sitting at fermi point k+ and k−; now we are only considering one family of them), where Ψ is an N -component
field transforming under some representation R of a simple Lie algebra ḡ. It is then natural, from a physical point of
view, to define the current operator

Ja =:
1

2
ΨTR(T a)Ψ :,
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then from the canonical anticommutation relations of Ψ we can deduce the commutation relations for Ja, which is

[Ja(x), Jb(y)] =
1

2πi
κ̄abδ′(x− y) + fabcJ

c(x)δ(x− y),

transforming the coordinate to z = exp(2πix/L) and with appropriate boundary conditions, the current Ja(z) (which is
defined after defining a series of other quantities)[

Ja(z)Jb(w)
]
− = (z − w)−2κ̄abk − (z − w)−1fabcJ

c(w),

with kκ̄ab = 1
2 tr(R(T a)R(T b)), i.e. k = 1

2I, I is the Dynkin index of representation R. This shows that the current fields
Ja(z) generate an affine Lie algebra

In representation of affine lie algebra, the number k∨ := k · 2
(θ̄,θ̄)

is called the level of the representation. We therefore

see that k∨ = I/(θ̄, θ̄), which by the theory of highest weight modules of simple Lie algebra is integer (since the module
here is orthogonal module), therefore the module is an irreducible integrable highest weight module: the fermions ψi(z)
correspond to the highest weight vector. What is the significance of the representation analysis? Well, the significance
is that, we have just shown that a construction realizing irreducible integrable highest weight modules for arbitrary
untwisted affine Lie algebras, at any level which is equal to the Dynkin index of a finite-dimensional module of the
horizontal subalgebra exists!

Note: integrable highest weight modules have highest weight being dominant integral.

10.3 Bottom up: CFT from affine Lie algebra

Define: operator product: R(A(z)B(w)); contraction: [A(z)B(w)]−; normal ordered product: : A(w)B(w) :;
The normal order of two currents can be split into an antisymmetric part and a symmetric part:

: Ja(z)Jb(z) :=
1

2
fabcJ

c(z) +
κ̄ab

ξd
T (z),

therefore T (z) = ξκ̄ab : Ja(z)Jb(Z) :. Evaluating this using the definition of contraction and the result for R(Ja(z)Jb(w)),
we have

[Ja(z)T (w)]− = ξ(2K + Cθ)(z − w)−2Ja(W ),

where Cθ is the quadratic defined by Cθδ
d
c = fabcfba

d. replace K by its eigenvalue k (remember that K has same
eigenvalue for all vectors in a highest weight module RΛ), therefore if we choose ξ = 1

2k+Cθ
then we have [Ja(z)T (w)]− =

(z − w)−2Ja(w). Note that 2k + Cθ = k∨(θ, θ) + g∨(θ, θ) = (k∨ + g∨)(θ, θ) (see P117 and P60).

10.4 Free boson theory

Next, we study Luttinger liquids from the CFT point of view. Especially, we will derive the RG equation using operator
product expansion. We will introduce basic concepts in CPF along the way. The basic references are of cours the big
yellow book, Senechal’s notes https://arxiv.org/pdf/cond-mat/9908262.pdf, and Fradkin’s notes http://eduardo.

physics.illinois.edu/phys561/LL-11-17-09.pdf.
In a free boson theory, also known as the gaussian model, the boson ϕ(x) has scaling dimension ∆ = d−2

2 where d is
the Euclidean spacetime dimension 1, which is a consequence of the physical demand of scaling invariance of the massless
case. The massless case is called the Gaussian fixed point. The mass term, then, is a relevant term at all dimensions to
the Gaussian fixed point. We see that in 2D, a free boson has vanishing scaling dimension, ∆ = 0.

Given a field φ(z, z̄) with scaing dimension ∆ and planar spin s. It is a primary field, if its variation under all local
conformal transformation in 2D is given by

φ′(w, w̄) =

(
dw

dz

)−h(
dw̄

dz̄

)−h̄
φ(z, z̄), (25)

with h = (∆ + s)/2, and h̄ = (∆− s)/2, called the holomorphic and antiholomorphic conformal dimensions.
The two-point and three-point correlation functions among primary fields φi are fully constrained to a fixed form by

conformal invariance, and only depends on their conformal dimensions (see P117). The four-point function cannot be
fully fixed, but has a universal scaling form (see P117).

The jargon “conformal fields” was used in a few places in the book (see e.g. P153) but was never explained. I suscept it
is just another name for primary fields. From now on we assume this is true. Then any primary fields has a Laurent series

1Scaling dimension is defined as ∆ in ϕ(x)→ ϕ′(x/s) = s∆ϕ(x) for s > 1.
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representation (mode expansion), with the requirement that the modes in front of negative powers of z or z̄ annihilates
the vacuum state. Here underlies that the theory has a vacuum state. Here also underlies that we are using the operator
formalism (as opposed to path integral formalism), which requires definition of Hilber space, which in term underlies
that a particular time direction is chosen (remember that we restrict ourselves to Euclidean spacetime and we have a lot
freedom in choosing it).

The energy-momentum tensor Tµν(z, z̄) with µ, ν = z, z̄ can be reduced to just T (z) = Tzz(z, z̄). By definition, an
energy-momentum tensor has ∆ = s = 2 (exercise: check its transformation under scaling and rotation), so that T (z) has
conformal dimension h = 2 and h̄ = 0. the energy-momentum tensor is not a primary field because the above rule (25)
does not hold for all conformal transformations as required. Note that one way of revealing the conformal dimension of a
primary field X is through the following Ward identity :

T (z)X =
1

z − w
∂wX +

h

(z − w)2
X, X is primary, (26)

where above is in the sense of expecation values and only singular terms are shown; furthermore, the most general choice
of X is a product of primary fields (see P120).

The book presents that a generalized Ward identity can be written down, in which the field X does not have to
be primary, see Eq. (5.46) and P121-122. Also, the most general conformal symmetry allowed form of the OPE of
energy-momentum tensor is written down (see Sec. 5.3.1-5.4, and Eq. (4.77) for motivation and reasoning):

T (z)T (w) ∼ c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
,

whre c, defined as central charge, has a value c = 1 for free boson, c = 1/2 for free fermion, and c = −26 for the
reparametrization ghosts. As the book emphasizes, the c term is an anomalous term, in the sense that it does not exist
in the classical theory; and that although the term is allowed by symmetry, the central charge c cannot be determined
solely from symmetry consideration and contains the UV (i.e. short-distance) data of the theory (note that this UV data
is indeed in the continuous field theory).

We mentioned that the energy-momentum tensor T (z) is not primary, so a natural question is how it deviates from a
primary field under a local conformal transformation. This can be written down (see P136) using the generalized Ward
identity mentioned above. Unsurprisingly, the deviation is measured by the central charge (product with the well-known
Schwarzian derivative). The transformation rule of T (z) un

Back to the massless free boson theory: one can show that 〈ϕϕ〉 ∼ ln |z − w| (direct calculation), 〈∂ϕ∂ϕ〉 ∼ − 1
(z−w)2

(take derivative in 〈ϕϕ〉), T (z)φ(w, w̄) ∼ h
(z−w)2φ(w, w̄)+ 1

z−w∂wφ(w, w̄) (using the Ward identity Eq. (26)), T (z)∂ϕ(w) ∼
∂ϕ

(z−w)2 +
∂2
wϕ(w)
z−w (using Ward identity above knowing that h = 1). Note that since this is a free theory, all these correlations

can be obtained by just using Wick’s theorem.
Following the usual canonical quantization, we can quantize the free boson theory (P159) on a cylinder (radial quan-

tization). This choice of spacetime geometry was motivated on P151, and can be mapped to other geometries using
conformal transformations. This directly gives the mode expansion of a boson field ϕ(z, z̄), and shows that it is not a
primary field (essentially, this is due to the existence of a boson zero mode, which contributes a term linear in t); but one
immediately finds by taking derivative that ∂ϕ and ∂̄ϕ̄ are primary. Using the fact that ∆ = s = 0 for the boson field ϕ,
we see that ∂ϕ has h = 1.

Define the so-called vertex operators Vα(z, z̄) =: eiαϕ(z,z̄) :, one can show that these fields are primary with conformal

dimensions hα = h̄α = α2

8πg with α ∈ R and g ≡ 1
4π . One can further calculate (see P162) the OPE of ∂ϕVα ∼ − iα

4πg
Vα(w,w̄)
z−w

, TVα ∼ α2

8πg
Vα(w,w̄)
(z−w)2 + ∂wVα(w,w̄)

z−w (which agrees with the Ward identity Eq. (26) and gives the conformal dimension), and

VαVβ ∼ |z − w|−2α2

δα=−β .
Using (See P162) : eaϕ1 :: ebϕ2 :=: eaϕ1+bϕ2 : eab〈ϕ1ϕ2〉, we have:
eiαϕ(z,z̄)e−iαϕ(w,w̄) = 1

(z−w)α2 (z̄−w̄)α2 : eiα(ϕ(z,z̄)−ϕ(w,w̄)) :, so that eiαϕ(z,z̄)e−iαϕ(w,w̄) + h.c. = 1
(z−w)α2 (z̄−w̄)α2 :

2 cosα(ϕ(z, z̄)−ϕ(w, w̄)) := 2
(z−w)α2 (z̄−w̄)α2

(
1− 1

2 (ϕ(z, z̄)− ϕ(w, w̄))2
)

= 2
(z−w)α2 (z̄−w̄)α2

(
1− 1

2 ((z − w)∂ϕ(z, z̄) + (z̄ − w̄)∂̄ϕ(w, w̄))2
)
,

from this last form it is easy to derive the first equation of Eqs.(191) of Senechal’s notes https://arxiv.org/pdf/

cond-mat/9908262.pdf. The second and third equation of (191) is easy to prove. This should clear all the technical
difficulties of the appendix A.
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1 2

3 4

5 6

7 8

Figure 1: A minimal lattice of the toric code model. S = 1/2 spins live on the bonds (the black dots). Periodic boundary
condition (PBC) are assumed (lattice is a torus).

ψ0 = + + + + + + + +

ψ1 = + + + + + + + +

ψ2 = + + + + + + + +

ψ3 = + + + + + + + +

Figure 2: The four ground state of the minimal toric code model on the torus.

11 Quantum double models

11.1 Review of toric code

The Kitaev’s toric code model defined on the minimal lattice (a torus under PBC) in Fig. 1 is written as

HT.C. = −
∑

p∈plaquettes

Pp −
∑

s∈stars

Ss

= −(P1345 + P2346 + P1578 + P2678)− (S1237 + S1248 + S3567 + S4568)

= −(σz1σ
z
3σ

z
4σ

z
5 + σz2σ

z
3σ

z
4σ

z
6 + σz1σ

z
5σ

z
7σ

z
8 + σz2σ

z
6σ

z
7σ

z
8)

− (σx1σ
x
2σ

x
3σ

x
7 + σx1σ

x
2σ

x
4σ

x
8 + σx3σ

x
5σ

x
6σ

x
7 + σx4σ

x
5σ

x
6σ

x
8 ),

(27)

In some sense this is the simplest model for topological order. It only has 8 spins (=8 bonds), 4 plaquettes P and
4 stars S.

Basic feature of toric code on the torus:

• Hamiltonian has a local (i.e. gauge) Z2 symmetry.

• Four degenerate ground states ψ0,1,2,3 as shown in Fig. 2. All are “highly” entanglement states — i.e. each ψ is
the superposition of many copies of spin configurations. This is one of the defining properties of topological
order. All states have the property that Pp|ψ〉 = Ss|ψ〉 = |ψ〉 for all plaquettes p and starts s.

• Low energy excitations are anyons: e (Ss = −1 for some s) and m (Pp = −1 for some p) particles, although each
must be created in pairs, can individually freely propagate (imagine the lattice infinitely large). This is another
defining property of topological order. They satisfy nontrivial statistics (fusion and braiding), which can be
understood in terms of charge (hence the name e particle) and flux (hence the name m particle).

Model:
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H = −K
∑
p

Pp −K ′
∑
s

Ss,

where Pp =
∏
i∈p σ

z
i and Ss =

∏
i∈s σ

x
i . Easy to see that [Ss, Pp] = 0 Therefore ground state can be obtained this way:

first choose a state with all Ss = 1, for example the state |ψ0〉 =
∏
i |σxi = 1〉; Then act on |ψ0〉 the projection operator∏

pQp, where Qp =
1+Pp

2 . The ground state

|0〉 =
∏
p

Qp|ψ0〉

can be viewed as massive superpositions of loop states, where by loop we mean a closed contour on the lattice, on the site
of which we have si = −1.

A careful counting can show that the ground state must be four-fold degenerate, provided the lattice is a torus. What
we care the most is excitations.

In the ground state |0〉, one can create excitations by either acting on it using σzi or σxi on a site i; the former changes
two nearby Ss and the latter changes two neareby Pp. We Using this idea, we can create the following state

|es, es′〉 =
∏

i∈l(s,s′)

σzi |0〉, |mp,mp′〉 =
∏

i∈l∗(p,p′)

σxi |0〉,

where l(s, s′) denote a line along lattice bonds connecting stars s and s′, and l∗(p, p′) denote a line on the dual lattice
intersecting lattice bonds, connecting plaquettes p and p′. Note that σzi commutes with

∏
p Pp therefore |es, es′〉 is still

the ground state of the K ′ term; for the K term, only the terms Ss and Ss′ flips sign, therefore the K term acting on
|es, es′〉 gives the ground state energy plus 4K; i.e. we have

H|es, es′〉 = (E0 + 4K)|es, es′〉.

Similarly we have
H|mp,mp′〉 = (E0 + 4K ′)|mp,mp′〉.

We see that the excitations can extend infinitely far away yet remain finite energy. Therefore, although e or m must be
created on pairs, we can imagine they are infinitely apart (with just finite energy) and each of them behaves as independent
quasiparticles, which we call e and m.

Now we explain why we call them e and m: this is simply because e corresponds to a start with Ss = −1 which is like
a divergence, why m corresponds to a plaquette Pp = −1 which is like a curl. Now what is important is the statistics: e
and m are both bosons, in the sense that interchanging two e or two m, the initial and final wave function are just the
same. However, when moving an e around an m (vice versa) the wave function accumulates a π flux. There is also the
particle ε which consists of a pair of nearby e and m: it turms out ε is a fermion, i.e. when interchanging two ε the total
wave function picks up a π flux.

Language of confinement/condense: notice that in toric code, e, m, and ε are finite energy excitations. Since e and m
are boson and ε is fermion, we can talk about condensation of e and m: they are not condensed in toric code since as just
said they are finite energy excitations. However, if we add large enough perturbation to the system, they may become
gapless and may consequentely condense (e or m may condense first, depending on the perturbation).

Suppose m condense first, then an individual m particle is no longer well-defined since the number of m particles in the
ground state is uncertain. In terms of flux, the magnetic field lines now can end in arbutrary places in the sample, already
in the ground state. We say that the m particle is “Higgsed”. Note the condensation language is easy to understand but
saying that m is Higgsed might be hard to understand, since m becomes gapless, but this is just the language people
use. For the e particle, we can say that since the ground state is full of a superposition of different m states, the mutual
statistics of e and m particles means that the e particle can no longer propagate coherently. Or, we can use another
language: since m condenses, therefore the magnetic field lines connecting m particles become highly fluctuating. Since
the magnetic field lines consists of σzi on the dual lattice becomes highly flucuating, the conjugate variable σxi becomes
very sharply defined and do not fluctuate, meaning the electric field lines become concentrated and cannot spread out.
Consequentely an e particle emits a concentrated field line, which because it cannot spread, costs an energy proportional
to its length, i.e. e particle is confined. The ε particle is also confined because it carries the electric charge.

We see that for toric code the Higgs phenomena and confinement are just two different languages of the same phase
transition.

Now we will use toric code as a simple model to exhibit the algebraic theory of anyons. The very comprehensive and
nice paper for this is https://arxiv.org/pdf/1410.4540.pdf. Anyon fusion: a × b =

∑
c∈C N

c
abc, F

abc
d , Rab. Here C

is called a unitary braided tensor category (UBTC). The F -symbols and R-symbols completely specify a braded tensor
category. They must satisfy the Pentagon and Hexagon equations. further requiring unitarity means R is unitary. For
any UBTC C, one can consider Aut(C), which is called the topological symmetry group. Note this group is (so far)
independent of any potential symmetry group G of the microscopic Hamiltonian.
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11.2 Quantum Double construction of anyon models

Q: what can we learn from toric code? Can we find a way to construction a family of anyons models?
Back to toric code. Perhaps not obviously: the anyons can be constructed entirely from the gauge group (in toric code

is Z2).
Central idea of quantum double models: we can indeed construct a family of anyon systems, with only a single

input: a group G (serving as the gauge group). This construction is called quantum double model.
Quantum double models: construct a system of anyons from a single input G. (The explicit model

Hamiltonian will be constructed in the next Friday to come.)
Recipe: a finite (possibly nonabelian) group G, and some intuitions from toric code and the Aharonov-Bohn experi-

ment.
Comment: generally, anyons don’t have to have the meaning of flux/charge. But in quantum double model they

always do.
Charges and fluxes are defined by how they can be detected:
Charges: (unitary) irrep of G.
Fluxes: by definition, transform charges (think about an Aharonov-Bohn (AB) experiment). Therefore, iden-

tified with the group element themselves.
Caveat: fluxes are identified with conjugacy classes of G. A work understanding: g ∈ G is a flux in the sense that

g = g1g2 · · · gn (product of gauge transformations/gauge fields). Then this should be the same physically as g2 · · · gng1 =
g−1

1 gg1.
Tentative Summary: in quantum double model, anyon data = (charge, flux) = (irrep(G), conjugacy

class (G)).
But this is still not quite correct: not all g ∈ G operation are well defined on the charges. Charges can

only be determined through the AB experiment, which requires the flux in the center to remain unchanged during the
experiment. But if the charged anyon secretely has flux (which we don’t know beforehand), this is not doable. Therefore,
the concept of charge exists only when flux are defined; one talks about charge with respect to some g ∈ G
(regarded as flux) only when the charged anyon itself has a flux h ∈ Z(g), here Z(g) = {h ∈ G|hg = gh} is the
centralizer group of g in G.

True summary: in quantum double model, anyon data = (charge, flux) = (irrep Z(g), Conj. cls (g)).

11.3 Table for anyons: examples of Z2 and S3

The toric code model is exactly the quantum double model D(Z2) for the gauge group G = Z2. Here Z2 is the group

Z2 = {1, 1̄}.

Table 1: Anyon table for the quantum double model D(Z2).
Superselection sector Flux Charge Normalizer Dimension

Γ1 {1} A+ Z2 1
Γ2 {1} A− Z2 1
Γ3 {1̄} A+ Z2 1
Γ4 {1̄} A− Z2 1

We further consider the quantum double model D(S3) for the gauge group G = S3. Here S3 is the smallest nonabelian
group

S3 = D3 = {1,M1,M2,M3, C3, C
2
3}.

Note: in the above two tables, Dimension = number of flux × number of charge; irreps are over complex field;
Meaning of superselection sector: global sectors that do not talk to each other.
Sum rule: as can be checked,

∑
dim2 = |G|2.

Topological spin? see below.

11.4 Statistics (fusion and braiding)

Next: consider statistics of anyons in a quantum double model, i.e. anyon fusion and braiding. Want to emphasize
again why we are studying them: group G is not enough! Any reasonable mathematical description of physical degree of
freedom (particles) must contain these structures, simply because particles can combine (or, degenerate energy levels can
split, which is exactly fusion), and particles can exchange (which in 2D is braiding).
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Table 2: Anyon table for the quantum double model D(S3).
Superselection sector Flux Charge Normalizer Dimension

Γ1 {1} A1 N(1) = S3 1
Γ2 {1} A2 N(1) = S3 1
Γ3 {1} E N(1) = S3 2
Γ4 {M1,M2,M3} A+ N(M1) = {1,M1} 3
Γ5 {M1,M2,M3} A− N(M1) = {1,M1} 3
Γ6 {C3, C

2
3} A0 N(C3) = {1, C3, C

2
3} 2

Γ7 {C3, C
2
3} Eω N(C3) = {1, C3, C

2
3} 2

Γ8 {C3, C
2
3} Eω̄ N(C3) = {1, C3, C

2
3} 2

Fusion:
for anyons A,B,C, ...,

A⊗B =
⊕
C

C,

or (physics notation)

A×B =
∑
C

NC
ABC.

where the left hand side is tensor product, and right hand side is direct sum (i.e. direct product). Comment: difference
between tensor product and direct product? tensor product is locally independent (local dof), whereas direct product is
globally independent (global dof)!!

Spin: in the table above we chose one representative element in each conjugacy class g. Since g commute with Z(g),
it is a constant matrix in the d-dimensional irrep RZ(g) (by Schur’s lemma): e2πsg1d×d, where 1 is identity matrix. We
call the number sg the spin of this superselection sector. I did not find good physical intution for this.

Braiding:
braiding for fluxes a, b ∈ G: naively one would thought it is (a, b) → (b, a), but this is not compatible with fusion

(when G is nonabelian)! Turns out the correct rule is (a, b)→ (aba−1, a).
Braiding operator R: for a, b ∈ G, Rab : |a, b〉 → |aba−1, a〉.
Braiding is important in that braiding twice, R2, is the “AB” operator. This is the process that detect charges!

Using R2, one can assign a representation of G for all the fluxes, hence assigning charges to them. This is the way to find
all the anyons.

11.5 Some data

For Toric code (i.e. D(S2)), the fusion matrices Na
bc for a = 1, 2, 3, 4 in the basis above are

N1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , N2 =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , N3 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , N4 =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 . (28)
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For D(S3), the fusion matrices Na
bc for a = 1, 2, ..., 8 in the basis above are

N1, N2, N3, N4, N5, N6, N7, N8 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


,



0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


,



0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0
1 1 1 0 0 0 0 0
0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0
0 0 0 0 0 0 1 1
0 0 0 0 0 1 0 1
0 0 0 0 0 1 1 0


,



0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 1 0 0 0
1 0 1 0 0 1 1 1
0 1 1 0 0 1 1 1
0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0


,



0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 1 1 0 0 0
0 1 1 0 0 1 1 1
1 0 1 0 0 1 1 1
0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0


,



0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 1
0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0
1 1 0 0 0 1 0 0
0 0 1 0 0 0 0 1
0 0 1 0 0 0 1 0


,



0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 1
0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0
0 0 1 0 0 0 0 1
1 1 0 0 0 0 1 0
0 0 1 0 0 1 0 0


,



0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 1 1 0
0 0 0 1 1 0 0 0
0 0 0 1 1 0 0 0
0 0 1 0 0 0 1 0
0 0 1 0 0 1 0 0
1 1 0 0 0 0 0 1


.

(29)
For example, we have Γ4 × Γ4 = Γ1 + Γ3 + Γ6 + Γ7 + Γ8, as given in Preskill (9.47).

Useful reference: https://web.physics.utah.edu/~lake/tqft/quantum_double.pdf
https://cqwbkpro.s3.eu-west-2.amazonaws.com/wp-content/uploads/2021/10/27144201/210625_CQ_Quantum-Double-Aspects-of-Surface-Code-Models.

pdf

11.6 Kitaev honeycomb model

Kitaev Honeycomb model: see the original paper https://arxiv.org/abs/cond-mat/0506438 for an introdcution. The
corresponding Hamiltonian H, corresbonding Hilbert space has a direct product structure: L =

⊕
w Lw, where w =

{w1, ..., wN} is the flux structure of all hexagons (hexagon number is N).

When writing σx,y,z → σ̃x,y,z = ibx,y,zc, the Hilbert space is enlarged: H → H̃, L ⊂ L̃. The projector can be written
as P =

∏
j Pj , where j = 1, 2, ..., 2N labels lattice sites and Pj projects onto the space with Dj ≡ bxj b

y
j b
z
jcj = 1 (note that

Dj = ±1), so that Pj = 1
2 (1 +Dj). Note that there is also a direct product structure for L̃: L̃ =

⊕
u L̃u, where each L̃u

corresponds to one quadratic Hamiltonian H̃u ∼ ic†Ac with a definite sector for b’s. We have L = P L̃.
A natural question is to ask what is the relation between Lw and L̃u. To see this, note we have w123456 ∼

u12u23u34u45u56u61 (with some minus sign). We see that a sector L̃u with definite u’s corresponds to a sector with
definite w’s. On the contrary, a definite w can correspond to different u’s. Now the question is what happens if we replace
“corresponds” by te projector P , i.e., the question is, what is P L̃u ⊂ L? An easy thing to notice is that w = {w1, ..., wm}
commutes with Dj for all site j, so that w commutes with P . Therefore, if we starts with a definite u which has a definite
w before projection, the projection P will not alter this value, so we do have:

For a given u, which fixes a L̃u and determines a w as described above, then ∅ 6= P L̃u ⊆ Lw.

the next question is wehther P L̃u covers the full Lw space. Suppose U = {u1, u2, ...} are all the u configurations such
that the hexagon flux corresponds to w. It is easy to see that any two configurations in U can be mapped to each other
by the product of Dj ’s on some lattice sites. crucially, note that DjP = P , so that really we have P L̃u = P L̃u′ for any
u, u′ ∈ U . Therefore, we have

For any u and its corresponding w, P L̃u = Lw.

