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SSB: G ⟶ H FQHE
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In quantum Hall ferromagnet: FQHE + SO(3) ⟶ U(1)

Q: a general theory?



Symmetry-breaking defects and textures in 
quantum orders

H-symmetry enriched 
topological order (SET)

H-symmetry protected 
topological phase (SPT)

Topological 
defect

Topological 
texture

? ?

? ?
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Orders: comparison in 2+1D

Classical order Quantum order

Phases Symmetry-breaking states Topological order (⊃ SPT+SET)

Wave function 
structure Long-range correlation Long-range entanglement

Examples Néel order, CDW, Superfluid, SC… IQHE, FQHE, Quantum spin 
liquid…

Theory Landau theory for SSB: 
G⟶H

TQFT
Theory for anyons: A

Gapless excitations Goldstone modes (SSB of continuous 
symmetry) Photons (continuous gauge field)

Gapped excitations Vortices, Skyrmions, Monopoles… Anyons/bulk excitations
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Orders: comparison in 2+1D

Classical order Quantum order

Phases Symmetry-breaking states Topological order (⊃ SPT+SET)

Wave function 
structure Long-range correlation Long-range entanglement

Examples Néel order, CDW, Superfluid, SC… IQHE, FQHE, Quantum spin 
liquid…

Theory Landau theory for SSB: 
G⟶H

TQFT
Theory for anyons: A

Gapless excitations Goldstone modes (SSB of continuous 
symmetry) Photons (continuous gauge field)

Gapped excitations Vortices, Skyrmions, Monopoles… Anyons/bulk excitations

We assume the classical gapless Goldstone modes do not affect the gapped excitations (topological data).
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Classification of topological defects

d = 1 d = 2 d = 3

𝜋0
Point 

defect Line defect Membrane 
defect

𝜋1
Texture

(spacetime 
defect)

Point 
defect Line defect

𝜋2
Texture 

(spacetime 
defect)

Point 
defect

Teo, Kane, PRB (2010)
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Mermin, RMP (1979)
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Understanding

In type-II superconductor:

SSB:
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Homotopy theory for topological excitations of an SSB state

vortex

Skyrmion

https://abeekman.nl/wordpress/?tag=vortex; https://link.springer.com/content/pdf/10.1007/s10909-018-02132-z.pdf?pdf=button

d = 2

𝜋0(G/H) Line defect

𝜋1(G/H) Point 
defect

𝜋2(G/H)
Texture 

(spacetime 
defect)

Domain wall

,
d = 2

D=0

D=1

D=2

Teo, Kane, PRB (2010)11



Topological order: FQHE

https://topocondmat.org/w12_manybody/fqhe.html

Topological order in 2+1D:
• Anyon types
• Anyon fusion
• Anyon braiding
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Topological order: toric code

Leon Balents, 217A lecture notes

Spins are defined on the link

Topological order in 2+1D:
• Anyon types
• Anyon fusion
• Anyon braiding

13



Topological order in 2+1D

Examples Anyon types Anyon fusion Anyon
braiding

𝜈=1/3 
FQHE 𝑨 = ⟨e−/3⟩ 𝑨 ≅ ℤ3 Charge-flux

Toric
code 𝑨 = {1,e,m,𝜀} 𝑨 ≅ ℤ2 x ℤ2 

Boson (e,m) 
& Fermion (𝜀)

Khurana, Physics Today (1989)

Anyons, strings, gauge field, entanglement
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Topological order in 2+1D

• Anyon types

• Anyon fusion

• Anyon braiding

+ Symmetry G ?

=
G-Symmetry Enriched Topological phase 

(G-SET)

Classification of G-SET: the ”H-upper-two”

Q:

A:

Topological order with symmetry

15
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Understanding 

• Symmetry acts on the quantum state:

• No reason to expect the representation is faithful!

• Projective representation, classified by “H-upper-two”:

• For SET, universal data all carried by anyons, hence:

• Anyon permutation is faithful: 

Barkeshli, Bonderson, Cheng, Wang, PRB (2019)
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Symmetry fractionalization and 

• Each anyon carries fractional quantum numbers of the symmetry

• A more familiar case: Haldane chain S = 1, G = SO(3)
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H-upper-2 always is an abelian group.



Symmetry defect/flux and the A-B experiment 
• Q1: How to probe anyon permutation by G?

• Q2: How to determine the projective representation carried by the anyons?

Defect of Anyon changed?

=

Defects of Anyon left behind?

=
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Symmetry defect/flux in G-SET

⟶

Symmetry defects
• are extrinsic: manually introduced, cost infinite energy
• have strings attached: symmetry broken only on a submanifold
• are generalized anyons: have their own fusion and braiding rules 

They are different from the topological defects associated with SSB.

Q: Can we generalize the above theory to include topological defects? 19
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Our results:

H-symmetry enriched 
topological order (SET)

H-symmetry protected 
topological phase (SPT)

Topological 
defect

• Resembles symmetry 
flux

• Permute anyons
• Defect fractionalization

• Carries projective 
representation

Topological 
texture

• Carries symmetry charge • Carries symmetry 
charge

Symmetry-breaking defects and textures in quantum orders

SSB

Quantum orders
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Wang, CL, Lu, arXiv:2211.13207



Our results:
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topological order (SET)

H-symmetry protected 
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Our results:

H-symmetry enriched 
topological order (SET)

H-symmetry protected 
topological phase (SPT)

Topological 
defect

• Resembles symmetry 
flux

• Permute anyons
• Defect fractionalization

• Carries projective 
representation

Topological 
texture

• Carries symmetry charge • Carries symmetry 
charge

Symmetry-breaking defects and textures in quantum orders

SSB

Quantum orders

“the correspondence”Part I

In th
e co

ntext o
f D

QCP

Part I
I
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Wang, CL, Lu, arXiv:2211.13207



Part I

Topological defects in SET
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H-SET as a broken G-symmetry phase

• Topological defect/vortex [classified by 𝜋1(G/H)] is present. 
• Q: what can we say about these defects? In particular:
• Can vortices permute anyons?
• Can vortices fuse into anyons?
• Relation between these vortices and the H-symmetry fluxes?

+ = ?

SSB: G ⟶ H H-SET
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Our claim

There is a map from the fractionalization of symmetry flux to the 
fractionlization of symmetry-breaking defect:

The realizable ones of the latter in the H-SET are
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• Result 1: example calculations

• Result 2: a theorem

• Result 3: nontrivial fusion of dislocations in toric code 

Main results
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• Result 1: example calculations

• Result 2: a theorem

• Result 3: nontrivial fusion of dislocations in toric code 

Main results

No-go!

No-go!
Nothing beyond!
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Result 1: pair superfluid and biaxial nematics

For 3, 4:

Model constructions:

Majorana fermion      complex fermion           spin

Pair superfluid

Biaxial nematics

28



Result 1: pair superfluid and biaxial nematics

• SSB: Bose-Hubburd-like model for S
• Topological order: Majorana (𝜒) construction for toric code
• Interaction: p+ip superconductor for the complex fermion (f), couple to both 𝜒 and S

Toric code Pair superfluid Biaxial nematics 29



Result 2: a theorem
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Result 3: fusion of dislocations in toric code
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Burgers vector

Mermin, RMP (1979)

Wilson loop



Result 3: fusion of dislocations in toric code

Translation flux are in one-to-one correspondence with dislocations:

32
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Part II

Topological defects and textures in SPT:
Understanding of DQCP
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Deconfined quantum critical point (DQCP)

https://everettyou.github.io/2019/04/16/DQCP.html

Landau-Ginzburg-Wilson prediction:

Senthil, Balents, Sachdev, Vishwanath, Fisher PRB (2004)
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Defect/texture picture for DQCP

Picture from the Néel order:
Skyrmion carries C4 angular momentum

Picture from the VBS order:
Vortex core carries a spin 1/2

https://everettyou.github.io/2019/04/16/DQCP.html
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An SPT theory for DQCP

Wang, Nahum, Metlitski, Xu, Senthil, PRX (2017)

bSPT (Bosonic symmetry protected topological phases):
• Short-range entangled topological phases of bosons
• Input: bosonic system; symmetry G
• Considering G ➞ distinct phases that reduces to the trivial one when ignoring G
• “Anomalous” boundaries: boundary must be gapless
• Classification: in d-spatial dimension, “H-upper-(d+1)”

Point of view: viewing DQCP as the anomalous boundary of a 3+1D system (“H-upper-four”) 

36



Another SPT theory for DQCP?

Skyrmion carries C4 angular momentum;
Skyrmion is equivalent to 2𝜋 flux;

Vortex carries a spin 1/2

https://everettyou.github.io/2019/04/16/DQCP.html

A connection between DQCP and 2+1D SPT (“H-upper-three”):
DQCP can be “derived” from assuming both ordered states are bulk bSPTs
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DQCP from SPT: what are we claiming?

• We are claiming that the physics for DQCP predicted from the field theory side 
can be understood from the algebraical data of bSPT.

• The algebraic data here are defect, texture, the quantum number and projective 
representations they can carry. These are the minimal data.

• The Kunneth decomposition provides a concise way to see the mixed anomaly. It 
is completely equivalent to the field theory approach.

• While we rationalized the DQCP between Néel-VBS in our algebraic formulism, 
the goal is to predict more DQCPs in systems with other symmetries.

• Other examples of DQCP: between QSH insulator and pair superfluid.
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Summary and discussion
• Correspondence between SSB defect and symmetry flux in SET

• SSB defect can permute anyons;
• SSB defect fuse to anyons;
• Explicit models: toric code with pair superfluid/biaxial nematics/dislocation

• SSB defects and textures in SPT and DQCP
• Assumption: both orders are SPT
• the Néel side: skyrmion carries symmetry quantum number
• The VBS side: vortex carries projective representation

• Capability and limitation of the algebraic approach
• Universal (topological) data
• No energy scale; no energetics
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Thank you!

+
SSB: G ⟶ H H-SET

=

Skyrmion vortexDQCP 40