Now let’s do some basic counting. Suppose the honeycomb lattice has N hexagons. A hexagon is just a unit cell (or
more precisely, equal in area to a diamond unit cell), so there are in total 2N sites, each site has a spin degree of
freedom so the physical Hilbert space dimension is |L| = 22N . there are 2N different flux configurations for w, so the
dimension of the Hilbert subspace for each flux configuration is |Lw| = 2N . Now the enlarged Hilbert space dimension is

|L̃| = 42N = 24N since it has four Majorama fermions on each site, which can be viewed as two complex fermions on each
site. According to the above analysis, the enlarged Hilbert subspace corresponding to a fixed flux configuration should
have dimension 24N/2N = 23N , i.e. |

⊕
u∈U L̃u| = 23N , which can be checked by using |L̃u| = 2(2N/2) = 2N (each L̃u is
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the Hilbert space for c’s, i.e. one Majorana fermion per site) and |U | = 22N (the way of applying Dj ’s) so that we do

have |
⊕

u∈U L̃u| = |U | · |L̃u|. So we actually have

|L̃u| = |P L̃u| = 2N .

what this means is that, while P is a true projector for L̃, it is not a true projector for subspace L̃u, in particular,
|(P L̃u) ∩ L̃u| = 1, since P consists of terms of product of Dj ’s, and any non-identity product maps L̃u to some other
subspace. So, P actually has a nontrivial structure, hidden in the direct sum of the Hilbert subspace below⊕

u′∈U
L̃u′ % P L̃u = Lw ∀u ∈ U. (30)

The true meaning of this is on site. Define D to be the group generated by Dj ’, then U = {D(u)|D ∈ D}, |D| = |U | = 22N ,

P =
∏
i Pi =

∏
i

1+Di
2 = 1

|D|
∑
D∈DD. For an eigenstate |ψ̃u〉 of H̃u, we have P |ψ̃u〉 = 1

|D|
∑
D∈D |ψ̃D(u)〉, |ψ̃D(u)〉 ∈ L̃D(u).

According to Kitaev, the operators Dj ’s are the operators for gauge transformations. To make sense of this, let us
summarize the structure of the problem we are considering:

Consider the situation where a physical state is the superposition of states, each of which lives in a different sector (in
the sense of direct product) of the Hilbert space. The sectors are mapped to each other under some operators, and the
states are mapped to each other under the same set of operators. In this situation, each sector is called a gauge-fixed
sector, and the operators that map each other are called gauge transformations. The state in each gauge-fixed sector is
not physical, but only the superposition gives the true physical state.

⊕ ⊕ ⊕ · · ·

|ψu1
〉 |ψu2

〉 |ψu3
〉+ + + · · ·

|Ψ〉

L̃u1
L̃u2

L̃u3

Lw

Next question: what is the ground state of the original Kitaev spin Hamiltonian? The Majorana model, H̃u, is of
course very easy to solve. Let’s say we get its ground state, which is |ψ̃u〉. But what is the ground state of H? We know

that |ψw〉 = P |ψ̃u〉 ∈ Lw, but is |ψw〉 even an eigenstate of H? It seems that the Kitaev paper turned to analyzing H̃u
thereafter, without going back to the very original (and important) question of what the ground state of the original spin
Hamiltonian H is.

According to https://journals.aps.org/prb/abstract/10.1103/PhysRevB.84.165414, the energies of projected
(i.e. symmetrized) and unprojected (i.e. unsymmetrized) states are the same and the spin correlation functions (whose
certain exact properties were discussed in Refs. 2 and 20) can be conveniently computed with unprojected eigenstates.
Ref. 2 and 20 are:

https://iopscience.iop.org/article/10.1088/1751-8113/41/7/075001/pdf

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.98.247201

We try to summarize from another perspective. We have

H = diag(Hw(1) , Hw(2) , ...,Hw(2N )),

where each w(i) is a flux configuration for all N hexagons (the j-th hexagon has flux w
(i)
j , with j = 1, 2, ..., N). Here H is

a 22N × 22N matrix, and Hw(i) is a 2N × 2N matrix. For each w ∈ {w(1), ..., w(2N )}, there are 22N u configurations that

35

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.84.165414
https://iopscience.iop.org/article/10.1088/1751-8113/41/7/075001/pdf
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.98.247201


corresponds to w. Denote the set of these u configurations as Uw = {u(1)
w , u

(2)
w , ..., u

(22N )
w }. Corresponding to Eq. (30), we

have
Hw
∼= P Diag(H̃

u
(1)
w
, H̃

u
(2)
w
, ..., H̃

u
(22N )
w

)P,

where each H̃u is a 2N × 2N Hamiltonian. As mentioned before, P = 1
|D|
∑
D∈DD, where D = 〈D1, D2, ..., D2N 〉, and

|D| = 22N = |Uw|. So we have

PH̃uwP = P

 1

22N

22N∑
i=1

H̃
u

(i)
w

P, ∀uw ∈ Uw.

Note that all 22N Hamiltonians H̃uw have identical spectrum since they are related by unitary transformations (i.e. the
gauge transformation D).

Now we summarize a few results about gauge transformations. For each gauge transformation D ∈ D and each

uw ∈ Uw = {u(1)
w , u

(2)
w , ..., u

(22N )
w }, we have (note that D† = D)

D†H̃uwD = H̃u′w , where u′w = D(uw), so that [D, H̃uw ] 6= 0.

This means that gauge transformation D permutes the matter field Hilbert subspaces, and consequently, [D, H̃] 6= 0.
However, for the physical Hamiltonian H, we have (note that D† = D)

D†HD = H ⇔ [D,H] = 0,

this of course is not surprising at all since we have H = PH̃P and [D,P ] = 0 for any D ∈ D. We can also direct verify it

in the extended Hilbert space L̃ using Majorana fermions: since each term in H has the form of cbbc and has either zero
or two Majorana fermion overlap with Dj , so D and H commute. From another perspective, the physical Hilbert space

L can be viewed as defined by [D,H] = 0: define the subspace L′ ≡ ⊕D∈DDL̃, then we have L′ = DL′ for any D ∈ D so
that L′ = L. This is exactly what we mean by “physical state must be invariant under gauge transformations”.

Since D commute with H, we might want to use the eigenvalue of D to block diagonalize H. But actually this is
trivial since any |ξ〉 ∈ L satisfies Dj |ξ〉 = |ξ〉 for all j = 1, ..., 2N (see Eq. (11) of Kitaev’s paper).

Now, we have (using Eq. (14) of Kitaev)

H|Ψw〉 = HP |Ψ̃u〉 = PH̃PP |Ψ̃u〉 = PH̃P |Ψ̃u〉 = PH̃
1

|D|
∑
D∈D

D|Ψ̃u〉 =
1

|D|
P
∑
D∈D

H̃D|Ψ̃u〉

=
1

|D|
P
∑
D∈D

H̃|Ψ̃D(u)〉 =
1

|D|
P
∑
D∈D

H̃D(u)|Ψ̃D(u)〉 =
1

|D|
P
∑
D∈D

E|Ψ̃D(u)〉 = EP |Ψ̃u〉 = E|Ψw〉,
(31)

so actually the state Eq. (14) is an eigenstate of H. Furthermore, since the Hw is 2N × 2N and H̃u is also 2N × 2N ,

the eigenstates of Hw is actually in one-to-one correspondence with the eigenstates of H̃u via projection. The low energy
property (or, really, any property) of the physical states can therefore be inferred by just examining a single free Majorana
model. This marks the solvability of the Kitaev honeycomb model.

Comment: quite often, H̃u with gauge related u are viewed as sharing the same Hilbert space, since they are just
Hamiltonian for the same set of Majoranas c. But according to the above analysis, they are really different diagonal
blocks of the totla Hamiltonian, so that the eigenstate of one and the eigenstate of the other are always orthogonal. Note
that these two are really complementary view points: the first view point is the usual “gauge fixing” treatment, while the
second view point has the advantage of presenting the structure more clearly and introducing gauge fluctuations. But at
the end of the day, it is the gauge invariant state that is the physical one; and this is the state that “entangles” different
Hamiltonian blocks.

11.7 Steven Simon’s talk at les Houches

Ising anyons: ψ × ψ = I, ψ = σ, σ × σ = I + ψ, and σ is its own antiparticle, so σ = σ̄.
Fusion multiplicity:
N c
ab graphically has a,b down and c up; we can also have a, b, c̄ in, a, b fuse first to c and then c and c̄ fuse to nothing

(with nothing coming out).
N c
ab = N c

ba = Nabc̄ = N c̄
āb̄

.
Associativity constraint: (om)
[Na, Nc] = 0, where we define N c

ab = [Na]cb. We have Nā = NT
a . Meaning we have a bunch of commuting matrices,

which also commte with their transposes. (These are normal matrices, which means they are simultaneously diagonalizable
by some unitary matrices:
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UNaU
† = Da,

These define modular anyon theories, where Uab can be roughly obtained as the linking of a and b.
The “F” diagram for five a’s: to compute the number of outcomes, we calculate

∑
b,c,d = N b

aaN
c
abN

d
acN

e
ad = [N4

a ]ea as

a matrix multiplication. More generally, the dim of M a’s is [NM−1
a ]ea which equals roughly the largest eigenvalue of Na

(which we call da), to the M ’th power.

Fibonacci: τ × τ = I + τ , {I, τ}. We have Nτ =

(
0 1
1 1

)
, having largest eigenvalue φ := 1+

√
5

2 .

Ising: Nψ =

0 0 1
0 1 0
1 0 0

, Nσ =

0 1 0
1 0 1
0 1 0

, with dσ =
√

2 (the largest eigenvalue).

Hw: dadb =
∑
cN

c
abdc.

“Quantum dim is the rep. of the fusion algebra.”
Hw: No theory where a× a = a only, except a = I.
“Identity only appear on RHS once – an axiom.”
Sphere → Sphere with two holes, trapping charges a and ā, → torus T 2. Then conclude: Dim of T 2 = number of a’s.
The pants/fat/tube fusion diagram (of type 2-0), with input a, b below and output c up: Dim(the dim. of Hilbert

space on this manifold) = Nabc.
Glueing a 0-3 and a 3-0 together, we get Dim(g = 2) =

∑
abcNabcNabcNāb̄c̄.

Hw: find the GS digeneracy of Fib anyons on g = 4.
Toric code to Kitaev (‘97) quantum double: Vα =

∏
star Vz, Pβ =

∏
plaq σx. star operator Ṽα = (1 + Vα)/2 and

plaquette operator P̃β = (1 + Pβ)/2, so that they are projectors.
Choose a discrete group G, and any graph with oriented edge (orientation specified by g or g−1).

H = −
∑
α

Vα −
∑
β

Pβ

where (for e.g. a four valent star) Vα = δg1g2g3g4=id, and (for e.g. a square plaq.) Pβ : first define P (h)·Plaquette labeled by ordered(g1, g2, g3, g4) ≡
Plaquette labeled by ordered(hg1, hg2, hg3, hg4), where the meaning of h is “inserting flux”. Then, Pβ = 1

|G|
∑
h∈G Pβ(h).

First, check that this is a projector.
To check that V and P comppute: define a star (with arrows all going out) and a plaquette made ouf the left and

down edges. Note that Vα = δg1g2g3g4=id. PV is to make (g4, g3)→ (hg4, g3h
−1). (....)

Then: G.S. is the configuration with all V ’s and P ’s having value +1, which is the same as summing over all edge
configs such that all V ’s and P ’s having value +1.

Imagine in the G.S., multiply one edge with h (“creating defects”.). Then for nonabelian group: inorder to saparate
the two defects created by the h multiplication (i.e. making one defect propagate), need to multiply the adjecent edge by
xhx−1 (rather than h), where x ∈ G is the vertical bond right below the vertex connecting the two horizontal bonds that
we are multiplying by h and xhx−1, respectively. These vertex excitations are called “fluxons”

Continue. For plaquette operator: for a series of vertical bonds that are adjacent horizontally, labeled by g1, g2, g3, ...,
ρRn,n′(g4g3g2g1):

ρRa ⊗ ρRb = U†[ρc1 ⊕ ρc2 ⊕⊕...]U (...) These are called “chargeons”
A procedure to reduce the plquettes and vertices to count the dim of G.S. on the torus: finally only two edges

(with element g1, g2) and one plaquette left. (Note this reduction only works if we want to count ground states.)
Then: V = δg1g2g1−1g−1

2 =id, meaning that g1 and g2 must commute. For a general state |a, b〉, the plaquette oper-

ating on lt gives P |a, b〉 = 1
|G|
∑
h∈G |hah−1, hbh−1〉. According to Burnside’s lemma (number of orbits is equal to

1
|G|
∑
h∈G(number of objects in a set fixed by h), so we are looking for h that commute with a and b, where recall that a

and b also commute. Therefore the number of ground state is equal to the number of commuting triples (a, b, c), divided
by |G|.

E.g.: for the group S3 = {e, r, r−1, x1, x2, x3}, then {e, r, r−1} has 27 equivalences, {e, e, xi} has 9, and {e, xi, xi} has
9, and {xi, xi, xi} has 9. So 48/|S3| = 8 G.S.’s.

We have that different basis are related by the F symbols:
∑
f [F abce ]df (F relates a left comb to a right comb). We

usually choose s.t. F Iabc = F aIbc = F abIc = 1.

For Fibonacci: F τττI = 1; where F ττττ =

(
φ−1 φ−1/2

φ−1/2 −φ−1

)
. We can define states |0〉 = leftcomb of τ, τ, τ fusing to τ

with an intermediate state of I, and |1〉 = leftcomb of τ, τ, τ fusing also to τ with an intermediate sate of τ . We then

define the right comb corresponding states as |0′〉 and |1′〉. Then we have that

(
|0〉
|1〉

)
= F ττττ

(
|0′〉
|1′〉

)
.
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F satisfies the pentagon equation, associated with the two ways of changing a leftcomb to a rightcomb.

If the fission is described by gauge transformation that Y abc (as a diagram) = Y ãb̃c̃ Uabc , then one can show that

(F̃ abce )df =
Uafe U bcf
Uabd U

dc
e

(F abce )df .

Def. A set of particles with N ’s and F ’s is a uniatry fusion category.
Rigidity: (Oceano Ioanou): finite number of solutions to the pendagon equations.
Def. Braiding. A naive fission from c to get a, b, denote the final state |ψ〉; a less naive fission with a, b exchanging

position (or rotating 180 deg) we call Rabc |ψ〉, or [Rabc ]−1|ψ〉, depending on the detailed convention.
Example in Fibonacci anyons: Rτττ = e3πi/5, and RττI = e−4πi/5.
Consistency condition between the F ’s and R’s — the hexagon equation: RFR = FRF (details see the Simon

textbook)
Particles + N ’s + F ’s + R’s (where the F and R’s are unitaries), called UBTC.
Consider the case where f braids 360 around a. If this is the same as bo braiding f around a, we call f “transparent”.

If the only transparent object is I, then called modular tensor category. If all transparent, then called symmetric tensor
category.

We can always undo any knots in 3D space, therefore the point particles in 3D is characterized by the symmetric
tensor category.

Sign[F aaaa ]II : the Frobenius-Schur indicator.
Lein-Wen model: choose a UFC, so that each trivalent vertex is labeled by three particles a, b, c. we have H = −

∑
V −∑

P , where V basically this rule, and P acting on the plaquette gives 1
D2

∑
a datimes having an a in the plaquette and we

have to push this a into the vertices using the F symbols. We have |GS〉 =
∑

all labels satisfying V W (labeling)|labeling〉.

12 XY model and Berezinskii-Kosterlitz-Thouless (BKT) transition

12.1 References

• Section 3.3 of Nagaosa’s book ”Quantum Field Theory in Condensed Matter Physics”.

• Section VII of the review paper by Kogut, ”An introduction to lattice gauge theory and spin systems”, https:
//journals.aps.org/rmp/pdf/10.1103/RevModPhys.51.659,

• Section IV of the review paper by Savit, ”Duality in field theory and statistical systems” https://journals.aps.

org/rmp/pdf/10.1103/RevModPhys.52.453,

• The concept of charged BKT phase transition, whose elementary introduction can be found in https://arxiv.

org/pdf/1909.01820.pdf

12.2 The model

XY model on a 2D square lattice:

H = −J
∑
n,µ

sn · sn+µ = −J
∑
n,µ

cos(θn − θn+µ) = −J
∑
n,µ

cos ∆µθn, (32)

12.3 Phase analysis from correlation function

Spin-spin correlation function at high and low temperature T shows it has two phases:

〈eiθie−iθj 〉 =
1

Z

∫ ∏
m

θme
i(θi−θj)e−βJ

∑
kl cos(θk−θl),

• High T : expand according to the small parameter βJ . The zeroth order term is just 1 which vanishes due to the

integral
∫ 2π

0
dθme

iθm = 0 for m = i or j. The first nonzero order is contributed by paths connecting Ri and Rj :

each bond 〈kl〉 on this path corresponds to a phase ei(θk−θl), and all these phases along the bond will cancel (the
first and the last will cancel eiθi and e−iθj , respectively). Each bond will contribute a factor of 2πJ/kBT due to∫ 2π

i
dθ = 2π. Note there are infinite such paths, but the dominant ones (least powers of 1/T ) are the ones are the

shorted paths, and we get 〈eiθie−iθj 〉 ∼
(

J
2kBT

)|Ri−Rj |
.
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• Low T , thermal fluctuation should be small, suggesting θi varies slowly and smoothly in the system, therefore valid
to expand the cosine to (∆θi)

2. We get 〈eiθie−iθj 〉 = |Ri −Rj |−kBT/2πJ .

Two things we leared: low temperature there is no magnetization (i.e. 〈eiθi〉 → 0), which is in accord with Mermin-
Wagner theorem; second, the low energy phase is critical (algebraic). This phase support another form of excitation, not
considered in the conventional Ginzburg-Landau theory: vortices.

12.4 Single vortex analysis

In the continuum limit H = J
2

∫
(∇θ)2d2R, whose equation of motion ∇2θ = 0 supports vortex configuration θ =

arctan y/x. We have ∇θ = (−y,x)
R2 , ∇2θ = 0, therefore Evortex = J

2 ·
∫ 2π

0
dθ
∫
dRca RdR · 1

R2 = πJ lnRc/a, where a is lattice
spacing and Rc system size. Free energy F = U − TS where S = lnW , where W is number of configurations of putting
one vortex in the sample which is roughly W = R2

c/a
2, therefore F = (πJ − 2T ) lnRc/a. This is the KT picture: at low

temperature, the only low energy excitations are spin waves (not Goldstone modes! since in 2D the continuous symmetry
is not broken), vortex-antivortex pair can appear but they are in bound state; free vortex cannot appear. As temperature
grows, size of the vortex-antivortex pair grows until the size diverges at Tc.

12.5 Duality transformation

The above picture/argument is coarse, in the sense that only one vortex is discussed.
Below is duality mapping. We will find: 1. vortex sector and spin wave sector decouple (i.e. with no interaction); the

vortex sector is equivalent to a 2D Coulomb gas (Sine-Gordan model).
Now we start from the original definition of the partition function (letting βJ → β)

Z =

∫
D[θ]N1 e

β
∑
i,µ cos(θi−θi+µ)

=

∫
D[θ]N1

∑
{li,µ}

e
∑
i,µ ili,µ(θi−θi+µ)Ili,µ(β)

=

∫
D[θ]N1

∑
{li,µ}

Ili,µ(β)ei
∑
i θi

∑
µ li,µ

=
∑
{li,µ}

eln Ili,µ (β)δdiv li=0

=
∑
{li,µ}

eln Iεµν∆νn(i)(β) Physical analysis of two phases

=
∑
{ni}

e−
1

2β

∑
i,µ(n(i)−n(i−µ))2

=

∫ ∞
−∞

∏
i

dφi

∞∑
{m(i)}=−∞

e−
1

2β

∑
i,µ(∆µφ(i))2+2πi

∑
im(i)φ(i) Interpretation of m,φ

= ZSpin Wave ·
∞∑

{m(i)}=−∞

e
−2π2β

∑
i

∑
i′ m(i)

∑
k

e
ik·(ri−r

i′ )
4−2 cos kx−2 cos ky

m(i′)

= ZSpin Wave ·
∞∑

{m(i)}=−∞

e−2π2β
∑
i

∑
i′ m(i)G(i−i′)m(i′)

= ZSpin Wave ·
∞∑

{m(i)}=−∞

′e−2π2βJ
∑
i,i′ 6=im(i)G′(i−i′)m(i′)

∑
i

m(i) = 0

= ZSpin Wave ·
∞∑

{m(i)}=−∞

′e
π2βJ

2

∑
i,i′ 6=im(i)m(i′)+πβJ

∑
i,i′ 6=im(i) ln

|r−r′|
a m(i′)

= ZSpin Wave ·
∞∑

{m(i)}=−∞

′e−
π2βJ

2

∑
im

2(i)+πβJ
∑
i,i′ 6=im(i) ln

|r−r′|
a m(i′)

(33)
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• Fourier decomposition

eβ cos θ =

∞∑
l=−∞

eilθIl(β) (34)

where Il(λ) = 1
π

∫ π
0
eβ cos x cos lxdx is modified Bessel function of the first kind.

•
∑
n,µ ln,µ(θn − θn+µ) =

∑
n θn

∑
µ ln,µ, integrating θ’s gives

∑
µ ln,µ = 0, i.e. divli = 0 (divergenceless at site i).

• continuous case ∇·B = 0⇒ ∃A, i.e. (Bx, By) = (∂yAz, ∂xAz) s.t. B = ∇×A and that ∇·B = ∇·(∇×A) = 0. By
analogy: suppose li,x = n(i+ y)−n(i). then the li,y condition is entirely constained by the li,x condition, and must
be li,y = −n(i+ y) + n(i+ y − x) [e.g. it cannot be li,y = n(i)− n(i+ x) or anything other than that]. According
to these definition we have li,−y = −li−y,y = −(−n(i) + n(i− x)), and li,−x = −li−x,x = −(n(i− x+ y)− n(i− x)),
it is easy to check that divl = 0 is automatically satisfied.

• Physical analysis:

– when β � 1, expand using β: all n(i) want to have the same value, see from the expansion of Ip(β) =

δ(p) + β
2 [δ(p+ 1) + δ(p− 1)] + β2

4 [δ(p+ 2) + δ(p− 2) + 2δ(p)] + · · · ,

Z =
∑
{n}

∏
i,µ

(1 + β2/2)δ[(∆µn(i))2] +
β

2
δ[(∆µφj)

2 − 1] +
β2

4
δ[(∆µn(i))2 − 4] +O(β3) + · · ·

therefore n is disorder parameter for the system.

– when β � 1, expand Eq. (34) in powers of l2: that is to say, expand in powers of (∆n)2 and only keep this
leading term. This is gaussian model. Even this model has phase transition!

• Poisson summation formula2
∞∑

m=−∞
h(m) =

∞∑
l=−∞

∫ ∞
−∞

dφh(φ)e2πilφ.

• Define φi =
∑
k e

ik·riφk, we have ∆xφ(i) =
∑
k(eikx − 1)eik·riφk, and therefore

∑
i(∆xφ(i))2 =

∑
i

∑
k(eikx −

1)eik·riφk
∑
k′(e

ik′x −1)eik
′·riφk′ =

∑
k,k′(e

ikx −1)(eik
′
x −1)δk,−k′φkφ−k =

∑
k(eikx −1)(e−ikx −1)φkφ

∗
k =

∑
k(2−

2 cos kx)φkφ
∗
k, therefore

∑
i,µ(∆µφ(i))2 =

∑
k(4 − 2 cos kx − 2 cos ky)φ∗kφk. Therefore the exponential becomes

A ≡ − 1
2βJ

∑
k φ
∗
k(4−2 cos kx−2 cos ky)φk+2πi

∑
k e

ik·ri
∑
im(i)φk, using the ax2 + bx = a(x+ b/2a)2− b2/4a, we

have A =
∑
k−

4−2 cos kx−2 cos ky
2βJ |(φk +

2πi
∑
i e
ik·rim(i)

− 1
βJ (4−2 cos kx−2 cos ky)

)|2 − (2πi
∑
i e
ik·rim(i))2

− 2
βJ (4−2 cos kx−2 cos ky)

and φk can be integrated

out.

• spin wave propagator G(r) =
∑
k

eik·r

4−2 cos kx−2 cos ky
=
∫

BZ
d2k

(2π)2
eik·r

4−2 cos kx−2 cos ky
. ZSpin Wave is the part after inte-

grating φk. We see that the spin wave part and the vortex part decouples. Since spin wave does not give transition,
the transtion must be induced by the vortex part.

2Using Jacque Villain’s approximation

eλ cos θ '
∞∑

m=−∞
eλe−

λ
2

(θ−2πm)2

and Poisson summation formula, we can also obtain Eq. (??) by doing the integral for φ we get [−λ
2

(2πφ− θ)2 + il(2πφ− θ) + ilθ = −λ
2

(2πφ−
θ − il/λ)2 − l2/2λ+ ilθ ], note that the Gaussian integral gives

√
π and that we are doing integral variable substitution φ→

√
λ2π2φ = φ′.
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• At large enough r, we have G(r) ' − 1
2π ln r

a −
1
4 ; at r = 0, we have G(0) ' 1

2π ln R
a . The former shows that

vortices interact through a logarithmic potential; the latter is consistent with the self energy of a single vortex.
Then it is better to introduce G(r) = G′(r) + G(0) where G′(r = 0) = 0. This way, the exponential of Z
gives −2π2βJ times [

∑
im(i)]2G(0) +

∑
i

∑
i′ 6=im(i)G′(i− i′)m(i′), where the first term indicates that the biggest

contribution to Z is the configurations with
∑
im(i) = 0, i.e. the vortices are neutral. The sum

∑′
means

neutral configurations of vortices only. We now plug in the asymptotic form of G(r) = − 1
2π ln r

a −
1
4 ; we also have

0 =
∑
i,i′ m(i)m(i′) =

∑
i,i′ 6=im(i)m(i′) =

∑
im

2(i).

• The first term gives the chemical potential of each vortex and the second term gives the logarithmic interactions
between different vortices. This is exatly the partition function for Coulomb gas in 2D. The phases of it is known:
when β is large (low temperature), the chemical potential suppresses the vortices therefore there is only spin waves;
the logarithmic potential says that, at low temperature, even if vortices populate, they appear in vortex-antivortex
pairs (bound state). As temperature is raised, vortices are not suppressed; they are still not free but the interactions
are effectively screened.

12.6 Interpretation of m and φ as vortex and spin waves

Interpretation of m and φ as vortex and spin waves: can only be seen in Villain approximation.

Z =

∫
D[θ]N1 e

β
∑
i,µ cos(θi−θi+µ)

= e2Nβ

∫
D[θ]N1

∑
{mi,µ}

e−
β
2

∑
i,µ ili,µ(∆µθi−2πmi,µ)2

Villain approximation

= (2βe2β)N
∑
li,µ

∫
D[θ]N1

∫
D[φi,µ]e−

∑
i,µ

1
2β φ

2
i,µ+iki,µ(∆µθi−2πli,µ) Poisson summation

= (4πβe2β)N
′∑

{li,µ}

∫
D[φi,µ]e

∑
− 1

2β φ
2
i,µ−i2πφi,µli,µ

∏
δdivφi,µ


=

(4πβe2β)N
′∑

{li,µ}

∫
D[A]iNe

∑
− 1

2β (∆µAi)
2−i2πεµν∆µAili,ν


=

(4πβe2β)N
′∑

{li,µ}

∫
D[A]iNe

∑
− 1

2β (∆µAi)
2+i2πAiεµν∆µli,ν


= (2βe2β)N

∫
D[θ]N1

∑
{li,µ}

e
∑
− 1

2β l
2
i,µ−i∆µθili,µ

=
∑
{li,µ}

e−
1

2β l
2
i,µδdiv li=0

=
∑
{ni}

e−
1

2β

∑
i,µ(n(i)−n(i−µ))2

(35)

we can identify
m(i) = εµν∆µli,ν ,

this proves that the interpretation of mj is the vortex. li,µ represents change of θi along i, µ; εµν∆µlν is the curl. More
explicitly, if define

∆µΘi = ∆µθi − 2πli,µ,

then ∑
C

∆µΘi =
∑

mi,

therefore mi’s are just the vortices of the angle Θi.
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12.7 Renormalization group analysis of BKT transition

Starting from the line containing φ(i) and m(i), we add chemical potential y. By keeping only m(i) = 0,±1, we obtain a

sine-Gordon model with y = y0e
−π2β/2 being the chemical potential. Then the usual RG gives

dµ = −πβµ(dΛ/Λ), dβ = −2π4α2µ
2β3(dΛ/Λ5),

From the flow defined by these equations, two phases are identified: one is y = 0 (note that physics stays the same on
the flow line), whose physical meaning is no vortex, just spin wave; and a y →∞, i.e. flow to infinite temperature. More
information can be extracted from these equations (see Kogut’s paper).

12.8 General duality in U(1) theories

U(1) invariant lattice theories in d dimensions with simplex number s; the dual theory is a Z∞ invariant theory in d
dimensions, with simplex number s̄ = d−s; phase diagram on β axis is inverted (i.e. the low and high temperature phases
of the original theory is mapped to the high and low temperature phases). The dual theory can be easily converted into
a third form: it contains spin waves and topological excitations of the original U(1) invariant spins, the latter exist on a
closed manifold of dimension d− s− 1. For KT model: d = 2, s = 1.

Z =

∫
Dθeβ

∑
s cos(εε∆θ)

=

∫
Dθ
∏
s

∞∑
{k}=−∞

Ik(β)ei
∑
s k·εε∆θ

=
∑
{k}

∏
s

Ik(β)

∫
dθe−i

∑
t θ·εε∆k

=
∑
{k}

e
∑
s ln Ik(β)

∏
t

δ(εε∆k)

≈ eNsβ
∑
ε∆φ

e−
1

2β

∑
s(εε∆φ)2

low temperature approximation

= eNsβ
∫
D(ε∆φ)

∞∑
{L}=−∞

e
∑
− 1

2β (εε∆φ)2+i2πLε∆φ

= eNsβ
∫
D(ε∆φ)

∞∑
{L}=−∞

e
∑
− 1

2β (εε∆φ)2+i2πε∆Lφ

= eNsβZ0

′∑
{J}

eβ
∑
i,j JiVijJj

(36)

on a d dimensional lattice, remember we define the simplex number s to be the dimension that each term occupies
(and therefore Ising/XY model has s = 1 which is the bond dimension and Ising gauge/abelian gauge has s = 2 which
is the plaquette dimension). On each simplex of dimension s− 1, place a complex phase Qµ1...µs−1;i = eiθµ1...µs−1;i , these
phases interaction according to the form

Iµ1..µs;i = cos

(
1

(d− s)!
εµ1...µsα1...αd−sεα1..αd−sβγ1...γs−1∆βθγ1..γs−1;i

)
= cos(εε∆θ),

where the ε is just the fully antisymmetric tensor. Now we try to understund this term a little better: note i is a d
dimensional vector which labels the site in the d dimensional space/spacetime lattice; for each site i, in order to define
the variable θµ1...µs−1;i which lives on a s− 1 simplex (i.e. boundary of the s simplex), we just have to define the variable
direction, which is specified by s− 1 directions, µ1, ..., µs−1. Now, remember that in the XY model, for each site i, there
are actually two terms, depending on the direction of the bond x or y, where bond is simply the s = 1 simplex. This
means that, in our generalization, fixing i we can also obtain differen terms; and these terms are distinguished by there
simplex directions µ1...µs, and each term is exactly what we write down here, Iµ1...µs;i. Therefore we stress that, each
term corresponds to one simplex (i.e. for any chosen s simplex, a term should be written down). Let us understand the
part in the parenthesis better: as an example, in the usual Abelian lattice gauge theory, s = 2, and the variable lives on
bonds, i.e. θµ;i, where i is the starting point of the bond and µ is the direction of the bond. Then, ∆βθγ1...γs−1;i takes
derivative along direction β, where β is restricted to the only free direction in the s simplex after fixing γ1...γs−1, in other
hand, we have

∆βθγ1...γs−1;i = θγ1...γs−1;i+γs − θγ1...γs−1;i, β = γs.
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Note the introduction of εε sums over the codimensions, which gives (d−s)! terms; these are redundant and that’s why we
need to divide by (d−s)!. But through this εε we can indeed introduce the correct sign convention when taking derivative
∆β along different coordinate β. One then follows the KT transformations to proceed.

12.9 Charged BKT

Charged superfliud or superconductor:

• Anderson-Higgs mechanism makes all excitations massive

• vortex excitations: winding counteracted by the penerating magnetic field, thus energy of vortex finite ∼ lnλL/a,

λL =
√

m∗

µ0e∗2|ψ|2 .

• From the vortex: it seems TBKT → 0

• reality: dimensionality (vortex couple to 3D E&M): effective penetration depth λL,2D = λL
λL
w can still be very large

if system thickness w is small. Therefore still at finite temperature.

13 Quantum Spin Liquids and Gauge Theories

13.1 Spin systems that are exotic

Any system with odd number of electrons per unit cell: must a metal (gapless)!
Lieb-Schultz-Mattis Theorem: A local SU(2) invariant spin Hamiltonian on a lattce system with a total half-integer

spin per unit cell and PBC, must have at least one low-lying state whose energy scales to zero with system size L.
It involves different mechanisms:

• Symmetry breaking systems:

– Spin rotation symmetry

– lattice symemtry breakng...

• Non-symmetry-breaking systems: bulk gapless excitation or ground state degeneracy: both exotic! (paramagnet is
gapped and no ground state degeneracy)

– Ground state degeneracy: (on a torus)+no Symmetry breaking, must be topologically ordered

– Gapless bulk: not protected by Goldstone th, but by non-trivial entanglement of the ground satte!

Its generalizations: by Oshikawa, etc.
Instances corresponding to those mechanisms:

• Symmetry breaking systems:

– Magnetic order: Ferromagnet

– Valence bond solid

• Non-symmetry-breaking systems: bulk gapless excitation or ground state degeneracy: both exotic!

– Toric code/Z2 lattice gauge theory, Z2 spin liquids

– Gapless bulk: U(1) spin liquids

Hamiltonian and lattice corresponding those mechanisms:
Heisenberg model

H =
∑
〈r,r′〉

Jr,r′ ~Sr · ~Sr′

• Symmetry breaking systems:

– J < 0

– J > 0, triangular lattice

• Non-symmetry-breaking systems?
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13.2 Trick: partons

Write

Sir =
1

2
f†rασ

i
αβfrβ

get

H =
∑
〈r,r′〉

−1

2
Jr,r′f

†
rαfr′αf

†
r′βfrβ + Const.

Problematic: enlarged the Hilbert space: each site has four states now. So need to impose (Baskaran et al., 1987)

f†rαfrβ = 1, frαfrβεαβ = 0.

Goal: write into a mean field theory:

• Zeroth-order approximation:
〈f†rαfrα〉 = 1, 〈f†rαfr′β〉 = χr,r′

HMF0 =
∑
〈r,r′〉

−1

2
Jr,r′

[
(f†rαfr′αχr′,r + h.c.)

]
+
∑
r

a0(r)(f†rαfrα − 1)

and ignore fluctuations of a0(r) and χr,r′(i.e. time dependence)3

• First-order approximation: keep the fluctuations if a0 and phase fluctuations of χ:

HMF1 =
∑
〈r,r′〉

−Jr,r′
[
(f†rαfr′αχ̄r′,re

−iar′,r + h.c.)
]

+
∑
r

a0(r)(f†rαfrα − 1)

, where χ̄ is the solution to zeroth-order MF problem. First-order MF has gauge symmetry:

ar,r′ → ar,r′ + θr − θr′ , fr → fre
iθr .

In summary:

• Zeroth-order MF: theory of free spinon excitations frα.

• First-order MF: theory of spinon excitations coupled to U(1) gauge field! or: spinons interact via gauge field!
–spinons exications in pair!

13.3 Partons: physical or not?

What we just did:

• 0-th MF: bosonic excitation ⇒ single spinon excitation (unphyisical?)

• 1st MF: gauge fields glue two spinon back in excitation, to give bosonic excitation.

It seems: 0-th is wrong; 1st did nothing more.
But in fact: 0-th can be correct, 1st has something more!

• 0-th MF: excellent effective description of the deconfined phase

• 1st MF: have two phases! confined and deconfined phases!

3A check: if we put fluctuations back we get

Z =

∫
DfD [a0(r)]Dχr,r′e

i
∫
dt
(
L−

∑
r a0(r,t)(f†r fr−1)

)
,

where

L =
∑
r

f†r i∂tfr −
∑
〈r,r′〉

−
1

2
Jr,r′

[
(f†rαfr′βχr′,r + h.c.)− |χr,r′ |2

]
.

Integrating a0 and χ gives the original H. These fluctuations describe the collective excitations above the MF GS.
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So, 0-th MF is physical, and its excitations are just as well contained in the original spin Hamiltonian!
Q: how do we see this:
A: Gutzwiller projection!

Ψ
(χ)
spin({αr}) = 〈0f |

∏
r

frαr |Ψ
χ
MF0〉,

where the physical spin wavefunction is just

|Ψ〉 =
∑
{αr}

Ψ
(χ)
spin({αr})|{αr}〉.

Also notice: two mean-field Ansatze, related by gauge tranformation, give the same physical spin state. So we call the
whole procedure projective construction.

Back to the understanding of deconfined phase: how can we understand this?
Naively,

no symmetry breaking

⇒ highly degenerate ground state

⇒ highly entangled, non local ground state

⇒ support non-local excitation (non-local excitation can have only take finite amount of energy)

⇒ each spinon (unpaired spin) in the spinon pair excitation can be viewed as individual.

Summary:

• In 2D, spinon excitations are simply unpaired spins. In ground state all spins are paired; in lowest excitation, there
are two unapred spins, but they can be separated far away, due to the highly entangled nature of ground state.

• Partons are simply one way of finding highly entangled spin ground states.

• Quantum spin liquids can be defined as spin ground states that are highly entangled.

Definition of Spin liquids: highly entangled spin states, that support non-local excitations with fractionalized quantum
numbers, non-abeial statistics, etc...

13.4 Types of spin liquids according to gauge theory

In the case of gapped spinons, we can integrate them out and get pure gauge theory.
Result: pure compact U(1) gauge theory:

• 2D: confined (instanton effects)

• 3D: deconfined (coulomb phase) and confined

Result: there is no QSL in 2+1D with gapped spinon.
In the case of gapless spinons, in 2D, several cases:

• Algebraic SL: Dirac fermions: theory is QED3

S =

∫
dτd2x

[
N∑
i=1

ψi

(
∂τ − ia0 − i(~∇− i~a) · ~σ

)
ψi +

1

4g
F 2

]

For sufficiently large N > Nc: in a conformally invariant phase: algebraic spin liquid/Dirac SL. belieaved for small
N is unstable.

• Spinon surface SL: Fermi surface, more stable to monopoles

• Can use (Schwinger) boson to do parton construction, (boson at critical point).
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13.5 Deconfined phase of compact U(1) gauge theory: using XY model

Now let us prove that there is no deconfined phase for 2D compact quantum U(1) gauge theory, in condensed matter way.
There is a duality between the U(1) gauge theory

ZU(1) =

∫
Daµei

∫
dtd2xLU(1) ,

LU(1) =
1

4g
F 2, Fµν = ∂µaν − ∂νaµ,

and the XY -model

ZXY =

∫
Dθei

∫
dtd2xLXY ,

LXY =
χ

2

(
θ̇2 − (~∇θ)2

)
.

These two theories have the same spectrum if

χ =
( qg

2π

)2

,

and the same EOM if
q

2π
b =

1

χ
θ̇,

q

2π
εijej = ± 1

χ
∂iθ,

where ”+”(”−”) for real(imaginary) time, and b = ∂1a2 − ∂2a1 is the magnetic field.
A compact U(1) gauge theory has quantized gauge charge. The U(1) gauge theory can be coupled to charges

L =
1

4g
− Jµaµ,

where J0 = qδ(~x) for a point charge at ~x = ~0, and from EOM we get the electric field

~e =
g2q~x

2πx2
,

thus using the duality we see that this ~e corresponds to a circular flow

∂iθ =
εijx

j

x2
,

i,e, a quantized charge in the U(1) gauge theory is the quantized vortex in the XY -model.

• Unlike non-compact U(1), in compact U(1) gauge theory, there are quantized magnetic charge (monopoles). In
3 + 1D, these charges are gapped excitations. In 2 + 1D however, they are not particles, but appear in the form of
instantons (flux change in space-time), and flux not conserved.

• In imaginary time, a instanton of the U(1) gauge theory at xµ = 0 is

b(xµ) =
1

2q

x0

|x|3
, ei(x

µ) =
1

2q

xi

|x|3
,

which changes the folux by 2π/q:
(∫
x0>0

−
∫
x0<0

)
d2xb = 2π/q,

• In presense of a finite cut-off scale (lattice gauge theory), the path integral should not only include the smooth
fluctuations of the gauge field, but also instanton fluctuations. Then it is not pure gauge theory anymore.

• Use the duality, we can write

LU(1) =
χ

2
(∂µθ)

2,

the effect of instanton is to creats 2π/q amount of flux, and the the dual XY model language, it creates/annihilates
a single particle (duality: flux vs particle!). In XY -model, it is e±iθ that creates/annihilates a single particle, so we
should include them with same weight, so we get a term 2 cos θ, and now

L =
χ

2
(∂µθ)

2 −K cos θ,

• When χ is large, the fluctuations of θ around θ = 0 is small, so we expand it at this point to get

L =
χ

2
(∂µθ)

2 +
1

2
Kθ2,

which is gappped. Thus instantons open up a gap.

• As a consequence, interaction grow linearly with distance – confined!
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13.6 Mean field states – Symmetry considerations

• We mentioned before that QSLs typically do not break any symmetry of the lattice. Naturally, we want to know
how is symmetry properties of the mean field Hamiltonian.

• It turns out, due to the gauge redundacy, the partons carry a ”projective representation” of the lattice symmetry:

Ua(g)Ua(h) = ω(g, h)Ua(gh),

and consequently, the gauge equivalent Hamiltonian may transform into each other under symmetry.

• This defines an equivalence relation between all set of mean field Hamiltonians. We can use this relation to classify
all possible mean field Hamiltonians that preserve lattice symmetry.

• This is called Projective Symmetry Group classification. It is a pure symmetry consideration.

• The nontrivial symmetry operations on partons is called symmetry fractionalization. It is associated to any statistics,
etc.

To understand this more, let us give a simple example: four bonds s12, s23, s34, s41 on a square, taking value from
{±1}. Define gauge transformation as

sij →WisijW
−1
j ,

where Wi take values in {±1}, and i = 1, 2, 3, 4 are the four sites.
Under this definition of gauge transformation, how many gauge inequivalent classes are there? (2)
Concept of IGG(invariant gauge group)

13.7 Reference

• Quantum Field Theory of Many-body Systems, (Chapt. 7&9), Xiao-Gang Wen

• Quantum Spin Liquids, arXiv 1601.03742, Lucile Savary, Leon Balents

• Quantum Spin Liquid States, arXiv 1607.03228, Yi Zhou, Kazushi Kanoda, Tai-Kai Ng

14 Two-band toy models for Chern insulators and Weyl semimetals

In this section, we shall use two band models to elucidate as much topological physics as possible. We will be careful
whenever a statement is particular to the two-band situation.

14.1 Chern number

H(k) = d(k) · σ, d = (d1, d2, d3) = |d|(sin θ cosφ, sin θ sinφ, cos θ), E±(k) = ±|d| = ±d, u± = 1√
2d(d∓d3)

(
d1 − id2

−d3 ± d

)
=

1√
2d(d∓d3)

(
d1 − id2

±(d∓ d3)

)
=
√

d±d3

2d

 d1−id2√
d2

1+d2
2

±
√

d∓d3

d±d3

 =
√

1±cos θ
2

(
e−iφ

±
√

1∓cos θ
1±cos θ

)
= cos θ2

(
e−iφ

tan θ
2

)
for u+ and sin θ

2

(
e−iφ

− cot θ2

)
for u−, where we have used the fact that sin θ

2 =
√

1−cos θ
2 and cos θ2 =

√
1+cos θ

2 for θ ∈ [0, π]. So that

u+ =

(
cos θ2e

−iφ

sin θ
2

)
, u− =

(
sin θ

2e
−iφ

− cos θ2

)
.

Another way to think about this is: we need to rotate the d vector to ẑ, so we need to rotate it along n =
1

d2
1+d2

2
(d2,−d1, 0) = (sinφ,− cosφ, 0) by an angle of θ, where n is the vector that the projection of d onto the xy

plane, rotated clockwise by π/2 (so that n ⊥ (d1, d2, 0). By SU(2) rotation identitiy, define

U = e−i
θ
2n·σ = cos

θ

2
− in · σ sin

θ

2
=

(
cos θ2 sin θ

2e
−iφ

− sin θ
2e
iφ cos θ2

)
, U† =

(
cos θ2 − sin θ

2e
−iφ

sin θ
2e
iφ cos θ2

)
,

where the minus sign is following the usual convention, then one can check that

Ud · σU† = dσ3.
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So we have U† = (eiφ+u+, e
iφ−u−), where φ± are the U(1) phase that one is free to choose. In our choice, we have φ+ = φ

and φ− = π.
A = i〈u±|∇k|u±〉 = i(cos θ2 (− 1

2 sin θ
2 )∇kθ + cos2 θ

2 (−i)∇kφ + sin θ
2 ·

1
2 cos θ2∇kθ) = cos2 θ

2∇kφ = 1+cos θ
2 ∇kφ. note

that this is subject to a gauge redundancy.
∮
A · dk =

∮
1+cos θ

2 (∂kxφ, ∂kyφ) · (dkx, dky) =
∮

1+cos θ
2 dφ. If cos θ = d3/d is

constant on the path, we get
∮
A · dk = π(1 + cos θ) = π(1 + d3/d),

Dirac Hamiltonian: φ = arctan ky/kx, so ∇kφ = 1
k2
x+k2

y
(−ky, kx).

14.2 Chern Insulator: QWZ model, analytical solution of edge states

Qi-Wu-Zhang Model: the bulk model in the basis (ck,A, ck,B)T (where A and B are sublattice index) reads

H(~k) = (µ− cos kx − cos ky)σ3 + sin kxσ1 + sin kyσ2, (37)

or

H(~k) =

(
µ− cos kx − cos ky sin kx − i sin ky

sin kx + i sin ky −µ+ cos kx + cos ky

)
,

bulk energy

E = ±
√

sin2 kx + sin2 ky + (µ− cos kx − cos ky)2,

band gap closes at (kx, ky) = (0, 0) when µ = 2.
Put on a finite bar: x-direction is infinite still, y direction is finite N but N very large. ky is no longer a good quantum

nubmer and should be transformed back to real space: cos ky → 1
2 (δy,1 + δy,−1) and i sin ky → 1

2 (δy,1 − δy,−1), therefore
the (kx, y)-space Hamiltonian becomes

H(kx) =


A1 B
B† A2 B

B† A3 B
B† A4 B . . .

...
...

...
...

...
. . .

 , (38)

where the empty elements are zero, and

Ai =

(
µi − cos kx sin kx

sin kx −µi + cos kx

)
, B =

1

2

(
1 −1
1 −1

)
.

Note that we have assigned spatial index to the mass: µi (and hence the 2×2 matrix A), so it can be spatially dependent.
If there is low energy modes, it must be of the form

H(kx)


b
λ1b
λ1λ2b

...

 = E(kx)


b
λ1b
λ1λ2b

...

 ,

therefore we must have

(A1 +Bλ1)b = Eb, (B† +Aiλi−1 +Bλi−1λi)b = Eλi−1b, i = 1, 2, ...,

therefore we must have
|A1 − E +Bλ1| = |B† + λi−1(Ai − E +Bλi)| = 0,

or
E2 − λ1µ1 + (λ1 + 2µ1) cos kx − µ2

1 − 1 = 0,

λi−1

[
λi−1

(
E2 − µ2

i − 1
)
− λi−1λiµ+ (λi−1λi + 2λi−1µi + 1) cos kx − µi − λi

]
= 0,

(39)

the solutions are

λi = 0 for all i, E = ±
√

1 + µ2
1 − 2µ1 cos kx,

or
λi = cos kx − µi, E = ± sin kx.

The first solution is specific to the model (it is an artifect of the special form of hopping chosen here). The second solution
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Figure 3: Energy dispersion of the chern insulator (37) with µ(y) = 2 + tanh(y). Numerics is done using Eq. (45). Red
dots are function E = sin(kx), which fits very well with numerics.

We can compare these result with numerics; see Fig. 3. it turns out the correct dispursion is

e = ± sin kx.

Notice that edge boundary corresponds to one edge state, and one dispersion. The two dispersion lines in the gap in
Fig. 3 come from different boundaries.

This is known as the transfer matrix technique (or, really, a recursive sequence) to solve the edge states. The
relevant papers are (Hatsugai, 1993) https://journals.aps.org/prl/pdf/10.1103/PhysRevLett.71.3697, https://
journals.aps.org/prb/abstract/10.1103/PhysRevB.48.11851 which is a well known one.

Now we be a bit more careful about the convention when putting the QWZ model on a bar. Again assume kx is good
quantum number so we have looking at

H =
∑
j

c†jAcj + c†jBcj+1 + c†j+1B
†cj , (40)

where c†j = (c†jA, c
†
jB). Using the usual Fourier convention, which is

c†k =
1√
L

∑
j

eikjc†j , ck =
1√
L

∑
j

e−ikjcj , c†j =
1√
L

∑
k

e−ikjc†k, cj =
1√
L
eikjck, (41)

we have
H =

∑
k

c†kyAcky + c†ky (Beiky +B†e−iky )cky , (42)

compare with

H(~k) =

(
µ− cos kx − cos ky sin kx − i sin ky

sin kx + i sin ky −µ+ cos kx + cos ky

)
=

(
µ− cos kx sin kx

sin kx −µ+ cos kx

)
+

 −( eiky−e−iky2

)
−i
(
eiky−e−iky

2i

)
i
(
eiky+e−iky

2i

) (
eiky+e−iky

2

)  ,

we see that A =

(
µ− cos kx sin kx

sin kx −µ+ cos kx

)
, B = 1

2

(
−1 −1
1 1

)
.
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Had we usedH(~k) =

(
cos kx + cos ky −m sin kx − i sin ky

sin kx + i sin ky µ− cos kx − cos ky

)
we then would haveA =

(
cos kx −m sin kx

sin kx µ− cos kx

)
,

and B = 1
2

(
1 −1
1 −1

)
. Since this is what’s in the python code now we adopt this convention. Putting on a finite slab

and take, say, kx = 0.01 and m = 0.5. The negative branch of the edge dispersion (i.e. E = − sin kx) is filled at kx = 0.01,
and by checking the eigenstate we find that it is localized on the small j sites side. What this means is that the small
j site edges carries a dispersion E ∼ −kx which has vF < 0, meaning that it is flowing towards the x < 0 side. So, we
see that there is an edge particle density current flowing in a clockwise fashion, which means that the electric charge
current flows in the counterclockwise fashion. We know that for m = 0.5 the filled band has Chern number C = +1.
Therefore, the right-hand rule here is that, if the filled band has a Chern number C = +1, then it will contribute to a
charge current that follows according to the right-hand rule (i.e. counterclockwise). Futhermore, this should be consis-
tent with a positive Hall conductivity σH : here we are assuming perfect antisymmetry so σxy = −σyx = C = +1 and
σH ≡ 1

2 (σxy − σyx) = σxy = C = +1. According to Wikipedia, Hall coefficient RH = Ey/(jxBz): assuming a positive
field Bz along +z direction and a positive field Ex along +x direction. If charge carriers are positive (negative): then
classically positive (negative) charges will flow from the small x (large x) side and accumulate on the small y (also small
y!!) edge, creating a Ey that has direction +y (−y), so Ey > 0 (Ey < 0). Note we have started with Bz > 0 and Ey > 0,
so by definition RH > 0 (RH < 0) corresponds to positive (negative) charge carriers. We see that Hall coefficient is
capable of distiguishing the signature of the charge carriers. Now the Hall resistance is defined as Rxy = VH/Ix. Note
that Ix is positive since we already required Ex > 0, So VH determines the sign of Rxy or σxy. It turns out that if the
charge carrier is positive (negative) then the positive (negative) charges will accumulate on the small y (also small y!!)
edge so that the Ey > 0 (Ey < 0) so that VH = V (large y) − V (small y) is negative (positive), so that σxy is negative
(positive). Finally, we have seen that according to this usual convention, σxy > 0 means electronic carrier.

14.3 Weyl Semimetal: analytical solution

Model:
H(~k) = (cos kx + cos ky + cos kz − cos k0 − 2)σ1 + sin kyσ2 + sin kzσ3, (43)

or

H(~k) =

(
sin kz cos kx + cos ky + cos kz − cos k0 − 2− i sin ky

cos kx + cos ky + cos kz − cos k0 − 2 + i sin ky − sin kz

)
,

energy

E = ±
√

(cos kx + cos ky + cos kz − cos k0 − 2)2 + sin k2
y + sin k2

z . (44)

band gap closes at (kx, ky, kz) = (±k0, 0, 0).
Again put on a finite bar: x, y directions are infinite but z direction is finite N , but N very large. We then must have

cos kz → 1
2 (δz,1 + δz,−1) and i sin kz → 1

2 (δz,1 − δz,−1). The Hamiltonian again looks like

Hk0
(kx, ky) =


A B
B† A B

B† A B
B† A B . . .

...
...

...
...

...
. . .

 , (45)

where the empty elements are zero, and

A =

(
0 cos kx + cos ky − cos k0 − 2− i sin ky

cos kx + cos ky − cos k0 − 2 + i sin ky 0

)
, B =

1

2

(
−i 1
1 i

)
Following the previous line of reasoning for chern insulators, in order to have edge states we must have

|A+Bλ| = |B† +Aλ+Bλ2| = 0,

note we are only solving for zero energy modes (unlike the chern insulator case, where the bulk is gapped and any states
with energy < 1 come from boundary). These gives

cos k0(λ+ 2 cos kx + 2 cos ky − 4)− cos2 k0 +
1

2

(
4λ− 2 cos kx(λ+ 2 cos ky − 4) + sin2 kx − cos2 kx − 2(λ− 4) cos ky − 11

)
= 0,

1

2

(
4λ2 − 13λ+ λ sin2 kx − λ cos2 kx − 2 cos kx

(
λ2 − 4λ+ 2λ cos ky + 1

)
− 2

(
λ2 − 4λ+ 1

)
cos ky + 4

)
−λ cos2 k0 + cos k0

(
λ2 − 4λ+ 2λ cos kx + 2λ cos ky + 1

)
= 0,

(46)
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the funtion looks complicated. But we can presume that we know that there is no solution when ky 6= 0. Therefore we
set ky = 0, and solve for λ, we get

λ = 1 + cos k0 − cos ky.

We also know that in order for it to be boundary states |λ| < 1, therefore we must have cos k0 < cos kx, therefore
−k0 < kx < k0. This is the known fermi arc.

A very good introductory paper for Weyl Semimetal is https://www.annualreviews.org/doi/full/10.1146/annurev-conmatphys-031016-025225,
by Hassan.

The essence in understanding Fermi arc: for the example here, the Weyl nodes are located at kx = ±k0. The fermi
arc will appear when we attach boundary to the z direction (then do the change kz → z). We must then think kx as,
not momentum, but some external parameter, at each of which we will have a 2D insulator. The Weyl semimetal is then
a superposition of these 2D insulators. Then the families of 2D insulators, parameterized by kx, can be understood as
going through phase transitions where gap closes and reopnens, and the middle phase is Chern phase.

15 Hopf Insulator – summary

15.1 remarks about two bands (i.e. the original Hopf insulator)

Define

~N = (N1, N2, N3, N4), z = (N1 + iN2, N3 + iN4)T , (47a)

d = z†σz = (d1, d2, d3), H = d · σ, n =
d

|d|
, (47b)

(d1, d2, d3) = (2(N1N3 +N2N4), 2(N1N4 −N2N3), N2
1 +N2

2 −N2
3 −N2

4 ). (47c)

For such a two band Hamiltonian, we write quite generally H = d · σ = d UσzU†. Denoted d = |d|, we have d = N2.
For the unitary matrix U , We know the eigenvectors have a phase ambiguity, and as a consequence, there are many

different forms of the unitary matrix U . Write n = (sin θ cosφ, sin θ sinφ, cos θ), Then we know the general form of U is

U = e−i
α
2 p·σ, s.t. U†n · σU = ei

α
2 p·σn · σe−iα2 p·σ = σz.

There are many choice of p and α, corresponding to the phase ambiguity of eigenstates U → UΘ, where Θ = diag(eiθ1 , eiθ2).
But in terms of simplicity, there is perhaps a preferred choice, which is p = n⊥ ≡ 1√

n2
1+n2

2

(−n2, n1, 0) = (− sinφ, cosφ) ⊥

(n1, n2, 0), which gives α = θ
2 . Then we have

U = e−i
θ
2n⊥·σ = cos

θ

2
− in⊥ · σ sin

θ

2
=

(
cos θ2 − sin θ

2e
−iφ

sin θ
2e
iφ cos θ2

)
=

1

2 cos θ2

(
1 + cos θ − sin θe−iφ

sin θeiφ 1 + cos θ

)
=

1√
(d3 + d)2 + d2

1 + d2
2

(
d+ d3 −d1 + id2

d1 + id2 d+ d3

)
=

1√
2d(d+ d3)

((d+ d3) + id2σ
1 − id1σ

2)

=
1

| ~N |

 √
N2

1 +N2
2 − N1+iN2√

N2
1 +N2

2

(N3 − iN4)

N1−iN2√
N2

1 +N2
2

(N3 + iN4)
√
N2

1 +N2
2

 ,

(48)

Choosing eiθ1 = N1+iN2√
N2

1 +N2
2

and eiθ2 = N1−iN2√
N2

1 +N2
2

, we have the new U

U → UΘ =
1

| ~N |

(
N1 + iN2 −N3 + iN4

N3 + iN4 N1 − iN2

)
=

1

| ~N |
(N1 + iN4σ

1 − iN3σ
2 + iN2σ

3). (49)

We now seek a singularity-free expression of U purely in terms of d. First of all, we write

U =
1

d

√
d

2(d+ d3)

(
d+ d3 −d1 + id2

d1 + id2 d+ d3

)
=

1

d


√

d(d+d3)
2

√
d(d−d3)

2
−d1+id2√
d2

1+d2
2√

d(d−d3)
2

d1+id2√
d2

1+d2
2

√
d(d+d3)

2

 ,
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where d1 + id2 = z†(σ1 + iσ2)z = (N1 − iN2)(N3 + iN4),
For a generic U of the above form U = σ0u0 + i

∑
i=1,2,3 σ

iui, we look at the central quantity

I = εµνρTr[U†∂µU U†∂νU U†∂ρU ]

each term is the product of six Pauli matrices including the identity σ0. To have nonzero trace, the product must equal
identity. Then note that the index of Pauli matrices are the same as that of the component index of ~N ; εµνρ requires the
latter index to be all distinct so the only nonzero terms must come from distinct Pauli matrices in ∂µU , ∂νU and ∂ρU .
Then, in order to have nonzero trace, the three U†’s must contribute the same three Pauli matrices, and this means that
the only nonzero terms are of the form Tr[uασα∂µu

α′σα
′
uβσβ∂νu

β′σβ
′
uγσγ∂ρu

γ′σγ
′
] where {α, β, γ} = {α′, β′, γ′}, and

this term becomes uαuβuγ∂µu
α∂νu

β∂ρu
γ . It turns out (easily checked in Mathematica) when all these terms are summed

(with proper signs), there is a common factor
∑
α(uα)2 that can be factored out, which of course equals identity. The

final result is (checked by Mathematica)

I = εµνρTr[U†∂µU U†∂νU U†∂ρU ] = 2εαβγδεµνρuα∂µu
β∂νu

γ∂ρu
δ,

Note there are in total 2× 3!× 4! = 288 terms, and only 24 different types (so every 12 terms are the same). Substituting
U → UΘ in the above expression we get the result 2εαβγδεµνρNα∂µN

β∂νN
γ∂ρN

δ. Normalization: We have

1

24π2

∫
Idxdydz =

1

24π2

∫
εµνρTr[U†∂µU U†∂νU U†∂ρU ]dxdydz

=
2

24π2

∫
εαβγδεµνρuα∂µu

β∂νu
γ∂ρu

δdxdydz

=
12

24π2

∫
εαβγδuα∂xu

β∂yu
γ∂zu

δdxdydz

=
1

2π2

∫
εαβγδuα∂xu

β∂yu
γ∂zu

δdxdydz ∈ Z,

(50)

note that S3 = 2π2 is the area of the 3-sphere.
The above expression also suggests that if we use the naive version of U defined in Eq. (48), then the above expression

vanishes. In order to see this in a more clear manner, let’s denote Ũ = UΘ, and calculate Ĩ = εµνρTr[Ũ†∂µŨ Ũ†∂νŨ Ũ†∂ρŨ ].

Since Ũ†∂Ũ = Θ†U†[(∂U)Θ + U∂Θ] = Θ†U†∂UΘ + Θ†∂Θ = Θ†(U†∂U + i∂θ)Θ, where we defined θ = diag(θ1, θ2). Then

we have Ĩ = εµνρTr[(U†∂µU + i∂µθ)(U
†∂νU + i∂νθ)(U

†∂ρU + i∂ρθ)] = I + 3iεµνρTr[U†∂µU U†∂νU ∂ρθ], the last term
vanishes after integrating by parts over the Brillouin zone. So there is an apparent contradiction:

∫
I is gauge invariant,

but why using U in Eq. (48) and UΘ in Eq. (49) give different results? And which one is the correct one?
The problem is that the naive U as in Eq. (48) has singularity: when N1 = N2 = 0, U is not well defined, while

Ũ = UΘ is always well defined. When using the formula, we should always make sure U is well defined.
Generally, when the first Chern number vanishes, there is always a way (at least in theory) to find a well defined U

(for any band number n). The way out is to use the Hamiltonian: denote U = (u1, ...,un) so that u†jHui = λiδij , then

(∂u†j)λiui + u†j(∂H)ui + u†jλj∂ui = ∂λiδij , and using (∂u†j)ui = −u†j∂ui we have

u†j(∂H)ui + u†j(λj − λi)∂ui = ∂λiδij ,

therefore

u†j∂ui =
u†j(∂H)ui

λi − λj
, j 6= i.

Therefore

∂ui =
∑
j

uju
†
j∂ui = uiu

†
i∂ui +

∑
j 6=i

uju
†
j∂ui = uiu

†
i∂ui +

∑
j 6=i

uj
u†j(∂H)ui

λi − λj
,

[U†∂U ]ji = u†j∂ui = δjiu
†
i∂ui + δj 6=i

u†j(∂H)ui

λi − λj
,

Therefore
U†∂µU = −iAµ +Bµ,

where A is the diagonal matrix consisting of the Berry connection of each band, Aij = iδiju
†
i∂µui, and B is the matrix

with vanishing diagonal entries and nondiagonal elements Bµij =
u†i (∂µH)uj
λj−λi , so that

(Bµ)† = −Bµ.
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Then,
I = εµνρTr[(−iAµ +Bµ)(−iAν +Bν)(−iAρ +Bρ)],

the A3 and A2 terms are symmetric with respect to µνρ so they vanish. So we are left with

I = εµνρTr[BµBνBρ]− 3iεµνρTr[AµBνBρ] = εµνρTr[BµBνBρ]− 3i

2
εµνρTr[Aµ[Bν , Bρ]]. (51)

We tested in Mathematica to verify that the BµBνBρ term does not vanish for n > 2. Since B involves u†j and ui
with i 6= j, its form still changes with the phase ambiguity. However, if we write out explicitly

εµνρBµijB
ν
jkB

ν
ki = εµνρ

u†i (∂µH)uju
†
j(∂νH)uku

†
k(∂ρH)ui

(λj − λi)(λk − λj)(λi − λk)
,

note that the sum over i, j, k must exclude any terms with i = j and so on, we see that the expression is actually gauge
invariant.

For n = 2, we cannnot satisfy i 6= j, j 6= k, k 6= i so the BBB term is zero.
We now look at the ABB term. This term is

εµνρ
∑
i

∑
j 6=i

AµiiB
ν
ijB

ρ
ji = εµνρ

∑
i

∑
j 6=i

iu†i∂µuiu
†
i (∂νH)uju

†
j(∂ρH)ui

−(λj − λi)2
,

Not that due to the part ∂µui (i.e. −i times the Berry connection) we must use the singularity-free ui that comes
from UΘ, rather than U . This will then give the correct Hopf number. We clarify again that the expression is gauge
invariant, in the sense that all the singularity-free ui will give the same Hopf number.

F iµν = ∂µA
i
ν − ∂νAiµ = ∂µ(iu†i∂νui)− ∂ν(iu†i∂µui) = i∂µu

†
i∂νui − i∂νu

†
i∂µui = 2Im(∂νu

†
i∂µui),

∂µu
†
i∂νui = ∂µu

†
iuiu

†
i∂νui +

∑
j 6=i

u†i (∂µH)uju
†
j(∂νH)ui

−(λi − λj)2
,

note the first term on the right is symemtric with respect to exchanging µ and ν, therefore

εµνρF iνρ = iεµνρ
∑
j 6=i

u†i (∂νH)uju
†
j(∂ρH)ui

−(λi − λj)2
,

For two band system, using

u1u
†
1 =

1

d

(
d+d3

2
d1−id2

2
d1+id2

2
d−d3

2

)
, u2u

†
2 =

1

d

(
d−d3

2
−d1+id2

2
−d1−id2

2
d+d3

2

)
,

Then

εµνρF 1
νρ = i

εµνρ

−4d4
Tr

[(
∂νd3 ∂ν(d1 − id2)

∂ν(d1 + id2) −∂νd3

)(
d−d3

2
−d1+id2

2
−d1−id2

2
d+d3

2

)
·(

∂ρd3 ∂ρ(d1 − id2)
∂ρ(d1 + id2) −∂ρd3

)(
d+d3

2
d1−id2

2
d1+id2

2
d−d3

2

)]
= εµνρ

i

4d4
2id (d1∂νd2∂ρd3 − d1∂ρd2∂νd3 + the rest four terms)

= − 1

2d3
εµνρεαβγdα∂νdβ∂ρdγ ,

(52)

The original Hopf insulator paper uses the gauge ∂µAµ = 0. Let’s check: if ui = 1

| ~N |
(N1 + iN2, N3 + iN4)T ,

∂µui = −Nα∂µNα
| ~N |3

(N1 + iN2, N3 + iN4)T + 1

| ~N |
(∂µN1 + i∂µN2, ∂µN3 + i∂µN4)T , So

u†i∂µui = −Nα∂µNα
| ~N |2

+
(N1 − iN2)(∂µN1 + i∂µN2) + (N3 − iN4)(∂µN3 + i∂µN4)

| ~N |2

=
i(N1∂µN2 −N2∂µN1) + i(N3∂µN4 −N4∂µN3)

| ~N |2
,

(53)
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since

∂µ(u†i∂µui) = −2Nα∂µNα
i(N1∂µN2 −N2∂µN1) + i(N3∂µN4 −N4∂µN3)

| ~N |4
+
i(N1∂

2
µN2 −N2∂

2
µN1) + i(N3∂

2
µN4 −N4∂

2
µN3)

| ~N |2
,

under ui → uie
iφ we have Aiµ = iu†i∂µui − ∂µφ, ∂µA

i
µ = i∂µu

†
i∂µui + iu†i∂

2
µui − ∂2

µφ.

Fµν = − 1

| ~N |2
[(∂µN1∂νN2 − ∂νN1∂µN2)(−d+ d3) + (∂µN1∂νN4 − ∂νN1∂µN4 − ∂µN2∂νN3 + ∂νN2∂µN3)d1

+(∂µN1∂νN3 − ∂νN1∂µN3 + ∂µN2∂νN4 − ∂νN2∂µN4)(−d2) + (∂µN3∂νN4 − ∂νN3∂µN4)(−d− d3)] ,

(54)

∫
εµνρAµFνρdkxdkydkz =

∫
εµνρi∂µφFνρdkxdkydkz = 2

∫
(φFxy)

∣∣∣kz=π

kz=−π
dkxdky+2

∫
(φFyz)

∣∣∣kx=π

kx=−π
dkydkz+2

∫
(φFzx)

∣∣∣ky=π

−ky=−π
dxdz,

set eiφ =
sin kx+i sin ky√
sin2 kx+sin2 ky

,

∫
εµνρAµFνρdkxdkydkz = 2

∫
(φ(kx = π)− φ(kx = −π))Fyzdkydkz + 2

∫
(φ(ky = π)− φ(ky = −π))Fxzdkxdkz,

it turns out φ(kx = π)− φ(kx = −π) = πδky=0 − πδky=±π.
We see from above where the problem lies: the Berry curvature F is invariant under the gauge transformation, while

the Berry connection is. Under the gauge transformation u1 → u1e
iφ, we get an extra term εµνρ

∫
∂µφFνρd

3k. The
question is whether this term is nonzero. If it is always zero for any φ, this means the Abelian Chern-Simons is gauge
invariant; otherwise it is not gauge invariant. From our analysis above, we think it is not gauge invariant, because∫
∂µφFνρ =

∫
∂µ(φFνρ) =

∫
(φFνρ)|

kµ=π
kµ=−π (note that εµνρ∂µFνρ = 0). But Vanderbilt’s book says it is gauge invariant. So

where is this term is his derivation? It is the first term of his Eq. (C.15): his Wµ is just i∂µφ, and he used integrating by
parts the other way:

∫
εµνρ∂µφFνρ =

∫
εµνρ∂µφ∂νAρ =

∫
εµνρ∂ν((∂µφ)Aρ), (note that the εµνρ(∂ν∂µφ)Aρ term vanishes).

Note there is a very important footnote on Page 322 of his book: “In eliminating the surface term in the integration by
parts, we have implicitly assumed a smooth gauge,such that Aµ is smooth and periodic in the 3D Brillouin zone.” So we
see that, indeed, we must use a smooth gauge to start with!

Question: what is a smooth gauge? a smooth gauge is is vector field A such that 1. always have finite strength,
|A| <∞, and 2. when a vortex appears the center of the vortex has vanishing amplitude |A| = 0.

So what can cause singularity to happen? One example: the derivative of eiθk is singular. This then means that the
part d1+id2√

d2
1+d2

2

is singular since d1 = sin kx ∼ kx and d2 = sin ky ∼ ky.

Now restricting to two band model, let’s see if there is a surgery that we can perform to get the correct result.
Remember that when using the form u1 = 1√

2d
(
√
d+ d3,

√
d− d3

d1+id2√
d2

1+d2
2

)T , the integrand of the Hopf integral actually

vanishes (which is true away from the singularities), so the only contribution must come from the singularities. By
inspection, the singularity is only at d1 = d2 = 0, which are the poles. So there must be a way to extract the Hopf number
only at these poles.
u1 = 1√

2d
(
√
d+ d3,

d1+id2√
d+d3

)T , ∂µ
√
d+ d3 =

∂µd+∂µd3

2
√
d+d3

, ∂µ( 1√
d+d3

) = − ∂µd+∂µd3

2(d+d3)3/2 ,

∂µu1 = −∂µd
2d
u1 +

1√
2d

(
∂µ(d+ d3)

2
√
d+ d3

,−(d1 + id2)
∂µd+ ∂µd3

2(d+ d3)3/2
+
∂µ(d1 + id2)√

d+ d3

)T
,

Now we only care about the possibly singular part, so we write

u†1∂µu1 = −∂µd
2d

+
1

4d

(
∂µ(d+ d3)− (d2

1 + d2
2)∂µ(d+ d3)

(d+ d3)2
+

2(d1 − id2)∂µ(d1 + id2)

d+ d3

)
,

Now, note that all the derivatives are nonsingular, and the singularity only comes from zero denominators. So we further
simply
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u†1∂µu1 = −∂µd
2d

+
1

4d
∂µ(d+ d3) +

1

4d

(
− (d2

1 + d2
2)∂µ(d+ d3)

(d+ d3)2
+

2(d1 − id2)∂µ(d1 + id2)

d+ d3

)
=

1

4d
∂µ(−d+ d3) +

1

4d

−(d− d3)∂µ(d+ d3) + 2(d1 − id2)∂µ(d1 + id2)

d+ d3

=
1

4d
∂µ(−d+ d3) +

1

4d

−d∂µd+ d3∂µd3 + (d3∂µd− d∂µd3) + 2d∂µd− 2d3∂µd3 + 2i(d1∂µd2 − d2∂µd1)

d+ d3

=
1

4d
∂µ(−d+ d3) +

1

4d

d∂µd− d3∂µd3 + (d3∂µd− d∂µd3) + 2i(d1∂µd2 − d2∂µd1)

d+ d3

=
1

4d
∂µ(−d+ d3) +

1

4d
∂µ(d− d3) +

i

2d

d1∂µd2 − d2∂µd1

d+ d3

=
i

2d

d1∂µd2 − d2∂µd1

d+ d3
,

(55)

Note that d1∂µd2 − d2∂µd1 = 4(N2
3 +N2

4 )(N2∂µN1 −N1∂µN2) + 4(N2
1 +N2

2 )(N3∂µN4 −N4∂µN3), therefore

u†1∂µu1 =
i

N2
1 +N2

2

(N2∂µN1 −N1∂µN2)︸ ︷︷ ︸
−iAred

µ

+
i

| ~N |2
(N1∂µN2 −N2∂µN1 +N3∂µN4 −N4∂µN3)︸ ︷︷ ︸

−iAgood
µ

,

compare with the expression under the good gauge, Eq. (53), we see that now the bad gauge contributed one more term
which is i

N2
1 +N2

2
(N2∂µN1 −N1∂µN2). This term does not enter Berry curvature, as has been verified in Mathematica.

We verified that

εµνρAred
µ Fνρ + εµνρAgood

µ Fνρ = 0, ∂νA
red
ρ − ∂ρAred

ν = 0, Fνρ = ∂νA
good
ρ − ∂ρAgood

ν ,

εµνρAgood
µ Fνρ ∼ εαβγδεµνρNα∂µNβ∂νNγ∂ρNδ.

Since u†i∂µui = −∂µu†i ui = −(u†i∂µui)
†, u†i∂µui is purely imaginary, which is a side check of the above expression.

The above expression is equivalent to regular terms + id−d3

2d ∂µ

(
arctan d2

d1

)
when except for the point d = −d3. We note

that in our gauge, the singualrity can only happen at d = −d3, not d = d3. So,

A1
µ = − 1

2d

d1∂µd2 − d2∂µd1

d+ d3
.

using Eq. (52) which is

εµνρF 1
νρ = − 1

2d3
εµνρεαβγdα∂νdβ∂ρdγ

we get

εµνρA1
µF

1
νρ =

εµνρ

4d4

(2d1d2∂µd2∂νd3∂ρd1 − 2d2d1∂µd1∂νd2∂ρd3)

d+ d3

=
εµνρ

2d4

d1 − d2

d+ d3
∂µd1∂νd2∂ρd3)

=

(56)

Now we use another gauge and write

Ũ =
1

d

√
d

2(d− d3)

(
d1 − id2 −d+ d3

d− d3 d1 + id2

)
=

1

d


√

d(d+d3)
2

d1−id2√
d2

1+d2
2

−
√

d(d−d3)
2√

d(d−d3)
2

√
d(d+d3)

2
d1+id2√
d2

1+d2
2

 ,

which defines Ũ = (ũ1, ũ2), where ũ1 = 1√
2d

(d1−id2√
d−d3

,
√
d− d3)T corresponds to eigenvalue +d. Recall that

U =
1

d


√

d(d+d3)
2

√
d(d−d3)

2
−d1+id2√
d2

1+d2
2√

d(d−d3)
2

d1+id2√
d2

1+d2
2

√
d(d+d3)

2

 ,
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which defines U = (u1,u2) with u1 = 1√
2d

(
√
d+ d3,

d1+id2√
d+d3

)T corresponds to eigenvalue +d, so we have

Ũ = U diag

(
d1 − id2√
d2

1 + d2
2

,
d1 + id2√
d2

1 + d2
2

)
,

i.e. ũ1 = u1
d1−id2√
d2

1+d2
2

and ũ2 = u2
d1+id2√
d2

1+d2
2

.

which defines Ũ = (ũ1, ũ2), where ũ1 corresponds to eigenvalue +d. Then, we have

∂µũ1 = −∂µd
2d
ũ1 +

1√
2d

(
∂µ(d1 − id2)√

d− d3

− ∂µ(d− d3)

2(d− d3)3/2
(d1 − id2),

∂µ(d− d3)

2
√
d− d3

)
,

so that

ũ†1∂µũ1 = −∂µd
2d

+
(d1 + id2)∂µ(d1 − id2)

2d(d− d3)
− 1

4d

(d2
1 + d2

2)∂µ(d− d3)

(d− d3)2
+

1

4d
∂µ(d− d3)

= − 1

4d
∂µ(d+ d3) +

2d∂µd− 2d3∂µd3 + 2i(d2∂µd1 − d1∂µd2)

4d(d− d3)
− 1

4d

(d+ d3)∂µ(d− d3)

d− d3

= i
d2∂µd1 − d1∂µd2

2d(d− d3)
= −id1∂µd2 − d2∂µd1

2d(d− d3)
,

(57)

again, using d1∂µd2 − d2∂µd1 = 4(N2
3 +N2

4 )(N2∂µN1 −N1∂µN2) + 4(N2
1 +N2

2 )(N3∂µN4 −N4∂µN3) we have

ũ†1∂µũ1 =
i

N2
3 +N2

4

(N3∂µN4 −N4∂µN3) +
i

| ~N |2
(N1∂µN2 −N2∂µN1 +N3∂µN4 −N4∂µN3) ,

Recall that u†1∂µu1 = i
2d
d1∂µd2−d2∂µd1

d+d3
, it is easy to verify that

ũ†1∂µũ1 = u†1∂µu1 +
d1 + id2√
d2

1 + d2
2

∂µ

(
d1 − id2√
d2

1 + d2
2

)
, (58)

as should be. It is proper to call AN = iu†1∂µu1 = − 1
2d
d1∂µd2−d2∂µd1

d+d3
and AS = iũ†1∂µũ1 =

d1∂µd2−d2∂µd1

2d(d−d3) , we see that on

the equator they are opposite to each other: AN |d3=0 = −AS |d3=0.
Now we further have

ANµ =
d3 − d

2d
∂µ arctan

d2

d1
=

(d3 + d)∂µ arctan d2

d1

2d
− ∂µ arctan

d2

d1
,

ASµ =
d3 + d

2d
∂µ arctan

d2

d1
=

(d3 − d)∂µ arctan d2

d1

2d
+ ∂µ arctan

d2

d1
,

which is simply

ASµ = ANµ + ∂µ arctan
d2

d1
, (59)

in agreement with Eq. (58).
At the level of d, one cannot find a smooth gauge that is regular on the entire two-sphere. This can be either due

to nonzero Chern number (obstruction to finding a smooth gauge) or artifact (bad parameterization), which cannot be
distinguished on the level of d.

15.2 Generalized Hopf insulator

A generalized Hopf insulator is protected by the symmetry

J−1H(k)J = −H∗(k), J = iσ2 ⊗ 1n×n, (60)

suppose H = UΛU† is a 2n-by-2n Hamiltonian. Then it is classified by π3(Sp(n)/U(n)) = Z2, or

nh =
1

24π2

∫
Tr(U†dU)3 =

1

24π2

∫
d3kεµνλTr[U†∂µUU

†∂νUU
†∂λU ] ∈ Z2 (n > 1), (61)

The symmetry (60) demands that U is of the form U = (V, JV ∗), and that

U†dU =

(
A B
−B† A∗

)
, (62)
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where A is an n-by-n matrix and B is related to A by A = V †dV , B = V †JdV ∗. We then have

Tr(U†dU)3 = Tr(−3AdA− 2A3) + Tr(−3A∗dA∗ − 2A∗3) = −3CS[A]− 3CS[A∗] = −6CS[A], (63)

where we used the fact that the Chern-Simons integral is always real. Note that now we have

nh = − 1

4π2
CS[A], (64)

which is a direct generalization of the 2-band Hopf insulator For time reversal invariant system, e.g. 3D TI, we know
that the Chern-Simons term is quantized, i.e. integral 1

4π2

∫
d3kTr[ada + 2

3a
3] ∈ Z. Here of course we do not have time

reversal symmetry, but our Chern-Simons term is also quantized to integer, which instead comes from the constraints for
V , which are V †V = 1 and V †JV ∗ = 0.

In the 3D TI case, the time reversal symmetry T 2 = −1 requires that the number of filled bands is even due to
Kramer’s theorem, and as a consequence a must be an even-dimensional matrix. But in the case of generalized Hopf
insulator, the symmetry (60) does not have this constraint, and a can be a matrix of odd and even size alike. This just
reflects the generality of the response term, which exists for any non-interacting model with arbitrary number of bands.

In Ludwig’s paper, the generalized Hopf insulator sits in the class (εW , ηW ) = (−1,−1).

15.3 New throught and papers

The Hamiltonian has 10 generators (see https://math.stackexchange.com/questions/1293679/a-question-and-a-conjecture-on-uspn-group)
Marcel Franz paper on Witten effect in TI: https://arxiv.org/pdf/1001.3179.pdf
Proof that the axion integral equals the Fu-Kane formula: https://arxiv.org/pdf/0910.5954.pdf
https://arxiv.org/pdf/2009.08466.pdf

https://arxiv.org/abs/1809.02853

https://arxiv.org/pdf/2206.10636v2.pdf

16 Notes on the tenfold way

16.1 SPT phase and free fermion SPT

Symmetry protected topological (SPT) phase

• are short-range entangled, G-symmetric phases (whose classification depends on the dimension, and degrees of
freedom being boson or fersmion, etc.);

• upon breaking the symmetry G all reduces to the same trivial, product state;

• are “invertible phases”: can be trivialized by stacking other G-SPTs.

Free fermion SPT, there are way too many unitary symmetries. So for simplicity and generality, only consider anti-
unitary symmetries (tenfold way).

• There are only two anti-unitary symmetries which can be given the meaning of TR and PH/CC. Motivation for
HP/CC: charge U(1) broken down to Z2. On the 1st quantuzed Hamiltonian matrix we have, up to unitary
transformation,

T : H∗ ∼ H, C : H∗ ∼ −H, (65)

• we call the composition of TR and PH/CC the chiral symmtery:

H ∼ −H, (66)

and when chiral symmetry is present we can always write H in the form

H ∼
(

0 h
h† 0

)
. (67)

• here ∼ means up to unitary matrix H. For example, H∗ = U†HU , so H = UTH∗U∗ = UTU†HUU∗. Turns out
UU∗ = ±1 (Kramers theorem). Understanding: this in the U(1) case is classified by H2(ZT2 , U(1)T ) = Z2.

• There is a corresponding Kramer’s theorem for the anti-unitary CC. There is no such theorem for chiral. Therefore,
there are in total ten classes:
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Class A AI AII AIII BDI
T 0 + − 0 +
C 0 0 0 0 +

S = T C 0 0 0 + +
H(k) ∈ Gm,m+n(C) Gm,m+n(C) G2m,2(m+n)(C) U(m) U(m)

Subject to – H∗(k) = H(−k) σyH∗(k)σy = H(−k) – h(k)∗ = h(−k)

Class CII D C DIII CI
T − 0 0 − +
C − + − + −

S = T C + 0 0 + +
H(k) ∈ U(2m) Gm,2m(C) Gm,2m(C) U(2m) U(m)

Subject to σyh
∗(k)σy = h(−k) τxH(k)∗τx = −H(−k) τyH(k)∗τy = −H(−k) h(k)T = −h(−k) h(k)T = h(−k)

16.2 Classification of free fermion SPT

We follow Ludwig’s review paper https://arxiv.org/pdf/1512.08882.pdf. A historical survey:

• The classification calcation first appears in the paper https://journals.aps.org/prb/pdf/10.1103/PhysRevB.

78.195125: this paper first establishes that for each dimension there are five nontrivial classes out of the ten
symmetry classes. Using the argument of Anderson localization.

• Both Ludwig’s https://arxiv.org/abs/0912.2157 and Kitaev’s https://arxiv.org/abs/0901.2686 make the
important claim that

Any tenfold way class in any dimension has a massive Dirac Hamiltonian representative in the same class. (68)

this claim is based on the experience in PhysRevB.78.195125 and proved through enumeration in 0912.2157. Kitaev
on the other hand gives the circumstances for this assumption to be true and give the band topological classification
using K-theory.

• Again built on the Dirac representative assumption, Joel’s paper https://journals.aps.org/prb/pdf/10.1103/

PhysRevB.85.045104 enumerates the quantum anomaly aspects of the Dirac Hamiltonians as a physical diagnose
of the classification (i.e. classification using topological response).

In this sense, Ludwig summarizes that there are three ways for the classification:
(1) boundary theory of NLσM for Anderson localization (2) bulk theory (homotopy, K-theory, band topology) (3)

bulk-boundary correspondence using the Dirac fermion representative, i.e. anomaly (by Moore et al.)

16.3 Boudnary theory of anderson localization

We will omit this part. Relevant reference is https://journals.aps.org/prb/pdf/10.1103/PhysRevB.78.195125,
which cited https://arxiv.org/pdf/cond-mat/0006360.pdf. The basica idea is to study the NLσM at the bound-
ary theory and examine its symmetry and see what topological terms one can write down. Note that this is a classical
theory. It turns out there are only two situations:

• a Z2 term iff πd−1(G/H) = Z2;

• a WZW term iff πd(G/H) = Z.

where d is the bulk dimension. H is the Hamiltonian and G is identified with the Fermion bilinears in the replica space.
For Anderson localization, NLσM, and the topological terms, See Altland&Simons.

16.4 Bulk classication

Spectral flattening: given a (1st quantized) Hamiltonian matrix in momentum space

H(k) = UkE(k)U†k → Uk

(
1m

−1n

)
Uk := Q(k), (69)

Underlying assumption: H(k) and Q(k) are homotopy equivalent.

Then: for each k, Q in 1-to-1 correspondence with U ∈ U(m+n)
U(m)×U(n) .
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To summarize: after spectral flattening, m ones and n minus ones, the Hamiltonian is fully determined by the
eigenvector matrix U . Call it the target space. Since U(m) × U(n) rotation does not change the flattened Hamiltonian,
we see the topological information is fully stored in

f : BZ → U(m+ n)

U(m)× U(n)
≡ Gm,m+n(C). (70)

• Step 1: fix band number m and n. It is clear that topologically (i.e. up to smooth diformation) different Hamiltonian
are characterized by homotoly types of f , which we denote [BZ,Gm,m+n]. If you are ok with BZd = T d ∼ Sd (the
spherical cow approximation), then calculating the homotopy πd(Gm,m+n) gives the classification.

• Step 2: allow m and n to change. The classification should not change. So it seems the classification is given by
classes of

[BZ,∪0<m≤nGm,m+n︸ ︷︷ ︸
C0(1)

]. (71)

• Step 3: but the above overclassifies things. For example:
(
X 0
0 −X

)
should be trivial! So need a coarser equivalence

relation. This (weirdly) turns out to be a mathematically easier problem which is established: K-theory. It classifies
the homotopy classes

K0
C(BZ) :=

[
BZ, ∪k∈Z lim

s→∞

U(2s)

(U(s+ k)× U(s− k))︸ ︷︷ ︸
C0

]
, (72)

where BZ is the topological space of BZ seen by the target space: it identifies k and −k for all the eight real classes.
For example, for the two complex classes we would use directly BZ = T d.

• Step 4: adding symmetries. TR or PH/CC or Chiral imposes additional constraint on U , so the target space is
more complicated. E.g. for class AII with TR= −1,

Hflattened(k)∗ = Qflattened(−k),

For fixed m and n, this is a very hard problem.

Now we calculate the following two cases:

• Free-fermion Hamiltonian (i.e. Dirac): since we need to compactify infinity point (“spherical cow” classification),
the correct mathematical object for the classification is the relative K-group

K̃0,q
R (S̄d) := K0,q

R (B̄d, ∂B̄d) ∼= π0(Rq−d). (73)

• Band insulator: this is the above case, and we have

K0
C(BZ) =

d⊕
s=0

Csdπ0(Rq−s). (74)

the s = d term, π0(Rq−d), gives the “spherical cow” classification in free fermion, and justifies the assumption (68).

Example: for the usual 3D TI (class AII, with (T , C,S = (−, 0, 0)), we have K0
C(BZ) = Z2 ⊕ 3Z2 ⊕ 0⊕ Z, where the first

Z2 coincide with the continuous fermion result.
General frame work: Twisted equivariant K-theory. See Freed, Moore, Twisted Equivariant Matter (2013) https:

//link.springer.com/content/pdf/10.1007/s00023-013-0236-x.pdf

Idea: General ideal of twisted equivariant K-theory see Definition 7.33; application to band insulator (and arbitary
symmetry) see Theorem 10.15; for band insulator with antiunitary symmetry (i.e. tenfold way), see Hypothesis 10.24 and
Corollary 10.25. For fundations of band theory, see App. D.

Equivalence relation: X ′ ∼ X ′′ if X ′ ⊕ Y ≈ X ′′ ⊕ Y ;
Difference class d(A,B): (A′, B′) ∼ (A′′, B′′) if A′ ⊕B′′ ∼ A′′ ⊕B′.
Therefore there is a map (A,B) 7→ k.
K-theory (following Spin Geometry, P58): X a compact space. V (X): set of all isomorphism clsses of complex vector

bundles over X as a semigroup. F (X): free abelian groups generated by V (X); E(X): subgroup of F (X) generated by
[V ] + [W ]− ([V ]⊕ [W ]), where + and ⊕ are from F (X) and V [X]. The K-group of X is defined as K(X) = F (X)/E(X).

Categorical definition: If G any abelian group and f : V (X) → G any semi-group homomorphism. Then there is a
unique homomorphism f̃ : K(X)→ G s.t. f̃α = f .
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Table 3: The tenfold way table. The superscripts denote the anomaly type and topological terms in the response theory.
F means gauge (U(1) or SU(2)) anomaly, R means pure gravitational anomaly, and m means mixed anomaly.

Cartan
Symmetry Spatial dimension d

Note
T C S 0 1 2 3 4 5 6 7

A 0 0 0 ZF,CS 0 ZF,CS 0 ZF,CS 0 ZF,CS 0 Complex class; QH
AIII 0 0 1 0 ZF,θ 0 ZF,θ 0 ZF,θ 0 ZF,θ
AI +1 0 0 Zm,CS 0 0 0 2Zm,CS 0 Z2 Z2

BDI +1 +1 1 Z2 Zm,θ 0 0 0 2Zm,θ 0 Z2

D 0 +1 0 Z2 Z2 ZR,CS 0 0 0 2ZR,CS 0
DIII −1 +1 1 0 Z2 Z2 ZR,θ 0 0 0 2ZR,θ
AII −1 0 0 2Zm,CS 0 Z2 Z2 Zm,CS 0 0 0 TRI TI
CII −1 −1 1 0 2Zm,θ 0 Z2 Z2 Zm,θ 0 0
C 0 −1 0 0 0 2ZR,CS 0 Z2 Z2 ZR,CS 0
CI +1 −1 1 0 0 0 2ZR,θ 0 Z2 Z2 ZR,θ

16.5 Quantum anomalies

Original reference is the paper by Ryu, Moore and Ludwig, https://journals.aps.org/prb/pdf/10.1103/PhysRevB.
85.045104.

Perturbative anomaly and global anomaly. Take the representative massive Dirac Hamiltonian.
“gauging” the symmetry: now a standard technique for SPT. Physically makes sense – response theory as a probe.

• has U(1) symmetry? yes: couple to a U(1) gauge field;

• has SU(2) symmetry? yes: couple to SU(2) field.

• when no continuous symmetry? then couple to background gravitational field.

Integrating out fermions, get effective action for the gauge field.

e−Weff[Aµ] =

∫
D[ψ̄, ψ]e−S[ψ̄,ψ;Aµ]. (75)

where

Weff = i

∫
Ωd+1,

and
ΩD = ch(F), or Â(R), or ch(F)Â(R), (76)

where ch(F) = r + i
2π trF + 1

2!

(
i

2π

)2
trF2 + · · · , and Â(R) = 1 + 1

(2π)2
1
12 trR2 + 1

(2π)2

[
1

288 trR2 + 1
360 trR4

]
+ · · ·

So we have:

• In even spacetime dimension: a single massive Dirac fermion has a gauge U(1) chiral/axial anomaly.

• In odd spacetime dimension:

θ term: bulk does not have anomaly but boundary gives Chern–Simons term which is anomalous. This gives the
first descent relation:

ΩD,θ = dΩD−1,CS, for even spacetime dimension D

• In odd spacetime dimension: Chern–simons term. This term is not gauge invariant, implying the bulk has anomaly;
must be cancelled by anomaly on the boundary. Both boundary and bulk are anomalous. This gives the second
descent relation:

δvΩD−1,CS = dΩD−2.

Important characteristic classes:

• H1,2,...,n(BOn,Z2): Stiefel-Whitney class

• H2,4,...,n(BUn,Z): Chern class

• H4,8,...,2n(BOn,Λ): the rational Pontrjagin class with Λ an integral domain containing 1
2 ( e.g. Q). the Â-genus

belongs here.
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• H4,8,...,2n(BOn,Z): the integral Pontrjagin class. Related to the Chern class.

• χ ∈ Hn(BSP2n,Λ), the universal Euler class. Here Λ is any ontegral domain containing 1
2 . Note we have

H∗(BSO2n,Λ) = Λ[p1, ..., pn, χ]/〈χ2 − pn〉.

16.6 Djigraaf-Witten theory

Throughout: M : oriented 3-manifold. G: compact Lie group. E: principal G bundle. Goal: find TQFT.
Motivation: Q: why compact Lie group? A: any Lie group satisfies

1→ G0 → G→ Γ→ 1,

1→ π1(G)→ G̃→ G→ 1,

G compact ⇒ Γ a finite group. (Not ethat Γ is also a Lie group!) Lie algebra is identified with the simply connected part

of G, G0. Both G0 and G̃ are simply connected. Compact Lie group has two extreme cases: finite group and connected,
simply connected group. The TQFT for these two cases can be easily obtained which gives the same classification. So
main result is that classification of TQFT is the same for all compact Lie group.

Statement 1: If E is trivial: the TQFT (i.e. the action) can be defined as the usual CS in terms of A (a Lie algebra
valued one form).

Example: G is connected and simply connected: then E is trivial, TQFT is the usual CS.
If E is nontrivial: requirement: TQFT needs to sum over all possible bundles.
Fact: any 3-manifold M = ∂B for some 4-manifold B.
Statement 2: If can choose B s.t. E extends over B, then TQFT can be defined by a θB term on B. In this case, a

flat connection A that extends as a flat connection to B gives SE(A) = 0.
Statement 3: If cannot choose B s.t. E extends over B, can still have

SE(A)− SE(A′) = θB:=M×I [F ]. (77)

here A and A′ are two connections on E.
Statement 4: for finite group case, every principal G bundle E has a unique flat connection AE,flat (AE,flat for E is

in one-to-one correspondence with λ : π1(M)→ G), giving SE(AE,flat) = 0. Therefore one can identifiy SE(A) with the
θ term on RHS of Eq. (77). Physically, requirements are (i) and (ii) on Page 3, which gives the classification. So the final
claim is that the classificadtion for TQFT of a finite group is H3(BG,R/Z) ∼= H4(BG,Z).

16.7 Relation between the spectral projector and the tenfold way classification

The concept of spectral projector should now be familiar: it is simply the space that the unitary matrix that diagonalizes
the Hamiltonian, U(k), lives in. It is also called the (momentum-space) target space (note there can be several notion of
target spaces so one really has to be careful). For example, for class A, we know that the Uk ∈ U(N+ + N−)/U(N+) ×
U(N−) = GN+,N++N−(C), so that U defines a map BZd → GN+,N++N−(C). On the other hand, in class AIII, the chiral

class, U can always be brought to the chiral form

(
0 q(k)

q†(k) 0

)
with q(k) ∈ U(N) without additional constraints, and

that U defines a map BZd → U(N). Since there is no additional constraints on the projector, the above maps completely
characterizies the classification of these classes (class A and class AIII), meaning that the relevant classification is just

πd(GN+,N++N−(C)) =

{
Z, d even
0, d odd

and πd(U(N)) =

{
Z, 0 even
Z, d odd

. This is also called topological band theory.

One then turn to the other eight classes with additional discrete symmetries. Due to the additional symmetries, the
target space (i.e. space of spectral projectors) is no longer a simple established Lie group, and distinct maps that are
not deformable to each other can no longer be characterized by homotopy groups (instead, one must resort to a K-theory
approach, which we postpone to later sections).

The target space (i.e. the space of projectors) can be found in the 2nd column of Table III of the PRB paper by
Schnyder, Ryu, Furusaki and Ludwig (2008), https://journals.aps.org/prb/pdf/10.1103/PhysRevB.78.195125, or
in Ludwig’s review paper, Table I (https://arxiv.org/pdf/1512.08882.pdf).

The spectral projectors, afterall, contains the full information of band insualtors. So one may still wonder whether
there is a (fairly simple) way to obtain the tenfold way classification (actually, the other eight classes with additional
discrete symmetries) directly from the spectral projectors. I am not aware of that (other than the K-theory approach).
The PRB paper above obtained the classification by counting the number of surface Dirac cones of each of the eight
classes upon adding perturbations (i.e. a surface description), so I assume there is not a simple way (i.e. no simple bulk
description in terms of the spectral projectors) to achieve that.
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A partial summary: whenever the spectral projector belongs to a simple/established Lie group without additional
constraints imposed by discrete symmetry, the classification is directly given by the homotopy group of that Lie group. This
is why our generalized Hopf insulator works, because the target space is Sp(n)/U(n), without additional discrete symmetry.
[See also Table C2 of the tenfold way paper https://iopscience.iop.org/article/10.1088/1367-2630/12/6/065010,
or the arXiv version https://arxiv.org/pdf/0912.2157.pdf; all four classes belongs to this case.]

16.8 Can we obtain the tenfold way classification directly from the spectral projector?

As mentioned in the last subsection, only in the complex classes A and AIII is the classification directly obtained from the
homotopy of the spectral projector. The rest eight classes has a spectral projector that is a Lie group with more structure
defined by the additional discrete symmetry, and the homotopy invariant is very hard to compute, if not impossible. but
the spectral projector, after all, contains all the information of the ten classes, and there should be a way of obtaining
the classification directly from them. So the question is: how to obtain the tenfold classification (we really only need the
classification of the eight real classes) directly from the spectral projector?

This, first of all, cannot be just a homotopy theory, as just explained. It turns out that such a answer is provided
by Kitaev in his famous paper https://arxiv.org/abs/0901.2686, using K-theory. In Kitaev’s original formulation, he
used the K-theory that gives the classification of the classifying space of the spectral projector in real space. The real
spectral projector is related to the momentum space projectors Q(k) or q(k) in a certain way that is vaguely mentioned
in Andreas Ludwig’s review paper https://arxiv.org/pdf/1512.08882.pdf (In Table II of Andreas Ludwig’s paper, he
looked at the space of the momentum space projectors at TRIM, and defined the classifying space). I’m yet to understand
the detail of it.

To summarize, yes, there is a way to obtain the tenfold way classification directly from the spectral projector, provided
by Kitaev using K-theory. Such a classification recovers the homotopy classification for class A and AIII (the two complex
classes), but for the other eight real classes, one must correctly resort to K-theory of the spectral projectors, rather than
homotopy theory of the spectrak projectors. So in this sense, the classification using spectral projectors is K-theoretic in
nature, rather than homotopy-theoretic in nature.

This the first of the three classification methods, as mentioned in Ludwig’s review paper https://arxiv.org/pdf/

1512.08882.pdf.

16.9 Is there, then, a homotopy theory for the tenfold way table?

The last subsection concludes that the homotopy of spectral projectors can only be employed to obtain the classification
of class A and class AIII. So the next general question is, whether any entry of the tenfold way table can be expressed as
some homotopy invariant.

The answer is positive. The classification is simply (see Table 4):

Classification for class X is

 πd(G/H) = Z, or
πd−1(G/H) = Z2, if πd(G/H) vanishes, or
0, if both above vanishes.

(78)

here, importantly, G/H is the target space of the NLσM (some real space target space), which is not the space of the
spectral projectors. This is clearly remarked in the footnote “‡” of the tenfold way paper.

As am example, we know that πd(O(N)) = πd(SO(N)) =

 0, if d = 2, 4, 5, 6(mod8),
Z2, if d = 0, 1(mod8),
Z, if d = 3, 7(mod8).

From this we can immedi-

ately obtain the class DIII results, for which G/H ∈ O(N).
To understand why the classification is given by the homotopy invariant given in Eq. (78), one of course has to go

back to the Theory of NLσM for Anderson localization, which we omit here. We stress again that for a given class (and
dimension), the target space that G/H lives in, and that target space for the spectral projectors Q(k) (or q(k) for chiral
classes) are very different things, and are not the same space.

This the second of the three classification methods, as mentioned in Ludwig’s review paper https://arxiv.org/pdf/
1512.08882.pdf.

16.10 A few more comments about the dimensional reduction

For previous notes, see the WordReference blog and other .tex files.
There are many dimensional reduction sequence one can write. Sec. 2 of Ludwig’s paper talks about the connection

between A(d = 2n+ 2)→ AIII(d = 2n+ 1).
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Table 4: The tenfold way table.

Cartan
Symmetry

Projector
Spatial dimension d

Note
T C S 0 1 2 3 4 5 6 7

A 0 0 0 U(N++N−)
U(N+)×U(N−) Z 0 Z 0 Z 0 Z 0 Complex class; QH

AIII 0 0 1 chiral U(N) 0 Z 0 Z 0 Z 0 Z
AI +1 0 0 PRB78 195125 Z 0 0 0 2Z 0 Z2 Z2

BDI +1 +1 1 PRB78 195125 Z2 Z 0 0 0 2Z 0 Z2

D 0 +1 0 PRB78 195125 Z2 Z2 Z 0 0 0 2Z 0
DIII −1 +1 1 PRB78 195125 0 Z2 Z2 Z 0 0 0 2Z
AII −1 0 0 PRB78 195125 2Z 0 Z2 Z2 Z 0 0 0 TRI TI
CII −1 −1 1 PRB78 195125 0 2Z 0 Z2 Z2 Z 0 0
C 0 −1 0 PRB78 195125 0 0 2Z 0 Z2 Z2 Z 0
CI +1 −1 1 PRB78 195125 0 0 0 2Z 0 Z2 Z2 Z

• For class A, this is the complex class without any symmetry. the projector is GN+,N++N−(C) = U(N++N−)
U(N+)×U(N−) ,

and the topological band theory (i.e. map from the d-dimensional BZ to the projector target space) is simply
πd(GN+,N++N−(C)) which is Z in even d and 0 in odd d. Such a homotopy invariant can equivalently be computed
using Chern number (the n-th Chern number for d = 2n dimension). This class describes (integer) quantum Hall
effect in d = 2 and d = 4.

• For class AIII which is a chiral class (and only have chiral symmetry), the projector can always be brought to the

chiral form Q(k) =

(
0 q(k)

q†(k) 0

)
with q(k) ∈ U(N), and the topological band theory classification is πd(U(N))

which is Z in odd d but 0 in even d. Such a homotopy invariant can equivalently be computed using winding number,
which is an explicit integral formula over the odd-dimensional BZ. This completes the analysis of the AIII class; but
if we want to go further, we can show that the response term (i.e. the Chern-Simons form) for the AIII class actually
equals half of the winding number, i.e. the Chern-Simons term is quantized. In other words, the Chern-Simons
value can tell the parity of the class, but not enough to tell the class exactly.

• a non-zero Chern number (on the even-dimensional BZ) means that wavefunction cannot be defined globally (on
that BZ). One then defines two patches of the wavefunction, and we know that the Chern number can be expressed
as a winding number of the transition function. The relation with the dimensional reduction A→AIII is that that
the transition function is given by the off-diagonal block of the projector of the AIII class, and this is how the
A(d = 2n+ 2) and AIII(d = 2n+ 1) are related, with the same classification Z.

• These classes both have U(1) symmetry, and that’s why we can talk about their response theory (to an external
U(1) gauge field A). Note that for d = 2n, the response theory has a term

∫
d2nkch[f ]

∫
d2n+1xCS[A], while for

d = 2n− 1, the response theory has a term ν2n−1

∫
d2nxchn[F ].

Xiaoliang’s original paper talks about A(d = 4)→ AII(d = 3)→ AII(d = 2).

16.11 How many integral invariants are there after all?

Questions. Reading Shinsei and Ludwig’s paper, it seems to imply that: Chern number/winding is exactly the index that
labels the homotopy class; and that whenenver this is the class, we have an integral formula that gives this index, and
hence we have the integral formula to compute the homotopy class. The integral formula (?) is nothing but computing
the degree of map, so there is some relation (not specified clearly) among homotopy class, (co)homology class, Chern
class, Chern number/winding number, and degree of map. In the ten-fold way classification it seems the relation is a
“benign” one. But it seems a not-benign-one can happen, see https://math.stackexchange.com/questions/887396/

is-the-homotopy-class-given-by-the-degree.
Partial answer:

• Note that the Chern class is defined for complex vector bundles. This means the target space is at most the

grassmannian Grk(Cn) = U(n)
U(k)×U(n−k) , and that the Chern number is defined only on maps f : M→ Grk(Cn) with

M any compact manifold of even dimensions. That is to say, Chern number (and the integral formula) can only be
defined for homotopy πd(Gk(Cn)); any other homotopy types cannot be defined via the Chern class. Note that this
exactly corresponds to class A.
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• Now we know how the integral formula for the Chern number is defined (via the Chern class). Next we turn to the
winding number. So why is the formula ∝

∫
BZ2n−1 Tr[(q−1dq)2n−1] characterizing the homotopy class π2n−1(U(N))

with q ∈ U(N)? in the case of n = 2, this has the intepretation of finding the winding of π3(S2), since and U(N)
contains several copies of S2 ∼= SU(2). But what about n > 2? To see this, remember how homotopy of U(N)
is calculated: the easiest way is through the long exact sequence for U(N − 1) → U(N) → S2N−1 (note that the
homotopy long exact sequence becomes isomorphism since Sd(S

2N+1) = 0 for very large N > d), so that for large
enough N , the homotopy of U(N) “stabilizes” (i.e. does not change with N anymore), so indeed for large N , U(N)
contains also spheres d with d odd. So we see that the winding number formula is always essentially computing
πd(S

d), which is really the winding number Sd → Sd (also the degree of map for Sd → Sd). This eliminates our
doubts for the winding number.

• To summarize, we now see where the two distinct integral formula (that gives integer numbers) come from: the even
dimensional one is for Grassmannian and comes from Chern class, while the odd dimensional one is for U(N) (or
its subgroup, such as O(N)) and comes essentially from the winding number of Sd → Sd. All the integral formulas
in the theory of TI eventually comes from these two (even the Chern-Simons term or the Hopf invariant too).

16.12 Response and anomaly for the ten classes

The paper to read is the one by Ryu, Moore and Ludwig, https://journals.aps.org/prb/abstract/10.1103/PhysRevB.
85.045104 (the arXiv version: https://arxiv.org/abs/1010.0936). This is the first paper that discusses the relation
between quantum anomaly and tenfold way. The question answered in this paper is: what is the response theory and
corresponding anomaly for the tenfold way?

This the third of the three classification methods, as mentioned in Ludwig’s review paper https://arxiv.org/pdf/

1512.08882.pdf.
Chern-Simons quantization for one massive Dirac Hamiltonian: according to Fradkin and Leon, one massive Dirac

cone coupled to U(1) gauge field gives the term eiSCS[A], with

SCS,1DF[A] = − 1

16π

m

|m|

∫
d3xεµνλA

µF νλ = − 1

8π

m

|m|

∫
d3xεµνλA

µ∂νAλ, (79)

where m is mass note the universal definition Fµν = ∂µAν − ∂νAµ = 2∂[µAν]. Note here we have set e = ~ = 1. Putting
them back, we actually have

SCS,1DF[A] = − 1

16π

m

|m|
e2

~

∫
d3xεµνλA

µF νλ = −1

8

m

|m|
e2

h

∫
d3xεµνλA

µF νλ,

for one massive Dirac, we have σH = 1
2
e2

h
m
|m| , so that

SCS,1DF[A] = −σH
4

∫
d3xεµνλA

µF νλ. (80)

Using exterior differential forms, we usually write F = dA, which really means that F = 1
2!F

µνdxµdxν (the general rule
for r-form has the prefactor 1

r! ), and A = Aµdxµ, so dA = ∂νAµdxνdxµ = 1
2 (∂νAµ− ∂µAν)dxνdxµ, which agrees with the

usualy definition. So we concisely write

SSC,1DF[A] = − 1

8π

m

|m|

∫
A ∧ dA = − 1

8π

m

|m|

∫
AdA = − 1

8π

m

|m|

∫
A ∧ F. (81)

The actin for ν = 1/m (m is integer) Laughlin FQH state is S = m
4π

∫
d3xεµνλAµ∂νAλ. Wen showed using gauge and

coordinate invariance of the CS term that the boundary theory is S = m
4π

∫
dxdt(∂tφ∂xφ− v(∂xφ)2), where v is the edge

mode velocity viewed in the reference frame that has A0 = 0.

Edge of µ = 1/m Langhlin FQH: (see Fradkin Eq. (15.17)) on the edge satisfies h(x) = ρ(x)
n0

= ρ(x)
ν

2π`20

= ρ(x)
ν

2π ~c
eB

= ρ(x)hc
νeB ,

this gives the electrostatic energy to be H =
∫
dxπ~ vν ρ(x)2, where v = E/H is the drift velocity.

The chiral spin liquid mean field Hamiltonian has a Chern number of 1, and counting spin degeneracy gives 2. So the
CS term has m = 2 and is the same as the ν = 1/m = 1/2 Laughlin state.

Some comment in Fradkin’s notation: Eq. (7.136) writes the CS term as θ
4π εµνλA

µF νλ, with θ = 2πS and Eq. (10.78)

writes θ
4 εµνρA

µF νρ with θ = 2S+1
4π (sgn(m+) + sgn(m−)). The former uses h = 1 and the latter uses ~ = 1. To avoid

confusion, we will always explicitly write e2/~ in the following.
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16.13 Anyons and Chern-Simons

Recap of Chern-Simons: the response term for one massive Dirac fermion is eiS[A], with

S1DF [A] = − 1

16π

e2

~
m

|m|

∫
d3x εµνρAµFνρ = − 1

8π

e2

~
m

|m|

∫
d3x εµνρAµ∂νAρ

= − 1

8π

e2

~
m

|m|

∫
A ∧ dA = − 1

8π

e2

~
m

|m|

∫
A ∧ F,

(82)

where note that the F = dA = 1
2!F

µνdxµ ∧ dxν . On the other hand, note that the following is quantized

1

16π2

e2

~

∫
d3x εµνρAµFνρ =

1

8π2

e2

~

∫
d3x εµνρAµ∂νAρ =

1

8π2

e2

~

∫
A ∧ dA︸︷︷︸

F

=
1

8π2

e2

~

∫
A ∧ F ∈ Z, (83)

so that for the above case of one massive Dirac fermion, the partition function is eiπSgn(m), which is half quantized. This
is the definition of parity anomaly. Note that more generally, for a tight-binding model, we have

St-b[A] = − C
8π

e2

~

∫
d3x εµνρAµFνρ = − C

4π

e2

~

∫
d3x εµνρAµ∂νAρ

= − C
4π

e2

~

∫
A ∧ dA = − C

4π

e2

~

∫
A ∧ F = −σH

2

∫
A ∧ F,

(84)

with C the Chern number, and σH = 1
2 (σxy−σyx) = e2

h C = e2

2π~C. Note that for one massive Dirac we get C = 1
2 sgn(m),

which is the anomaly. Note that Fradkin’s text book defined e = h = 1 everywhere and put the 2π on the denominator
of ~ explicitly in the numerical coefficient.

A word about the phase: we have heard that the CS term always appears as a phase in the partition function, i.e.
if we define St-b as above, which is real, then it appears in the partition function as eiSt-b[A]. A careful account for the
phase nature can be found in Leon’s notes 217B, page 59.

In usual literature, one finds the notation L = C
4πA∂A to write the CS term, where A∂A stands for εµνρAµ∂νAρ. Note

this is the coefficient for the majority ways of writing the CS term in Eq. (82), so no confusion should be caused. Also,
in this notation, one has e = ~ = 1.

The Hopf term in momentum space: there the gauge field A(k) = i〈k|∂k|k〉 which fixes the overall constant. In this
case, the Hopf invariant is defined as

1

8π2

∫
BZ

d3kεµνρAµFνρ =
1

2π2

∫
BZ

d3kεαβγδuα∂kxu
β∂kyu

γ∂kzu
δ ∈ Z, (85)

compare with the Hopf insulator notation: there nh =
∫
d3kAMRW

x FMRW
yz +AMRW

y FMRW
zx +AMRW

z FMRW
xy = 1

4π2

∫
d3kAxFyz+

AyFzx + AzFxy = 1
8π2

∫
d3kεµνρAµFνρ, so agree with the above normalization. Note that compared with the real space

normalization, it is as if we were setting e = 1 and ~ = 1/2.
More generally, if we have

Sθ-anyon[A] =
c

4π

e2

~

∫
A ∧ F, (86)

then the statistical angle is (note in Fradkin’s notation this is δ and he defined θ as something else)

θF =
1

2π
C,

so the statistic angle is

θ =
1

2θF
=
π

C
.

for QAHE, C = 1, so θ = π which is Fermion; for KL CSL, C = (2S + 1) = 2 so θ = π
2 , the semion.

16.14 Chern-Simons counting

Following convention of David Tong, Subir Sachdev’s book, and Steven Simon’s book. Below we set e = ~ = 1 as do must
books (except for Fradkin’s – see comments above)

Subir: a quasiparticle excitation is labeled by a vector `, which is a set of integers representing its charges under the
gauge fields a. In the context of FQHE, the quasiparticle also carries the external U(1) charge. Hence the complete action
is

L =
1

4π
a ·K · ∧da+

1

2π
t ·A ∧ da− jµ`IaIµ,
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(Subir here is regarding the action above as the action for a single quasiparticle excitation labeled by `, i.e. a single
quasiparticle that carries charges under all external gauge fields. We can also instead regard this action as that for the
elementary quasiparticles – each carry only a single charge with ` = (0, ..., 0, 1, 0, ..., 0). This is just a minor change of
point of view.) where the vectorized form is with respect to the gauge index I, i.e. aI = aI . (The full component
expression is aIµ.) Here t is a set of integers; the U(1) charge of the quasiparticle is

Q = ` ·K−1t.

In the absence of quasiparticles (i.e. when ` = 0) then we can integrate out the internal gauge fields to get

S = (tK−1t)
1

4π

∫
A ∧ dA.

compare with Eq. (84) we see that

σH =
tK−1t

2π

1=e=~−−−−→ tK−1t
e2

h
.

If there is no external field, i.e. A = 0, then we can solve for the equation of motion

jµ`I =
1

2π
KIJε

µνρ∂νa
J
ρ ,

which is a proper generalization of

jµ =
1

2π
εµνρ∂νaρ.

(Note that instead of writing jµ`I = 1
2πKIJε

µνρ∂νa
J
ρ Steven Simons writes jµI = 1

2πKIJε
µνρ∂νa

J
ρ , and interpretes it as

the current for the I-th quasiparticle. As we mentioned above, this is simply looking at a emergent charge charge vector
of `I = (0, ..., 0, 1I , 0, ..., 0).)

Following Steven Simon (but notation-wise we follow Subir): we have

j0`I =
KIJ

2π
(∂1a

J
2 − ∂2a

J
1 ) =

KIJ

2π
bJ ⇒ bJ = 2π[K−1]IJj0`I ,

which says that the flux bJ bounds to each of the charges j0`I .
As Steven Simon comments: different fluxes (with index I) bound to different charges (with index J) but a particular

charge only seens a particular flux (with the same index J). The saddle point action is then

L = −1

2
jα`Ia

I
α.

The phase for wrapping a particle of type ` around a particle of type `′ is given by

ϑ`,`′ = 2π(`K−1`′),

(this is related to the R matrix (which is the braiding matrix) by eiϑ`,`′ = R`,`′R`′,`.) and when talking about self statistics
one means two identical particles ` and ` switching position (and this is really the R matrix eiΘ` = R`,`). The angle is

eiΘ` = eiπ`·K
−1·`.

Fradkin: L[ψ,A1 + A2] + k1CS[A1] + k2CS[A2] = L[ψ,A] + k1CS[A − A2] + k2CS[A2] = L[ψ,A] + k1CS[A] + (k1 +

k2)CS[A2] − 2k1A1dA2, integrating out A2 we get L[ψ,A] + k1CS[A] − (k1 + k2)
k2

1

(k1+k2)2 CS[A], giving rise to a term(
k1 − k2

1

k1+k2

)
CS[A] = − 1

1
k1

+ 1
k2

CS[A],

Subir’s explanation of the parton method for FQHE is illustrative. Note that there the cases considered are the ν = 1/3
Laughlin, and the Jain sequence. Other fillings would require some other choices of partons.

The parton c = ψ1ψ2ψ3 enlargest the Hilbert space and the original one is recovered by ψ†1ψ1 = ψ†2ψ2 = ψ†3ψ3.
Importantly, this enforces the parton density ρ1 = ρ2 = ρ3 = ρ where the last one is the electron density. The parton
decomposition also gives

L =
∑
i

1

2mi
ψ†i (∇− ibi)

2ψi,

(to be honest I don’t fully understand how this is obtained – Subir mentioned this is obtained using Hubbard–Stratonovich
but I don’t see it), with b3 = −b1 − b2 + eB, where B is the external field. Now, importantly, we have

ρ = Bν,

66



(where strictly we have ρ = νB/Φ0 with Φ0 = h/e but we omit it since it is a constant) and furthermore, the action
(lagrangian) L says we also have

ρi = Biνi,

and since ρi = ρ for i = 1, 2, 3 we see the situation is exactly like V = IR connected in parallel, with (V, I,R) 7→ (ρ,B, ν).
So it should not be surprising to see

1

ν
=
∑
i

1

νi
,

Up to now it is still general. From now on, we’d like to put the partons in integral filling so that νi ∈ Z. One can then
ask what the maximal set of fillings ν this can give rise to. These are the Laughlin state at ν = 1/3 and the Jain states
with ν = N/2N + 1.

Quite similarly we can consider p partons, with the same constraints that ψ†iψi = ψ†jψj for i 6= j. All things carry
through and we have

1

ν
=

p∑
i=1

1

νi
,

The Jain sequence is then putting ν1 = ν2 = · · · = νp−1 = 1 and νp = N , giving 1
ν = p − 1 + 1

N = pN−N+1
N so that

ν = N
pN+1 (we have shifted p→ p+ 1).

The Moore–Read state describes the physics at ν = 1/2, which can also be understood from the three-parton method
by taking N →∞ (so that B3 = 0).

16.15 Chapter 10 of Fradkin

• 10.2 A (say square lattice) π-flux-per-unit-cell tight-binding model gives rise to two bands with Chern numbers
C = ±1. This can be viewed as contributed from two massive Dirac fermions giving

C = ±1

2
(sgn(m1) + sgn(m2)) = ±1

with m1 > 0 and m2 > 0. The effective action we arrive at is S[ψ1, ψ2] (here ψ1,2 are the two massive Dirac
fermions).

• 10.3 The phase fluctuations in 10.2 can be modeled by a (emergent, internal) gauge field. [The amplitude fluctuations
can be manually supressed by formally considering a large N -flavor theory.] The effective action we arrive at is
S[ψ1, ψ2, a] [a is the (emergent, internal) gauge field].

• 10.4 Carrying out the integral of the Dirac fermions ψ1 and ψ2, we get

S[a] = − C
8π

e2

~

∫
d3xεµνρaµfνρ ≡ −

C

4π

e2

~

∫
a ∧ da,

where we have used the standard definition that f = da = 1
2!

∑3
µ,ν=1 f

µνdxµ ∧ dxν and that fµν = ∂µaν − ∂νa− µ.
Note that if the gauge field a above were an external probe field (denoted as A), then it would give the Hall

conducctivity σH ≡ 1
2 (σxy − σyx)

σxy=−σyx−−−−−−−→ σxy = e2

h C = e2

2π~C.

• Summary: from here we see that a C = 1 chern band contributes a Chern simons term in the action S[a] = − 1
4π

∫
ada

(here we follow the usual convention to set e = ~ = 1 and omit the wedge symbol). Using the K matrix formalism
(see e.g. Steven’s book or the comments somewhere above), we see that the statistical angle is ϑ = π. [Recall that
the statistical angle for a single type of anyon a is defined as the angle acquired in the partition function when
switching the position of two (identical) a’s, i.e. half of the angle acquired when cycling one a around the other a.]
Importantly, as Fradkin mentioned, this is the statistical angle in additional to the intrinsic fermion/boson statistics.

• 10.5.

•

Fundamental fact: the phase (in the partition function) accumulated by encycling an (elementary) electric charge e
around a flux quantum Φ0 = h/e is 2π. This is a fact since it can be checked: this phase is just 1

~ · e · (h/e) = 2π.
The flux is always in the units of h/e. It’s just that in the unit where one sets ~ = e = 1, the flux becomes in the

units of 2π~/e = 2π. Thus a flux quantum (in the usual sense) is identified with a 2π flux. A magnetic monopole, when
created, modifies the flux by 2π, hence we say that a magnetic monopole carries flux quantum 2π. A vison is a π flux.
(see also Subir’s chapter 14 on extended XY model in 2+1D.)
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(General fact about Dirac quantization condition: qeqm = 2π.)
From the fundamental fact above, we examine the composite particle b of an electron binds one flux quantum 2π. We

then see that when b encycles b once, a phase of 2π is accumulated. This means that exchanging b results in a phase of π
— and this phase is on top of the fermionic nature of electron — hence we claim that b accumulates a phase of 2π ≡ 0
when exchanged with another b, hence a boson. Similarly, we see that a particle with charge e but itself is a boson, when
binds a 2π flux, becomes a fermion.

This can also be rationalized using the e,m, ε particles in toric code, but we really have to make more rules. The usual
rule would be assuming m (naturally the vison) to carry π flux. This is a boson. e is also a boson so assume it carries
charge 2e, but this is incompatible with the mutual statistics that when e encycles m we get a −1. So we must assume e
carries charge e (and is a boson).

According to Steven Simon’s book: e is particle bound to 1 unit of eletric charge; m is particle bound to π flux; ε

is particle bound to 1 unit of electric charge and π flux. And the K matrix is

(
0 2
2 0

)
. Then using the definition of

ϑ`,`′ = 2π(`K−1`′) we see that encycling e around m (or vice versa) gives a phase π; encycling e (or m) around ε gives a
phase π.

16.16 Eilenberg-Mac Lane space

Hatcher: A path-connected space whose fundamental group is isomorphic to a given group G which has a contractible
universal covering space is called a K(G, 1) space.

Rotman: for amy G, there exists the Eilenberg-Mac Lane space K(G, 1) is path-connected, aspherical (i.e. its nth
homotopy groups vanish for all n > 1) and whose fundamental group π1(K(G, 1)) ∼= G. The classifying space of G is the
universal covering space of K(G, 1); the space BG is acyclic (i.e. H0(BG) ∼= Z and 0 for all n ≥ 1), G acts properly on
BG, and BG/G ≈ K(G, 1).

Example: S1 is a K(Z, 1).
The cohomology of an abstract groupG coincides with the cohomology of a certain topological space: Hn(K(G, 1), A) ∼=

Hn(G,A).
https://mcgreevy.physics.ucsd.edu/w21/final-papers/2021W-239-Lu-Dachuan.pdf

16.17 Class AII With interactions?

Chong, Potter and Senthil, https://www.science.org/doi/10.1126/science.1243326

16.18 Dirac fermion in a Landau level

Consider a spatial 2D plane with a boundary. Suppose the boundary is at y = 0, perpendicular to the y axis. So that
throughout we will have translation invariance along the x direction, meaning that kx is a good quantum number. Assume
magnetic field is B = B(0, 0, 1). To respect the translation symmetry in the y direction, we use the gauge (instead of
A = (0, Bx, 0))

A = (−yB, 0, 0),

so that B = ∇×A = (∂yAz − ∂zAy, ∂zAx − ∂xAz, ∂xAy − ∂yAx) = (0, 0, B). The Dirac Hamiltonian we are considering
is, following the graphene review (RMP 81 109),

H0 = vF (σ · (−i∇ + eA),

using ψ(x, y) = eikxxφ(y) 4,

vF

(
0 ∂y − kx +Bey

−∂y − kx +Bey 0

)
φ(y) = Eφ(y).

Define

ξ =
y

`B
− `Bkx, ωc =

√
2
vF
`B
, ψN (ξ) =

1

2N/2
√
N !

e−
ξ2

2 HN (ξ)

the solution is

E±N = ±ωc
√
N, ψN,kx(x, y) = eikxxφN (ξ), φN,±(ξ) =

(
ψN−1(ξ)
±ψN (ξ)

)
; E0 = 0, φ0 =

(
0

ψ0(ξ)

)
.

4instead of

vF

(
0 −i∂x − iky − iBex

−i∂xiky + iBex 0

)
φ(x) = Eφ(x).
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Now include a potential to the Hamiltonian

H = H0 +HDW, HDW = σzm(y), m(y) = m0 tanh(y/y0),

need to compute the matrix element

Mn,kx;n′,k′x
=

∫
dxdyψ∗n,kxHDWψn′,k′x ,

which actually imposes kx = k′x. We then write Mn,kx;n′,k′x
= δ(kx − k′x)Mn,n′,kx , where

Mn,n′,kx =
m0

2n/2
√
n!2n′/2

√
n′!

∫
dye
− 1

2`2
B

(y−`2Bkx)2

Hn(
y

`B
− `Bkx) tanh

(
y

y0

)
e
− 1

2`2
B

(y−`2Bkx)2

Hn′(
y

`B
− `Bkx),

The essence is to calculate the integral∫
dy

1√
2πσ2

e−
1

2σ2 (y−µ)2

Hn(
y − µ√

2σ
) tanh yHn′(

y − µ√
2σ

),

(ε−m)φa = Lφb,

(ε+m)φb = L†φa, L((ε+m)φb) = vx(pxm)φb + (ε+m)Lφb,

so

(ε2 −m2)φa = LL†φa − vx(pxm)
1

ε+m
L†φa,

so that
Lφa = 0,

L = ε2 −m2 +
vx(pxm)L†

ε+m
− LL†.

when m = µx/x0, we have pxm = −i~(µ/x0), so we have

L = ε2 −m2 +
vx(−i~µ/x0)L†

ε+m
− LL†,

16.19 Tenfold way – talk

SPT phase:

• distinct, G-symmetric phases; dimension; boson/fersmion;

• breaking G then phase becomes trivial

• “Invertible phase”: trivialized by stacking another G-SPT

Free fermion SPT, given anti-unitary symmetries (tenfold way).

• There are only two anti-unitary symmetries which can be given the meaning of TR and PH/CC. On the 1st quantuzed
Hamiltonian matrix we have

H∗ ∼ H, H∗ ∼ −H,

we call the composition of TR and PH/CC the chiral symmtery:

H ∼ −H.

here ∼ means up to unitary matrix H. For exmaple, H∗ = U†HU , so H = UTH∗U∗ = UTU†HUU∗. Turns out
UU∗ = ±1.

• Physical motivation: TR and charge U(1); latter can break down to Z2 which is PH/CC.
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Method 1: band topology
after spectral flattening, m ones and n minus ones, the Hamiltonian is fully determined by the eigenvector matrix U .

Call it the target space. Since U(m) × U(n) rotation does not change the flattened Hamiltonian, we see the topological
information is fully stored in

f : BZ → U(m+ n)/U(m)× U(n) ≡ Gm,m+n(C).

Step 1: fix band number m and n. It is clear that topologically (i.e. up to smooth diformation) different Hamiltonian
are characterized by homotoly types of f , which we denote [BZ,Gm,m+n]. If you are ok with BZd = T d ∼ Sd (the
spherical cow approximation), then calculating the homotopy πd(Gm,m+n) gives the classification.

Step 2: allow m and n to change. The classification should not change. This is indeed the case.
Step 3: adding symmetries. TR or PH/CC or Chiral imposes additional constraint on U , so the target space is more

complicated. E.g. for class AII with TR= −1,

Hflattened(k)∗ = Qflattened(−k),

For fixed m and n, this is a very hard problem.
Step 4: turns out the physically relevant question is allowing to change m and n. This (weirdly) turns out to be a

mathematically easier problem which is established: K-theory. It classifies the homotopy classes

K0
C(BZ) :=

[
BZ, ∪k∈Z lim

s∞
U(2s)/(U(s+ k)× U(s− k))︸ ︷︷ ︸

C0

]
,

where BZ is the topological space of BZ seen by the target space: it identifies k and −k for all the eight real classes.
For example, for the two complex classes we would use directly BZ = T d.

Detailed computation tool: K0,q
R (B̄d, ∂B̄d) = K̃0,q

R (S̄d) ∼= π0(Rq−d), K̃
p,q
R (X) ∼= K̃0

R(SrX), which roughly speaking
allows to use the suspension of the base space to change the target space. This is still for sphere. Then for torus, relate
to the K-homology of the real-space torus by the Baum-Connes isomorphism to get

[π,Rq] = π0(Rq−d)⊕
d−1⊕
s=0

Csdπ0(Rq−s),

the first term gives the spherical cow classification.
Method 2: Anderson localization on the boundary and NLσM
Method 3: Quantum anomaly
Andreas Ludwig: https://arxiv.org/pdf/1512.08882.pdf
Kitaev: https://arxiv.org/abs/0901.2686
Three classifications: (1) boundary (NLσM, Anderson localization) (2) bulk (homotopy, K-theory, band topology) (3)

bulk-boundary correspondence, i.e. Anomaly (by Moore et al.)

17 FQHE

https://www.damtp.cam.ac.uk/user/tong/qhe/qhe.pdf

Φ0 = h
e = 2π ~

e = 2π`2BB, `B =
√

~
eB .

Electron density: n = ν · BΦ0
.

One electron is has in itself one vortex
For ν = 1/m FQHE:

• Quasi-hole is defined via adding the factor
∏
i(zi − η) to the Laughlin wave function.

• A quasi-hole has charge +e/m (where an electron has charge −e, here we defined e = |e|). Outline of argument:
introducing m quasi-holes amounts to introducing one electron; parameter vs dynamical variable means quasi-hole
vs actual electron.

• ψ(r1, r2) = eiπαψ(r2, r1) after an anti-clockwise exchange

• AB phase: a test particle with charge e∗ moves along a path enclosing magnetic flux of Φ (but no other changes
enclosed) picks up a phase in the wave function eiγ with γ = e∗Φ

~ . This is also the Berry phase.

• α = 1/m.
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• n quasi-holes as a single object: then α = n2/m.

Composite fermions for states Laughlin states ν = 1/m with m odd with ν∗ = 1 and ν = 1, 2/3, 3/5, 4/7... (ν∗ =
2, 3, 4, ...):

• A composite fermion is an electron bound to m − 1 further vortices, and the whole thing is a fermion when m is
odd.

• The magnetic fields experienced by electrons B and composite fermions B∗ differ: B∗ = B − (m − 1)nΦ0, n =
ν∗B∗/Φ0 = νB/Φ0. n is the electron density, which is the same as composite fermion density.

• The FQHE for electrons can be thought of as an IQHE for composite fermions

Composite fermion for the ν = 1/2 fermionic FQHE: ν∗ =?

• One electron bound to two vortices

The Half-filled Landau level: biggest thing to explain: no Hall plateaux at ν = 1/2.
Explanation from composite fermion: composite fermion sees no magnetic field, B∗ = 0.

17.1 Benoit Etienne’s talk at les Houches

H = ~ωc(a†a+1/2), where ωC = |qB|/m. LLL: ψ(x, y) = f(z)e−|z|
2/4`2B where f is any holomorphic function. We defined

`B =
√

~
qB the magnetic length, each particle occupies 2π`2B . For a Riemann surface with genus g, Norbital = A

2π`2B
+1−g.

With metric: then F = B
√
gdx ∧ dy with B constant, and H = − 1

2m∆B = 1
2m∇

∗∇
The Laughlin model:
Everything in the LLL. First, consider ν = 1/2 (bosonic): H =

∑
i≤j ΠLLLδ

(2)(ri − rj)ΠLLL.

Fact: zero energy states: ψ(z1, ..., zN ) = F (z1, ..., zN )
∏
i<j(zi − zj)me−

∑
i |zi|

2/(4`2B) for ν = 1/m.

Confining potential: V (x, y) = 1
2K(x2 + y2), then ΠLLL(

∑
i Vi)ΠLLL = Lz.

Ψλ(z1, ..., zN ) = Pλ(z1, ..., zN )
∏
i<j(zi − zj)me−

∑
|zi|2/(4`2B) (now we are doing any Laughlin state ν = 1/m)

λ = (λ1, ..., λp), λ1 ≥ λ2 · · · ≤ 1, Pλ = (
∑
i z
λ1
i ) · · · (

∑
i z
λp
i ),

Eλ = E0 +K`2B |λ|, ρ = 1
m

1
2πρ2

B

Quasihole: ψw1,...,wp(z1, ..., zN ) =
∏
i,j(zi − wj)aj

∏
i<j z

m
ij , where aj = 0, 1, ...,m − 1. electric charge of quasihole wi

is ai/m.
Laughlin on the torus:

ψa(z1, ..., zN ) = ϑ[
a
m
0 ](m

∑
zi

L1
|mτ)×

∏
i<j θ1(

zij
L1
|τ)m.

CFT encoding of Laughlin states:
chiral: scalar field φ̂(z) = φ̂0 − iâ0 log z + i

∑
m 6=0

ân
m z
−n, where [an, am] = mδn+m,0, a−n for n > 0 is the creation

operator,i.e. an = a†−n. [φ0, an] = i. an’s describe a function of decoupled harmonic oscillators, and φ0 is the zero mode;

φ0 is the “position” and an is the “momentum”. We have a†0 = a0

Define L0 =
a2

0

2 +
∑
n>0 a−nan is a Hamiltonian for 1 + 1d CFT; it is the transfer matrix for 2D stat mech models)

Hilbert space: vacuum are all states of the form
an|0〉

for n ≥ 0 s.t.
a0|0〉 = 0

(i.e. charge neutral).
|λ; 0〉 = a−λ1 · · · a−λp |0〉, where λ labels the partition. “Grading of the Hilbert space”:

L0|λ, 0〉 = |λ||λ, 0〉,

L0|λ, α〉 =

(
α2

2
+ |λ|

)
|λ, α〉.

G.S.: |0〉 with h = 0; a−1|0〉 for h = 1, a2
−1|0〉 and a−2|0〉 for h = 2, and so on.

Charged sectors (excitations):

an|α〉 = 0, n ≥ 0

s.t.
a0|λ, α〉 = α|λ, α〉.
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with α ∈ 1√
m
Z.

Vertex operator Vα(z) =: e−iαφ(z) :≡ eα
∑
n≥0

a−n
n zne−α

∑
n≥0

an
n z−neiαφ0zαa0 , the “coherent state” operator.

Electron operator: V (z) = V√m(z).

〈0| e−iN
√
mφ0︸ ︷︷ ︸

=O:(the background charge)

V (zN ) · · ·V (z1)|0〉 =
∏
i<j

(zij)
m,

〈λ; 0|e−iN
√
mφ0V (zN ) · · ·V (z1)|0〉 = Pλ

∏
i<j

(zij)
m.

define V (z) = V√m(z), then we have OPE:

: eiαϕ(z1) :: eiβϕ(z2) = (z1 − z2)αβ : eiαϕ(z1)+iβϕ(z2) :

Confining potential: V (r) = K
2 r

2, eigenstates can be labeled by all the homogeneous polynomial: Pλ(z1, ..., zN )
∏
i<j(zij)

m

having energy k`2B

(
|λ|+m∆N2

2

)
. (i.e. excitation energy) ∆N is the extra number of electrons one puts on top of ground

state, which increases the charge (measured by α).
(Essentially: [ΠxΠ,ΠyΠ] = i`2B)
On cylinder: tracing over topological sector: define Fα to be all states with charge α, which is the kernel: Ker(a0−α).
recall that α ∈ 1√

m
Z (compactification radius), and Q := α√

m
measures the electric charge, and is the charge operator.

Ha is defined as all states with Q = a
m mod 1.

On torus:

TrHa(ei2πτL0−
√
mNφ0V (zN ) · · ·V (z1)),

an modes of J = i∂φ.
Morally speaking: CFT conformal blocks = all the Laughlin states.
OPE: anyon (with α = a/

√
m) fuse with electron (with β =

√
m) is

: e
i a√

m
ϕ(w)

:: ei
√
mϕ(z) := ...

〈· · ·V a2√
m

(w2)V a1√
m

(w1)V (zn)...V (z1)|0〉 =
∏

zmij
∏

(zi − wj)aj
∏

(wi − wj)
aiaj
m .

Matrix product state (Zaletel and Mong, ’12)
Cylinder, parametrized by Rx R

LZ . Gauge field A = B(0, x).
Define ψk(x, y) = eikyfk(x), where f ∈ 2π

L Z,

LLL WFs: ψk(x, y) = eikye
− (x−`2Bk)2

2`2
B = eik(x+iy)e

k2

2 e−x
2/2 (which is a holomorphic function (we do not care about

e−x
2/2).

particles on the cylinder occupy
2π`2B
L × L. The “fat cylinder” refers to when L� `B .

Put confining potential: then
〈0, λ|OV (z1) · · ·V (zN )|0, N〉, where λ labels modes which used to be generate without putting in the confining poten-

tial.
Write V (z) =

∑
k V−ke

kz,

Then 〈0, λ|OV (z1) · · ·V (zN )|0, N〉 =
∑
k1,...,kN

〈0, λ|OV−k1 · · ·V−kN |0, k〉 A

∏
j

ekjzj


︸ ︷︷ ︸
Slater determinant

,

We have A[0][k] = 1, A[1][k] = e
1
2k

2

V−k, ..., A[m][k] = 1√
m!

(e
1
2k

2

V−k)m.

k = 2π
L j. Fact: e

1
2k

2

V−k = U−jV0U
j , where U = e−( 2π

L )
2
L0e
−i 1√

m
ϕ0 .

Lecture: generalized symmetries and Dualities by Lootens
(Let’s say symmetry here only mean global internal symmetry)
TQFT (Turaev-Viro invariants in 2 + 1D ) in the bulk, with one gapped boundary having symmetry G, while the

other boundary a trivial theory (call it T ).
other names for the same thing: “SYMTFT”. “Topological Holography”, “Sandwich construction”, “Strange correla-

tors”, “Shadow world” (that goes back to Moore and Reshetikhin)
In 3D: TQFT = Turaev-Viro state sum
〈Ψ(M)|Ω〉Z = Tr(e−βH) in 2 + 0D or Tr(e−iτH) in 1 + 1D.
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First, let’s talk about 〈Ψ(M)|. Toric code in 2 + 1D:
Symmetries: closed loops of

∏
Z (or

∏
X) on the primal (dual) lattice. (“1-form” symmetry: acting on a codimension-1

manifold)
4GS’s on the torus: |0〉,

∏
horizontal Z|0〉,

∏
vertical Z|0〉, and

∏
horizontal Z

∏
vertical Z|0〉.

define the GHZ tensors Tijkl = δi=j=k=l=0 or 1, and Pijkl =
∑
i′j′k′l′(H ⊗H ⊗H ⊗H)ii′,jj′,kk′,ll′ , where H is the 2× 2

Hadamard matrix, with HX = ZH.
1) define reference state |0⊗N 〉, then 2Pv = (1 +

∏
vXXXX) =

∏
v P
′P ′P ′P ′ where P ′ is the Hadamard-type tensor

with only three legs ]2 0 Reference state |+⊗N 〉: 2Pp = 1 +
∏
p ZZZZ =

∏
v T
′T ′T ′T ′, where T ′ is written as ....

Ising: Z1 = 〈TC1|Ω〉, where |Ω〉 = |β〉⊗N , |β〉 = (eβ , e−β)T . This gives the partition function of the classicla Ising
model at inverse temperature β.

Z2 = 〈TC2|Ω〉
Vincent Pasquier:
Q-state Potts model: Z =

∑
c e
∑
i∼j βδσi=σj . When β∞∞: Q degeneracy (Z = Q). β∞0: each lattice site is

independent, completely disordered state.
Second way to compute Z: Cluster picture: all the spins on the cluster have equal spins.
Z =

∑
Cluster v

# of linksQ# of Clusters, where v = eβ − 1.
Third way to compute Z: “dual picture”, the “media lattice”, map to the six-vertex model: assign orientation of the

blue lines, so that when summing over two orientations labeld by q and q−1, wth q + q−1 =
√
Q.

Six possible configs for the blue lines: out of all possible eight ways of labeling the arrows for a 4-leg vertex, we
only keep the 2-in 2-out configurations, with weights 1, xq, 1 + xq, 1, xq−1, 1 − xq, redefine as 1, a, b, b′, c, c′ (?) with
a2+b2−c2

2
√
ab

= Q = q + q−1.

Another way is to introduce transfer matrix:
Z = tr[(T1T2)# rows].
define e2i =

√
Qδσi=σi+1

.
Define e2i+1 = 1√

Q
A, where A is a Q-by-Q matrix with 1 everywhere.

T1 = (1 +xe1)(1 +xe3) · · · , T2 = (1 + ye2)(1 + ye4) · · · , where vertical weight is eβ = 1 +
√
Q/x, and horizontal weight

eβ = 1 + y
√
Q. We must have xy = 1 in order to make the model consistent.

The point of introducing T1,2 is that they satisfy the TL algebra: e2
i = Qei, eiei+1ei = ei, ei+1eiei+1 = ei+1.

(Best rep of TL algebra is loop model)
Key results: [T (z), T (w)] = 0. Lax operator L; R : (z)L(w) = L(w)L(z)R.

18 Loop models

Basic concepts and characterization:

• Loop number |C|: e−α|C| = (e−α)|C|, with e−α ≡ n called number fugacity;

• Loop length `: e−βx = (e−β)x with e−β ≡ x called loop length fugacity;

• Is crossing

https://arxiv.org/abs/0806.3484 Temperley–Lieb algebra, the Potts model, the Jones polynomial, and SU(2)
Chern–Simons gauge theory

Various presentations of the TL algebra can be used to define lattice statistical–mechanical models.

19 Modern theory of invertible phases

19.1 Kitaev’s proposal of gapped invertible phases

Gapped invertible systems form an Ω spectrum in homotopy theory.
Follow https://journals.aps.org/prb/pdf/10.1103/PhysRevB.108.125147:
Assumption 1: the existence of a classifying space of invertible gapped phases in d spatial dimensions, called Ed (a

topological space). [Here classifying space refers to the proposal that the path components correspond to invertible phases
of systems. (System: one parameter point; phase: phases of matter.)]

Example: E0: a 0D gapped bosonic system without any symmetry over X (the parameter space): the ground state
assemble into a line bundle over X, whose first Chern class in H2(X,Z) is a complete phase invariant. So the space E0

can be chosen to be the infinite complex projective space (i.e. a K(Z, 2)).
Assumption 2: Ed forms an Ω spectrum. That is to say that Ed ∼= ΩEd+1.
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Generalized cohomology theory of gapped invertible phases: the grounds Ed(X) arise as homotopy classes of maps, in
particular: Ed(X) = [X,Ed], the (set of) homotopy classes of continuous maps from X to Ed.

20 Doodles for talks

Sn(N) =
1

1− n
lim
k→0

d

dk
(Tr(ρ̌n))k(Tr(ρ̌))N−nk (87)

O = Sn =
1

1− n
log tr[ρnt ]

〈O〉Circuit =
∑

outcomes

(trρ̌t)O = (2mmeasured)t · (trρ̌t)O

〈e−k(n−1)Sn〉Circuit = (2mmeasured)t · (trρ̌)1−nk(trρ̌n)k

S1

Tσ,ρ = qN−|σ
−1ρ|

Sn ≡
1

1− n
ln tr(ρnt ) = f(x)

=
1√
2

(|↑↓)− |↓↑〉)

ALH ⊆ ker[̃i : H3(Gspace,Z2)→ H3(Gspace, U(1)ρ)]

〈S1〉 = − lnx+ 1− γ +
11

24
x2 − 1739

2880
x4 +

329489

181440
x6 − 83530439

9676800
x8 + · · ·

〈S1〉 = − lnx+ 1− γ +
5

24
x2 − 239

2880
x4 +

3679

36288
x6 − 2423279

9676800
x8 + · · ·

ALH
∼= ker[̃i : H2(Gspace,Z2)→ H2(Gspace, U(1)ρ)]

Z1 = e
iπ
∫
M5

A2
i∧(Ai+Am)∧ω

Z2 = e
iπ
∫
M5

Bxy∧Ai∧ω

wi :

Sqi :

SQi :

Hd+1(G1 ×G2, U(1)) =

d∑
i=0

Hd−i(G2,Hi+1(G1, U(1))) =

d+1∑
i=0

(G1 ↔ G2)

Hd+1(Gint, U(1))

Hd+1
G (EG,U(1)ρ) ∼= Hd+1(G,U(1)ρ).

e−k(n−1)Sn = (Trρn)
k

(Trρ)N−nk

74



(
T t+1

)
1N−nknk,1N

∝
∞∑
`=0

HN,n,k,`
x`

`!

〈1N−nknk|T t+1|1N 〉 ∝
∞∑
`=0

HN,n,k,`
x`

`!

=
1

N !

∑
λ`N

dλχλ(σ)e
x
2 (
∑
j λ

2
j−(λ>j )2)

∑
`

Hσ,`
x2`

(2`)!

Hσ,`

Sg =
∣∣∣Hom(π1(Mg)→ G)

G

∣∣∣
g∏
i=1

[ai, bi] = e

ai, bi ∈ G

I(t) =

∫
Gn

H(t, f(h), e)dh

H(t, x, y) =
1

|G|
∑

λ∈Irr(G)

dλχλ(xy−1)e−tp(λ)

(a1, b1, ..., ag, bg) ∼ (ga1g
−1, gb1g

−1, ..., gagg
−1, gbgg

−1)

HN,k,n,1 =
(n+ 1)(N − 1)N

4
+

(
N − (n+ 1)(5n+ 6)

12

)
n(n− 1)k

2
+
n2(n− 1)2k2

4

Cl((12))

Sg,n =
|G|2g+n−1∏n
j=1 |Cl(cj)|

∑
λ∈Irr(G)

∏n
j=1 χλ(cj)

d2g+n−2
λ

Sg =

{
(22g − 1)n

2g−2+1
2 + n2g+1

2 , n odd;

2(22g − 1)(n2g−2 + 22g−2) + n2g+22g

2 , n even.

g∏
i=1

[xi, yi]

n∏
i=1

zi = e

xi, yi ∈ G

zi ∈ Cl(ci)

τ1τ2 · · · τ` = σ

τi ∈ Sym(N), |τi| = 1

· · ·σfinal σt σt−1 σ2 σ1 I
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Protocol I

Protocol II

x :=
t

q

1

q
=

1

qun.
− 1

qtot

Sn = − lnx+ const. + o(x2)

S1= − lnx+ 1− γ +
11

24
x2 − 1739

2880
x4 · · ·

S1= − lnx+ 1− γ +
5

24
x2 − 239

2880
x4 + · · ·

(88)

ρ0 ∼ I

ρt−1 → ρt ∼M†t ρt−1Mt,

ρt = M†tMt,

σ ∈ Sym(N)

Mt

mi :

e−k(n−1)Sn ∝ lim
N→0 or 1

(T t+1)1N ,σ,

σ = 1N−nknk ∈ Sym(N)

H =
∑
〈ij〉

Si · Sj

Hd+2(Gspatial × SO(3), U(1)or) = Hd(Gspatial, H
2(SO(3), U(1)))× · · ·

λ ∈ H2(Gspatial,Z2), η ∈ H2(SO(3), U(1)) = Z2,

No. 227: Fd3̄m = 〈T1,2,3, C2z, C2x, C3,Mxy, P 〉

No. 216: F 4̄3m = 〈T1,2,3, C2z, C2x, C3,Mxy〉

No. 196: F23 = 〈T1,2,3, C2z, C2x, C3〉

No. 22: F222 = 〈T1,2,3, C2z, C2x〉

No. 5: C2 = 〈T1,2,3, C2z〉

C2 ⊂ F222 ⊂ F23 ⊂ F 4̄3m ⊂ Fd3̄m

C2 ⊂ P3221 ⊂ R32 ⊂ R3̄m ⊂ Fd3̄m

From Mike Zaletel, TopoQuantum16Conf:

[Λ]227,Z2
∈ Z4

2
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[Λ]216,Z2
∈ Z4

2

[Λ]196,Z2
∈ Z4

2

[Λ]22,Z2
∈ Z4

2

[Λ]5,Z2
∈ Z2

2

Main results:
1. Topological partition function corresponding to the LSM anomalies:

AFd3̄m = 〈βι, ι3 + τ, ι2(σ + ι), σ2(σ + ι), ψ〉, (89a)

AF 4̄3m = 〈γ, τ, ω, σ3, ψ〉, (89b)

AF23 = 〈γ, τ, ω, ψ〉, (89c)

AF222 = 〈γ, τ, χ12ρ(ρ+ ρ′), ρρ′(ρ+ ρ′)〉, (89d)

AC2 = 〈γ, β′ρ〉. (89e)

2. Topological invariants:
3. filling constraints:

n216 = 2Z, n227 = 4Z. (90)

Application:
Symmetry breaking G227 → G216.
Problems:
1. In 2D: lattice homotopy matches exactly with the SPT argument. In 3D it seems not (cases of 196-230):
2.

Wallpaper group H2(G,Zor)
1,4,5 Z
2,6 Z× Z3

2

3,8 Z× Z2

7,9 Z× Z2
2

10,11 Z× Z2 × Z4

12 Z× Z4

13,14 Z× Z2
3

15 Z× Z3

16,17 Z× Z2 × Z3

σ3 : Ω(M,M,M) = −1, (91a)

ι3 : Ω(P, P, P ) = −1, (91b)

σ3, σ2ι, σι2, ι3 : Ω(MP,MP,MP ) = −1, (91c)

σ3, σι2 : Ω(M,MP,MP )Ω(MP,M,MP )Ω(MP,MP,M) = −1, (91d)

σδ : Ω(M,C2, C2)Ω(C2,M,C2)Ω(C2, C2,M) = −1, (91e)

ψ : Ω(C2, C
′
2, C

′
2)Ω(C ′2, C2, C

′
2)Ω(C ′2, C

′
2, C2) = −1, (91f)

ι3, βι : Ω(T1T2T3P, T1T2T3P, T1T2T3P ) = −1, (91g)

βσ : Ω(M,T3, T1)Ω(M,T1T
−1
2 T3, T1)Ω(M,T1, T3)Ω(M,T1, T1T

−1
2 T3)·

Ω(T3, T3M,T1)Ω(T3, T1, T3M)Ω(T3, T1M,T3)Ω(T3, T1M,T1T
−1
2 T3)·

Ω(T1T
−1
2 T3, T

−1
1 T2T3M,T1)Ω(T1T

−1
2 T3, T2M,T3)·

Ω(T1T
−1
2 T3, T2M,T3)Ω(T1T

−1
2 T3, T1, T

−1
1 T2T3M)·

Ω(T1,M, T3)Ω(T1,M, T1T
−1
2 T3)Ω(T1, T3, T3M)Ω(T1, T1T

−1
2 T3, T

−1
1 T2T3M) = −1, (91h)

τ : Ω(T1T2T
−1
3 , T1, T

−1
1 T−1

2 C ′2P )Ω(T1, T1T2T
−1
3 , T−1

1 T−1
2 C ′2P )·

Ω(T1T2T
−1
3 , T−1

2 C ′2P, T1)Ω(T−1
2 C ′2P, T1T2T

−1
3 , T1)·

Ω(T−1
2 C ′2P, T1, T1T2T

−1
3 )Ω(T1T2T

−1
3 , T−1

1 T−1
2 C ′2P, T1T2T

−1
3 )·

Ω(T1, T
−1
1 T−1

2 C ′2P, T1T2T
−1
3 ) = −1, (91i)
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λ(P, P, P ) = −1,

λ(T1T2T3P, T1T2T3P, T1T2T3P ) = −1

λ(C2, C
′
2, C

′
2)λ(C ′2, C2, C

′
2)λ(C ′2, C

′
2, C2) = −1

λ(C̃2, C̃
′
2, C̃

′
2)λ(C̃ ′2, C̃2, C̃

′
2)λ(C̃ ′2, C̃

′
2, C̃2) = −1

C̃2 = T3C2, C̃ ′2 = T2C
′
2

C2 → T3C2, C
′
2 → T2C

′
2

C2 → T 2
3C2, C

′
2 → T 2

2C
′
2

C2 → T 3
3C2, C

′
2 → T 3

2C
′
2

ZUV = e
iπ
∫
M5

λ[Aspatial]∪ω[Aspin]

∈ H3(Gspatial, H
2(SO(3), U(1))),

λ ∈ H3(Gspatial,Z2), ω ∈ H2(SO(3), U(1))) = Z2,

ALH
∼= ker[̃i : H3(G,Z2)→ H3(G,U(1)or)]

ALH
∼= H3(G,Zor)⊗ Z2

λ(g1, g2, g3) : G×G×G→ Z2

λ ∈

Wyckoff
Little group

Coordinates
LSM anomaly class λ

Topological invariant
Intl. Schönflies A2

i(Am+Ai)+AiB AiB Cnγ+Csψ Cnγ
16d 3̄m D3d (1/2, 1/2, 1/2) 1 0 0 0 φ1[λ] = λ(I, I, I)
16d 3̄m D3d (0, 0, 0) 0 1 0 0 φ2[λ] = λ(T1T2T3I, T1T2T3I, T1T2T3I)
8b 4̄3m Td (3/8, 3/8, 3/8) 0 0 1 0 φ3[λ] = λ(C ′2, C2, C2)
8a 4̄3m Td (1/8, 1/8, 1/8) 0 0 0 1 φ4[λ] =

∏
cyc λ(T2C

′
2, T3C2, T3C2)

[λ] ∈ H3(Gspace group, H
2(SO(3), U(1)))

λ ∈ H3(Gspace group,Z2)

λ(g1, g2, g3) ∈ H2(SO(3), U(1)) = Z2 = {+,−}

λ(g1, g2, g3) = ± ∈ Z2

ĩ = T1T2T3 i

C̃2 = T3C2

C̃ ′2 = T2C
′
2

| ↑〉

| ↓〉

| ↑↓〉 − | ↓↑〉
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1

2
⊗ 1

2
= 0⊕ 1

S =
1

2

“− ” ∈ Z2

“ + ” ∈ Z2

Z4
2

Z4
2

Z4
2

Z4
2

Z2
2

(92)

λ ∈ 〈BxyAi, A2
i (Ai +Aσ), Cτ , Cψ〉

λ ∈ 〈AxAyAz, Cω, Cτ , Cψ〉
λ ∈ 〈AxAyAz, Cω, Cτ , Cψ〉
λ ∈ 〈AxAyAz, Cω, (Ax +Ay)Aρ(Aρ +AAρ′ ), AρAAρ′ (Aρ +AAρ′ )〉
λ ∈ 〈AxAyAz, BxyAρ〉

(93)

Z5
2
∼= 〈LSM’s, A2

σ(Ai +Aσ)〉
Z5

2
∼= 〈LSM’s, A3

σ〉
Z4

2
∼= 〈LSM’s〉

Z4
2
∼= 〈LSM’s〉

Z2
2
∼= 〈LSM’s〉

(94)

No. 227: Fd3̄m

No. 216: F 4̄3m

No. 196: F23

No. 22: F222

No. 5 : C2

(95)

Wallpaper group H2(G,Zor)
1,4,5 Z
2,6 Z× Z3

2

3,8 Z× Z2

7,9 Z× Z2
2

10,11 Z× Z2 × Z4

12 Z× Z4

13,14 Z× Z2
3

15 Z× Z3

16,17 Z× Z2 × Z3

∼=
H5(GUV, U(1)) = H6(GUV,Z)← H3(GUV,Z) ∪H3(GUV,Z) = H2(GUV, U(1)) ∪H2(GUV, U(1))
H5(GUV, U(1))← H5(GIR, U(1))
H5(GUV, U(1))← H2(GUV,Z2) ∪H3(GUV,Z3)

SQ1λ = 0, SQ2λ = 0

SQ1 = (Sq1 + w1∪),

SQ2 = (Sq2 + w1 ∪ Sq1 + w̃2∪),
(96)
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Table 5: Point group LSM.
Schönflies Abstract Mod-2 Coh. Ring H3(PG,Zor)⊗ Z2 w1 w2 w3

C1 Trivial Trivial Trivial 0 0 0
Ci Z2 Z2[Aι] 〈A3

ι 〉 Aι A2
ι A3

ι

C2 Z2 Z2[Aρ] Trivial 0 0 0
Cs Z2 Z2[Aσ′ ] 〈A3

σ′〉 Aσ′ 0 0

C2h Z2
2

Z2[Aρ, Aσ′ ] 〈A2
ρAσ′ , A

3
σ′〉 Aσ′ A2

ρ A2
ρAσ′

Z2[Aσ′ , ι] 〈A2
ι (Aι +Aσ′), A

2
σ(Aι +Aσ′)〉 Aι +Aσ′ A2

ι A2
ι (Aι +Aσ′)

Z2[Aρ, Aι] 〈AιA2
ρ, A

3
ι 〉 Aι A2

ρ +A2
ι Aι(A

2
ρ +A2

ι )
D2 Z2

2 Z2[Aρ, Aρ′ ] 〈AρAρ′(Aρ +Aρ′)〉 0 A2
ρ+AρAρ′+A

2
ρ′ AρAρ′(Aρ +Aρ′)

C2v Z2
2 Z2[Aρ, Aσ] 〈A2

ρAσ, A
3
σ〉 σ Aρ(Aρ+Aσ) 0

D2h Z3
2 Z2[Aρ, Aρ′ , Aσ′ ] 〈AρAρ′(Aρ+Aρ′+Aσ′), A

2
ρAσ′ , A

2
ρ′Aσ′ , A

3
σ′〉 Aσ′ A2

ρ+AρAρ′+A
2
ρ′+Aρ′Aσ′ Aρ(Aρ+Aρ′)(Aρ′+Aσ′)

C4 Z4 Z2[Aρ̃, Bδ]/(A
2
ρ̃) Trivial 0 0 0

S4 Z4 Z2[Aι̃, Bδ]/(A
2
ι̃ ) 〈Aι̃Bδ〉 Aι̃ Bδ Aι̃Bδ

C4h Z4×Z2 Z2[Aρ̃, Aσ′ , Bδ]/(A
2
ρ̃) 〈BδAσ′ , A3

σ′〉 Aσ′ Bδ Aσ′Bδ
D4 Dih4 Z2[Aρ̃, Aρ′ , Bδ]/(Aρ̃(Aρ̃+Aρ′)) 〈A3

ρ̃ +BδAρ′〉 0 A2
ρ′ +Bδ Aρ′Bδ

C4v Dih4 Z2[Aρ̃, Aσ, Bδ]/(Aρ̃(Aρ̃+Aσ) 〈A3
ρ̃, A

3
σ〉 Aσ Bδ 0

D2d Dih4 Z2[Aι̃, Aρ′ , Bδ]/(Aι̃(Aι̃+Aρ′)) 〈A3
ι̃ , Bδ(Aι̃ +Aρ′)〉 Aι̃ (Aρ′ +Aι̃)Aρ′ +Bδ (Aρ′ +Aι̃)Bδ

D4h Dih4×Z2 Z2[Aρ̃, Aρ′ , Bδ, Aσ′ ]/(Aρ̃(Aρ̃+Aρ′)) 〈A3
ρ̃+(Aρ′+Aσ′)Bδ, A

2
ρ̃Aσ′ , A

2
ρ′Aσ′ , A

3
σ′〉 Aσ′ A2

ρ′ +Bδ (Aσ′ +Aρ′)Bδ
C3 Z3 id. C1 id. C1 id. C1 id. C1 id. C1

S6 Z3 × Z2 id. Ci id. Ci id. Ci id. Ci id. Ci
D3 Dih3 id. C ′2 id. C ′2 id. C ′2 id. C ′2 id. C ′2
C3v Dih3 id. C ′s id. C ′s id. C ′s id. C ′s id. C ′s
D3d Dih3×Z2 id. C ′2h id. C ′2h id. C ′2h id. C ′2h id. C ′2h
C6 Z3×Z2 id. C3 id. C3 id. C3 id. C3 id. C3

C3h Z3×Z2 id. Cs id. Cs id. Cs id. Cs id. Cs
C6h Z3×Z2

2 id. C2h id. C2h id. C2h id. C2h id. C2h

D6 Dih3×Z2 id. D2 id. D2 id. D2 id. D2 id. D2

C6v Dih3×Z2 id. C2v id. C2v id. C2v id. C2v id. C2v

D3h Dih3×Z2 id. C ′2v id. C ′2v id. C ′2v id. C ′2v id. C ′2v
D6h Dih3 × Z2

2 id. D2h id. D2h id. D2h id. D2h id. D2h

T A4 Z2[Aρ, Aρ′ ]
Z3 〈AρAρ′(Aρ +Aρ′)〉 0 Bδ AρAρ′(Aρ +Aρ′)

Th A4×Z2 Z2[Aρ, Aρ′ ]
Z3 ⊗ Z2[Aι] 〈AρAρ′(Aρ +Aρ′), A

3
ι 〉 Aι A2

ι +Bδ AρAρ′(Aρ +Aρ′) +A3
ι

O S4 Z2[Aρ′ , Bδ, Cψ]/(Aρ′Cψ) 〈Aρ′Bδ + Cψ〉 0 A2
ρ′ +Bδ Aρ′Bδ + Cψ

Td S4 Z2[Aσ, Bδ, Cψ]/(AσCψ) 〈A3
σ, Cψ〉 σ Bδ Cψ

Oh S4×Z2
Z2[Aσ, Bδ, Cψ]/(AσCψ)⊗ Z2[Aι] 〈A2

ι (Aι +Aσ), A2
σ(Aι +Aσ), AιBδ + Cψ〉 Aι +Aσ A2

ι +Bδ A2
ι (Aι+Aσ)+ιBδ+Cψ

Z2[Aσ, Aσ′ , B
′
δ, C

′
ψ]/((Aσ+Aσ′)C

′
ψ) 〈(Aσ +Aσ′)A

2
σ′ , (Aσ +Aσ′)A

2
σ, C

′
ψ〉 Aσ′ +Aσ Aσ′Aσ +B′δ C ′ψ

w̃2 = w2 + w1 ∪ w1

w1 ∈ H1(Gspace,Z2) : First Stiefel–Whitney class

w2 ∈ H2(Gspace,Z2) : Second Stiefel–Whitney class

0 = |S12 = 0〉|S34 = 0〉

0 = |S13 = 0〉|S24 = 0〉

H5(G,U(1))

Rxi = Aix, Ryi = Aiy

H5(GIR, U(1))→ H5(GUV, U(1))

ZUV = e
iπ
∫
M4

Ax∪Ay∪ω[Aspin]

ZUV = e
iπ
∫
M5

Ax∪Ay∪Az∪ω[Aspin]

j ∧ ∗A

∗dA = jtop

dA ∧ ∗dA = ∗dÃ ∧ dÃ

dÃ = ∗dA

A→ A+ λ

80



Ã→ Ã+ f : f is a d− 2 form

dλ = 0, df = 0

λ is a 1-form, f is a (d− 2)-form

A ∧B + jA ∧ ∗A+ jB ∧ ∗B

δ ∂ ω ω′ ω′′ ω′′′ ε ε′ ε′′ ε′′′ η η′ η′′ η′′′ D = ∂ + δ

p = 0 p = 1 p = 2 p = 3 p = 4

q = 0 q = 1 q = 2 q = 3

Ep,q0 = Cp(Gpt, Cd−q(T3,M))

Ep,q0 = Cp(Gpt, Cd−q(T2,M))

BZ2 = T3

BZ3 = T3

H3(G,M) ∼= HG
0 (R3,M) = H

Gpt

0 (T3,M)

δω = ∂ω′

δω′ = ∂ω′′

δω′′ = ∂ω′′′
(97)

Isotropic SS:
vs
LHS SS:

∂ω = 0

δω = 0
(98)

⇒ Dω = 0

∂ω = 0

ε : = δω

ε
?
= ∂ω′

s.t. δω′ = 0

(99)

⇒ D(ω − ω′) = 0

∂ω = 0

ε : = δω

ε
X
= ∂ω′

ε′ : = δω′

ε′
?
= ∂ω′′

s.t. δω′′ = 0

(100)

⇒ D(ω − ω′ + ω′′) = 0
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∂ω = 0

ε : = δω

ε
X
= ∂ω′

ε′ : = δω′

ε′
X
= ∂ω′′

ε′′ : = δω′′

ε′′
?
= ∂ω′′′

s.t. δω′′′ = 0

(101)

⇒ D(ω − ω′ + ω′′ − ω′′′) = 0, ω − ω′ + ω′′ − ω′′′ ∈ H(G).

δω = 0

ω
?
= ∂η

s.t. δη = 0

(102)

Dη = ω

δω = 0

ω
X
= ∂η

ω′ : = δη

ω′
?
= ∂η′

s.t. δη′ = 0

(103)

D(η − η′) = ω

δω = 0

ω
X
= ∂η

ω′ : = δη

ω′
X
= ∂η′

ω′′ : = δη′

ω′′
?
= ∂η′′

s.t. δη′′ = 0

(104)

D(η − η′ + η′′) = ω

δω = 0

ω
X
= ∂η

ω′ : = δη

ω′
X
= ∂η′

ω′′ : = δη′

ω′′
X
= ∂η′′

ω′′′ : = δη′′

(105)

ω ∈ H(G)

(ω, ω′, ω′′, ω′′′)

Fd3̄m→ I41/amd→ I 4̄2d→ I 4̄→ I2
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Table 6: Topological invariants applied to the 3-cocycles of H3(F222,Z2).

Cohomology LSM invariants Non-LSM invariants
Triggers LSM?

class φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9 φ10

Cγ 0 0 1 0 0 0 0 0 0 0 X
Cτ 0 1 1 0 0 0 0 0 0 0 X

Ax+yA
2
c 0 0 1 1 0 0 0 1 0 0 X

Ax+yAcAc′ 0 0 0 0 0 0 0 1 0 0 No
Ax+yA

2
c′ 0 0 0 0 0 0 0 1 1 0 No

Ax+zA
2
c 0 0 0 0 0 0 0 1 0 1 No

A3
c 0 0 0 0 1 0 1 1 0 1 No

A2
cAc′ 1 1 1 1 0 0 1 1 0 0 X

AcA
2
c′ 0 0 0 0 0 0 1 1 0 0 No

A3
c′ 0 0 0 0 0 1 1 1 1 0 No

Fd3̄m→ F 4̄3m→ F23→ F222→ C2

Fd3̄m→ R3̄m→ R32→ P3221→ C2

I2 ⊂ I 4̄ ⊂ I 4̄2d ⊂ I41/amd ⊂ Fd3̄m

C2 ⊂ F222 ⊂ F23 ⊂ F 4̄3m ⊂ Fd3̄m

C2 ⊂ P3221 ⊂ R32 ⊂ R3̄m ⊂ Fd3̄m

L = −1

4
FµνF

µν − eAµJµ

L = −1

4
FµνF

µν +
θe2

32π2
εµνλρFµνFλρ

Setting ~ = 1: (for prefactors, see https://www.diva-portal.org/smash/get/diva2:1215729/FULLTEXT01.pdf and
xiaoliang’s paper https://arxiv.org/pdf/0802.3537.pdf)

j = σE

jx = σHEy, δρ = σHBz

L2+1D =
1

4π
εµνρAµ∂νAρ − eAµJµ

L3+1D = −1

4
FµνF

µν +
θe2

32π2
εµνλρFµνFλρ − eAµJµ

L = − 1

4g2
0

fµνf
µν +

θ

32π2
εµνλρfµνfλρ

Qe =
θ

2π
Qm

Bδ(g1, g2) = c1c2 + c1c
′
2 + c′1c

′
2 + (c2 + c1c

′
2 + c2c

′
2)m1

H =
∑
〈ij〉

JzS
z
i S

z
j + Jxy(Sxi S

x
j + Syi S

y
j )

+J±±
∑
〈ij〉

(γijS
+
i S

+
j + h.c.)

+J±z
∑
〈ij〉

[(iγ∗ijS
z
i S

+
j + h.c.) + (i↔ j)],
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H =
∑
〈ij〉

JzS
z
i S

z
j + J±(S+

i S
−
j + S−i S

+
j )

Heff = Jz
∑
i∗

q2
i∗ + U

∑
i

B2
i −K

∑
p

cos
(
Σi∈pAi

)
S±i ∼ e

±iAi , Szi ∼ Bi

H2(Z2,Z2) = H2(π1(G/H),Z2) = Z2

Tc

H = J1

∑
〈ij〉

Si · Sj + J2

∑
〈〈ij〉〉

Si · Sj

H = J
∑
〈ij〉

Si · Sj

H =
∑
〈ij〉

JzS
z
i S

z
j + Jxx(Sxi S

x
j + Syi S

y
j )

θ = π

Table 7: Topological invariants applied to the 3-cocycles of H3(Fd3̄m,Z2).

Cohomology class λ
LSM invariants Non-LSM invariants

Triggers LSM?
φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9

A2
i (Am +Ai) +AiBxy+xz+yz 1 0 0 0 0 0 0 0 0 X

AiBxy+xz+yz 0 1 0 0 0 0 0 0 0 X
Cnγ + Csψ 0 0 1 0 0 0 0 0 0 X

Cnγ 0 0 0 1 0 0 0 0 0 X
Am(A2

m +A2
i ) 0 0 0 0 1 0 0 0 0 No

AmA
2
i 0 0 0 0 0 1 0 0 0 No

AmAi(Am +Ai) 0 0 0 0 0 0 1 0 0 No
AmBcc′ 0 0 0 0 0 0 0 1 0 No

AAmBxy+xz+yz 0 0 0 0 0 0 0 0 1 No

HT.C. = −Kp

∑
p

(XXXX)p −Ks

∑
s

(ZZZZ)s

M 6= 0

M = Na −Nb = 0,

Na,b 6= 0

S = 1/2

S = 1

H = J
∑
〈ij〉

Szi S
z
j

J > 0

J < 0

H =
∑
i

Szi S
z
i+1
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T1

T2 M

C6

a :

b :

c :

H =
∑
i

Si · Si+1, S = 1/2

H =
∑
i

Si · Si+1, S = 1

aµ

S =
1

2
f†σf,

f =
(
f↑
f↓

)
f → eiθf

Hf =
∑
i,j

tijf
†
i fj + h.c.→ |Ψf 〉

|Ψtrial〉 = PG|Ψf 〉

ZTI = e
i θ

32π2

∫
M4

F∧F
, F = dA

t∗ ∼ 2N

Svon Neumann = f(x), x ≡ t/2N .

Svon Neumann = − lnx+ Const. +
5

24
x2 + · · ·
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T1

T3

C ′2

T2
C2

C3
M

I

a :

b :

c :

c :
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β2 : H2(G,Z2)→ H3(G,Zor)

β2 : H3(G,Z2)→ H4(G,Zor)

SQ2 : H3(G,Z2)→ H5(G,Z2)

SQ2 := Sq2 + w1 ∪ Sq1 + (w2 + w2
1)∪

Z1D = e
iπ
∫
M3

Ax∪ωspin
2

Z2D = e
iπ
∫
M4

Ax∪Ay∪ωspin
2

Z = e
iπ
∫
Md+2

λ∪ωspin
2

ω
SO(3)
2 ∈ H2(SO(3), U(1)) = Z2

λ ∈ Hd(G,Z2)

Hd+2(G× SO(3), U(1)or)

= Hd(G,H2(SO(3), U(1)))⊕ · · ·
= Hd(G,Z2)⊕ · · ·

(106)

ZUV = exp

(
iπ

∫
M5

AxAyAz ∪ ωSO(3)
2

)
G1 ×G2

ρ1 ⊗ ρ2

Hn(G1 ×G2, U(1))

=
∏

p+q=n

Hp(G1, H
q(G2, U(1)))

H = J1

∑
〈ij〉

Si · Sj + J2

∑
〈〈ij〉〉

Si · Sj

λ :=
M

N
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x :=
t

2q

S1 = M

(
ln 2− 1− λ

λ
ln(1− λ)− 1

)
S1 = − lnx+ const. +

5

24
x2 − 239

2880
x4 + · · ·

CV ∼ aT
3
2 + b

T
3
2

lnT
+ · · ·
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